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I.   The  Attraction  of  Unlike  Molecules. — I.   The  Diffusion  of 
Gases.     By  William  Suthekland*. 

IN  my  previous  papers  on  the  laws  of  molecular  force  the 
attractions  of  like  molecules  have  been  under  considera- 
tion, and  the  results  seemed  to  indicate  that  the  laws  of 
the  attractions  of  unlike  molecules  would  not  be  difficult  to 
ascertain.  With  the  hope  of  determining  the  general  law  of 
attraction  of  any  two  molecules,  I  adopted  two  methods  as 
being  at  present  available  for  giving  values  of  the  attrac- 
tions of  unlike  molecules,  namely,  that  of  the  Diffusion  of 
Gases  and  that  of  the  Surface-Tension  of  Mixed  Liquids. 
Both  methods  have  led  to  the  same  result,  viz.,  that  if  the 
attraction  between  two  molecules  Mj  of  mass  m^  at  distance  r 
apart  be  denoted  by  SAi?/?!^/?'"*,  and  that  between  two  molecules 
Mg  by  3A2»?2V^'^  ^^6^1  tli6  attraction  between  an  M^  and  an  M2  is 

3  sf  AiA^mimilr^, 

or  the  attraction  of  two  unlike  molecules  is  equal  to  the 
square  root  of  the  product  of  the  attractions  of  the  corre- 
sponding like  molecules  at  the  same  distance  apart.  As  the 
expression  SAjmi^  for  two  like  molecules  can  be  split  into 
two  parts  V^Ai?>?i,  the  general  law  of  the  attraction  of  any 
two  molecules,  like  or  unlike,  can  be  stated  thus  : — Any  two 
molecules  attract  one  another  with  a  force  inversely  pro- 
portional to  the  fourth  power  of  the  distance  between  them 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  38.  Nq.  230.  July  1894.  B 


2  ]Mr.  William  Sutherland  07i  the 

and  directly  pro})Oi-tional  to  tlic  product  of  the  parameters 
\/3Am  characteristic  of  each.  Althouoh  the  parameter  is 
written  in  the  form  \/'6Am  apparently  involving  the  mass  m 
it  will  he  shown  that  \/'dAm  is  independent  of  the  mass  m 
but  is  a  function  of  the  size  of  the  molecule  ;  it  would  there- 
fore ho  better  denoted  by  a  single  syml)ol  a,  so  that  the 
attraction  between  any  two  molecules  Mj  and  Mg  is  ciich/r'*,  or 
between  two  Mj  is  ai^/r^,  the  parameter  a  being  a  function  of 
the  size  of  the  molecule  but  not  directly  of  its  mass.  Thus, 
with  G???x"'2A'^  to  denote  the  gravitational  attraction  of  two 
molecules  Mj  and  Mg,  the  general  expression  for  the  force 
between  them  is 

The  dependence  of  the  coefficient  of  difPusion  of  two  gases 
on  the  attraction  between  their  molecules  was  indicated  in 
general  terms  in  a  recent  paper  on  the  Viscosity  of  Gases  and 
Molecular  Force  (Phil.  Mag.,  Dec.  1893).  In  that  paper  it 
was  shown  that  in  those  ])arts  of  the  kinetic  theory  of  gases 
which  depend  on  the  number  of  encounters  of  a  molecule  |)er 
second  (or,  in  other  words,  on  its  mean  free  path),  the  effect  of 
molecular  force  cannot  be  neglected  as  of  only  secondary 
importance  ;  it  is  fundamental.  Thus  the  complete  expres- 
sion for  the  coefficient  of  diffusion  of  two  gases  will  involve 
the  attractions  between  their  molecules  in  a  manner  now  to 
be  established  ;  but  as  the  kinetic  theory  of  the  diffusion  of 
gases,  even  when  simplified  by  treating  the  molecules  as 
forceless,  is  in  a  little  confusion  (there  being  at  least  three 
forms  of  expression  for  the  diffusion-coefficient  in  the  field), 
it  may  be  desirable  to  recapitulate  briefly  the  theories  of  the 
diffusion  of  forceless  molecules  from  the  three  jioints  of  view. 

The  first  in  time  is  that  of  Stefan,  accepted  by  Maxwell  ; 
the  second  is  0.  E.  Meyer's,  given  in  his  book  on  the  '  Kinetic 
Theory  of  Gases  ;'  and  the  third  is  that  of  Tait  (Trans.  Roy. 
Soc.  Edin.  xxxiii.),  who  has  treated  the  diffusion  of  gases 
rather  elaborately. 

Stefan's  theory  is  this  : — If  two  gases  are  diffusing  into  one 
another,  then  at  any  ])oint  one  has  a  general  velocity  aj  in 
one  direction,  and  the  other  a  velocity  ^2  1"  the  other,  the 
density  of  the  first  diminishes  in  the  direction  of  «i,  of  the 
second  in  that  of  a^.  Consider,  then,  an  element  of  the  first 
of  section  unity  and  length  Sx  in  the  direction  -of  a^  :  the 
partial  pressure  due  to  its  molecules  at  one  end  is  p^,  and  at 
the  other  pi+S.vdpy/cfa-,  so  that  there  is  a  driving  pressure 
8.rf//>i/(Ar  which  is  resisted  by  a  resistance  like  friction  offered 
by  the  other  gas  in  the  length  Bu;  which  may  be  denoted  by 
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R  8.V,  and  then  any  acceleration  of  the  element  of  the  tirst 
gas  is  due  to  the  force  8x  (dpi/iLv  —  'R),  but  this  acceleration 
can  be  neglected  in  comparison  with  either  8xdpi/dx  or  R  8x, 
and  we  have 

Ii  =  dpjdj; (1) 

R  has  now  to  be  evaluated  ;  it  is  the  resistance  offered  by 
the  molecules  of  the  two  sets  in  unit  volume  at  x  to  one 
another's  motion.  Let  v  be  the  number  of  encounters  per 
second  between  n^^  molecules  of  the  first  set  in  unit  volume 
and  «o  of  the  second,  and  let  /j,  be  the  average  value  of  the 
momentum  communicated  when  a  molecule  of  the  first  set 
with  velocity  a^  collides  with  one  of  the  second  with  velocity 
02  in  the  opposite  direction,  then 

R  =  v/i. 
If  Oj  and  ao  are  the  radii  of  the  molecules  of  the  two  sets 
treated  as  spheres,   and   3«:,'^/2   and    'dK-^j'I    are   their   mean 
square  velocities,  then  (see  for  instance  Tait,  Trans.  Roy.  Soc. 
Edin.  xxxiii.) 

Now  in  diffusion  the  pressure  remains  constant,  so  that  as 
many  molecules  of  one  sort  pass  in  one  direction  as  of  the 
other  in  the  other,  or  n-^cti  —  n^a^}  ^nd  accordingly 

but  niWi  =  pi,  the  density  of  the  first  gas,  and 

Pi  =  nim^K-^j-l=p^Ki^l2,  so  that  (1)  becomes 


(3) 


_  dpi  3        K-l^        ???,  +  »?2 1 

^^"'^  ~  dx  Sljc^^+lc^i      m,       7ri{ai  +  a^f  (wi  +  n^)  ' 

The  coefficient  of  dpjdx  is  by  definition  the  coefficient  of 
diffusion  D  ;  remembering  that  KilK^^^m^lmi,  we  get 

^Sj^nyVmi^-  \  .     .       (4) 

Meyer's  method  of  proceeding  is  quite  different.  He  says 
that  as  the  density  of  one  of  the  diffusing  gases  diminishes 
in  one  direction,  then,  if  a  plane  is  drawn  anywhere  at  right 
angles  to  this  direction,  the  density  increases  on  one  side  and 
diminishes  on  the  other,  so  that  more  molecules  cross  the 

B  2 
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j)lane  from  the  side  of  increasing  density  than  from  that  of 
decreasing  density,  and  diffusion  results.  Thus  if  rii  is  the 
numher  of  molecules  per  unit  volume  at  the  plane,  that  at  a 
small  distance  x  from  it  Avill  l)e  Vi  +  xchii/dx.  The  number 
of  molecules  leaving  an  element  d.v  after  encounter  in  it  to 
cross  the  ])lane  before  the  next  encounter  must  be  proportional 
to  111  +  xdnijdx,  to  d.v,  to  the  mean  number  of  collisions  per 
second  ri/X^,  where  X^  is  the  mean  free  path  of  the  molecules 
of  the  first  set  near  .r,  and  finally  to  ^-^/^i  the  probability  of 
a  path  greater  than  .r,  so  that  the  number  of  molecules  of 
the  tirst  set  which  cross  the  plane  from  one  side  in  unit  time 
is  proportional  to 


r 


i\  {iti  +  xdni/dx)e~^/^^  dx/Xi 

'0 

(although  X  was  stipulated  to  be  small  to  justify  the  expres- 
sion Vi  +  .vdiii/dx,  no  harm  can  come  of  integrating  to  co  , 
because  the  value  of  the  integral  becomes  negligible  for  all 
values  of  a- greater  than  a  few  times  XJ.  The  number  of 
molecules  crossing  from  the  other  side  is  proportional  to 


f 

Jo 


'0 

so  that  the   excess  accumulating  in   unit  time  on  one  side 
is  proportional  to 


2vi  \    •ve'^^'"'  dxdnildxXi, 


that  is  to  2v{\.idn-yldx.  The  number  of  molecules  of  the 
other  set  crossing  in  the  opposite  direction  is  proportional  to 
^^■iX.jdn^jdx.  As  these  two  expressions  are  not  equal,  there 
is  a  gain  of  molecules  on  one  side  of  the  plane  and  a  loss  on 
the  other  proportional  t© 

2(v'iXidni/dx  —  v^X^diu/dx)  ; 

and  to  preserve  the  uniformity  of  pressure  Meyer  supposes  a 
bodily  motion  of  the  mixed  gases  to  take  place  so  as  to  carry 
this  number  of  molecules  in  the  ojiposite  direction,  of  which 
the  fraction  ti^i{ii\  -f  n.^  belongs  to  the  first  set  and  n.2l{ni  +  /(j) 
to  the  second  :  thus  the  diffusion-stream  of  the  first  eas  is 
proportional  to 

that  of  the  other  being  equal  and  opposite.  On  account 
of  the  uniformity  of  pix'ssure,  dny'dx  =  dn2/dx  and  the  diffusion- 
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stream  is  proportional  to 

dx         ni  +  722       ' 
ami  the  diffiision-coefHcient  to 

The  defect  of  Meyer's  theory  is  that  it  takes  no  account  of 
the  actually  existing  ditfusion  velocities  in  the  two  sets. 
Supposing  the  process  of  diffusion  to  be  arrested  suddenly  by 
some  cause  which  then  suddenly  ceases  to  act,  Meyer's 
method  shows  how  the  diffusion-streams  would  begin  to  flow 
again,  but  it  cannot  follow  the  process  after  that,  because  it 
takes  no  cognizance  of  the  bodily  motions  existing  in  the  two 
sets. 

Tait's  theory  takes  account  of  both  Stefan's  and  Meyer's 
causes  ;  he  supposes  the  molecules  of  each  medium  besides 
their  velocities  of  agitation  to  have  velocities  of  translation 
en  masse  a^  and  aj,  and  then  calculates  the  quantities  of  each 
flowing  in  unit  time  across  unit  section,  these  quantities 
depending  on  a^  and  a^  and  on  expressions  similar  to  Meyer's. 
The  velocities  a.^  and  ag  are  determined  exactly  as  in  Stefan's 
method,  so  that  Tait's  method  labours  under  this  difficulty, 
that  he  supposes  each  molecule  of  each  set  to  have  a  certain 
velocity  combined  with  the  velocity  of  agitation,  and  yet 
this  velocity  is  different  from  that  of  the  set  as  a  whole. 

On  theoretical  grounds,  therefore,  Stefan's  theory  appears 
not  to  have  been  improved  by  the  later  attempts,  and,  further, 
it  seems  to  me  not  to  have  been  sufficiently  recognized  that 
Stefan  has  given  satisfactory  experimental  proof  of  the  sound- 
ness of  his  method  of  treating  the  diffusion  problem  ;  for 
exactly  on  the  lines  of  his  theory  of  the  diffusion  of  two  gases 
into  one  another  he  constructed  a  theory  of  the  evaporation  of 
a  liquid  into  a  gas,  which  led  to  a  striking  formvda  for  the 
velocity  of  evaporation  of  a  liquid,  a  formula  verified  by  his 
own  and  Winkelmann's  experiments.  As  Stefan's  elegant 
theory  of  evaporation  will  only  take  a  few  lines  to  reproduce 
here,  and  as  it  gives  a  valuable  method  of  determining  dif- 
fusion-coefficients, it  may  as  well  be  reproduced  in  the  present 
connexion. 

Suppose  a  tube  half  filled  with  a  liquid  whose  properties 
are  to  be  denoted  by  suffix  1  evaporating  into  an  atmosphere 
with  suffix  2,  but  with  fresh  liquid  added  from  below  so  as 
always  to  keep  the  free  surface  of  the  liquid  at  a  fixed  mark 
on  the  tube;  then,  when  a  stationary  state  is  established,  there 
is  a  steady  diffusion-stream  of  the  vapour  through  the  upper 
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half  of  the  tiihc  while  the  njas  in  the  tube  is  at  rest.  Thus,  in 
Stefan's  theory  of  diffusion  already  given,  we  have  only 
to  put  a2  =  ()  and  we  can  proceed  at  once  to  calculate  the 
velocity  of  evaporation  in  terms  of  the  coefiicient  of  diffusion. 
In  the  expression  (2)  for  R,  aid  +  ni/wg)  stands  for  «i+«2>  so 
that  if  a2  =  0  the  term  njn^  in  R  drops  out,  and  the  equations 
(3)  and  (4),  which  can  be  written  piai  =  'Ddpi/da;,  will  in  the 
case  of  evaporation  have  to  be  written 

-P^  f/pi  111  +  n^ 

Piu^  =  u  -, . 

'  dx       n.2 

Let  ]\  and  p^  be  the  partial  pressures  of  vapour  and  gas,  and 
p  the  total  pressure  pi+;?2  ^t  which  the  evaporation  is  going 
on,  then  {ni  +  nc^/ih^-^plp^;  and  if  p  is  the  density  of  the 
vapour  under  some  standard  pressure  P,  then  pi  can  be  taken 
as  equal  to  pp\/P  if  the  departure  from  Boyle's  law  is  not 
too  great,  and  then  the  last  equation  becomes 

_  Tfpp  dpi  _      Dpp      dpi  _j-^   pdhfrjp  —p^)  ^ 
P''"''  Fp2  dx  -  F{p-p,)  dx  ~^  P  dx 

but  pio-x  is  the  mass  of  vapour  that  crosses  each  unit  section 
of  the  tube  in  unit  time,  and  in  the  steady  state  is  constant : 
therefore  d\og(j)—pi)/dx  is  constant.  Let  A  be  the  distance 
of  the  liquid  surface  below  the  open  end  of  the  tube,  where 
pi  is  0  while  at  the  liquid  surface  it  is  p^  the  saturation- 
pressure  of  the  liquid  at  the  temperature  of  the  experiment, 
then 

d  log  {p-p,)/dx=  HPiz-MPnPf), 

and  the  law  of  evaporation  for  a  liquid  whose  surface  is  kept 
at  distance  h  below  the  open  end  of  a  tube  is 

Bpp  p 

^'  PA     ''p-p^ 

If  the  level  of  the  liquid  is  not  kept  constant  in  the  tube, 
but  is  allowed  to  fall  as  the  liquid  evaporates,  then,  as  pi«j  is 
the  mass  which  evaporates  in  unit  time,  if  a  is  the  density  of 
the  liquid  and  dli/dt  the  velocity  with  which  the  surface  of 
the  liquid  falls,  pia^^a-dk/dt,  and  then 

hdh  =  J)-^dt\o^-^' 

i(A,^-A;-')=(^i-gD^>g-i^  r  •   •   •   •   w 

This  is  Stefan's  expression  [Sitz.  Akad.  Wien,  Ixviii.  1873). 
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In  the  case  where  the  level  of  the  liquid  is  allowed  to  fall  the 
velocity  of  the  gas  is  not  exactly  0,  and  in  a  later  paper 
{Sit:.  A/caiL  Wien,  xcviii.  1890)  Stefan  has  given  a  cal- 
culation wherein  the  small  value  of  a.2  is  taken  account  of. 
By  very  simple  experiments  on  the  evaporation  of  ethyl 
oxide  and  carbon  disulphide  in  test-tubes,  Stefan  verified  his 
expression  first  as  regards  the  relation  of  h  and  t  at  constant 
tempei-ature,  that  is  at  constant  p^,  and  then  as  regards  the 
very  characteristic  factor  log /V{p—pJ  in  which  the  satura- 
tion-pressure enters,  by  studying  the  evaporation  of  ethyl 
oxide  at  temperatures  ranging  from  11°*3C.  to  28°*7,  where 
the  range  in  the  saturation-pressure  jo,  is  from  302  millim.  of 
mercury  to  G05. 

Winkelmann  has  still  more  thoroughly  verified  Stefan's 
evaporation  theory  in  applj'ing  it  in  an  extended  series  of 
experiments  to  the  determination  of  the  dilfusion-coeflicients 
of  a  number  of  vapours  into  air,  hydrogen,  and  carbon 
dioxide  (Wiod.  Ann.  xxii.,  xxiii.,xxxiii.,xxxvi.).  As  regards 
the  formula  (5)  the  most  important  part  of  Winkelmann's 
work  is  his  further  verification  of  the  soundness  of  the  factor 
log  p/ip—J^s)  ^y  varying  j)  in  the  case  of  water  from  61 
millim.  to  749,  while  p^  was  about  1*5  millim. 

The  correctness  of  Stefan's  formula  (4)  for  the  diffusion  of 
gases  composed  of  forceless  molecules  seems  to  me  therefore 
to  be  well  assured  by  the  successful  application  of  the 
principles  involved  in  it  to  the  details  of  the  process  of 
evaporation;  and  the  foregoing  brief  sketch  of  his  theory 
serves  as  the  most  natural  introduction  to  a  theory  of  gaseous 
diffusion  wherein  the  attractions  of  molecules  are  taken 
account  of. 

Let  us  first  see  wherein  the  expression 

3/Ci 


D: 


/nii+jnA"  _ 
V      *«2      /    ^ 


87r^(tt,+a2)X'*i  +  "2) 


for  the  diffusion-coefficient  of  forceless  molecules  applies 
to  natural  gases  and  wherein  it  fails  to  apply.  As  niiK^'^  is 
proportional  to  absolute  temperature  T,  and  n^  +  n-i  is  pro- 
portional to  />/T,  where  p  is  the  pressure  at  which  the  diffusion 
goes  on, 

D...lYi+LV-^ (C) 

Thus  the  theoretical  diffusion-coefficient  varies  inversely 
as  the  pressure,  which  has  been  proved  experimentally  by 
Loschmidt  to  be  the  case  for  the  natural  gases  (Sitz.  Akad. 
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Wien  Ixii.  1871).  The  theoretical  coefficient  also  varies  as 
the  3/2  power  of  the  absolute  temperature,  but  it  has  been 
shown  by  LoschmiJt  and  Obermayer  {Sitz.  Akad.  Wien,  Ixi., 
Ixii.,  Ixxv.,  Ixxxi.,  Ixxxv.,  Ixxxvii.,  xcvi.),  in  experiments 
on  several  pairs  of  gases,  that  their  coefficients  of  dift'usion 
vary  more  rapidly  with  temperature  than  according  to  the 
theoretical  law.  They  found  empirically  that  the  coefficients 
vary  as  powers  of  the  temperature,  ranging  from  1"75  to  2 
instead  of  the  1*5  of  the  theoiy  of  forceless  molecules.  Here 
is  where  the  effiict  of  molecular  force  comes  in,  just  as  in  the 
case  of  viscosity. 

In  connexion  with  viscosity  it  was  shown  that  with  like 
molecules  the  effect  of  molecular  force  on  the  number  of 
collisions  of  spherical  molecules  of  radius  a  is  to  make  it  the 
same  as  for  forceless  molecules  in  w^hich  {2ay  is  increased  to 
(2a)2{l  +  2w/(l/2a)/V2},  where  my(l/2a)  is^  the  potential 
energy  of  two  molecules  in  contact,  and  V^  is  the  mean 
square  of  the  relative  velocity.  So  for  unlike  molecules  of 
masses  mi  and  7^?2  and  radii  Ui  and  a^,  with  potential  energy 
mim2f{l/ai  +  a^  at  contact  and  mean  relative  squared  velocity 
V^,  the  effect  of  molecular  force  on  the  number  of  collisions 
is  to  make  it  the  same  as  for  a  pair  of  forceless  spheres  with 
{cii  +  as)"  enlarged  in  the  ratio 

{1+  (mi  +  7722)/(l/cM^2)/V^}. 

Now  Vy  and  v^  denoting  the  mean  squared  velocities  of  m^ 
and  wi2, 

and  K-^  +  K.2^  =  Ki(\-\-K2JiCi)  =  Ki^{\-\-milm.2), 

so  that  the  ratio  becomes 


1  +  7?ii7?i2/(l/ai  +  ttiJl^miKi^, 

or  1  +  mimif{llax  +  aj)  /»iit'i^, 

which  may  be  written        1  +  1C2/T, 

and  then  the  expression  for  the  diffusion-coefficient  of  attracting 
molecules  derived  from  (6)  for  forceless  molecules  is 

D      T^/1         1\^  1 

"^  p\mi'^  m,}{ai  +  a,)\l+,G,lT)'     '     '^'^ 

As  the  diffusion-coefficients  are  all  referred  to  a  pressure  of 
one  atmosphere,  we  have  for  the  ratio  of  D2  at  T2  to  Di  at  Tj, 

52-  Ayi  +  A/Ti  .^, 

Di"  ViJ  I  +  1C2/T2 ^^^ 
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The  experimental  determinations  for  any  one  pair  of  o;ases 
are  not  ninnerous  enough,  or  at  widely  enough  separated 
temperatures,  to  test  this  theoretical  relation  between  D  and 
T,  but  as  the  corresponding  relation  in  viscosity  has  been 
verified  experimentally  over  a  temperature  range  of  1400 
degrees,  it  is  not  necessary  to  have  such  verification  here 
before  proceeding.  From  a  single  determination  of  the  ratio 
of  D2  to  Di  at  any  two  temperatures  T2  and  Ti  we  can  calculate 
from  (8)  a  value  of  iCo  which  is  a  measure  of  the  potential 
energy  of  molecules  1  and  2  in  contact.  Loschmidt  was  the 
first  to  measure  diffusion-coefficients  at  one,  or  at  different 
temperatures,  but  as  von  Obermayer's  results  are  later  and 
more  elaborately  determined  it  wall  suffice  to  use  them.  He 
has  measured  the  diffusion-coefficients  of  six  pairs  of  gases  at 
ordinary  temperatures,  and  at  Gl°*5  C.  {Skz.  Akad.  Wien, 
Ixxxi.),  namely,  those  of  carbon  dioxide  with  air,  hydrogen, 
and  nitrogen  monoxide  N2O,  and  those  of  oxygen  with 
hydrogen,  nitrogen,  and  carbonic  oxide.  In  the  following 
table  are  given  for  each  pair  of  gases  the  two  temperatures 
of  V.  Obermayer's  experiments,  the  values  of  the  diffusion- 
coefficients  at  these  temperatures,  and  the  values  of  1C2  for 
each  pair  calculated  therefrom.  The  diffusion-coefficients  are 
given  in  terms  of  the  centimetre  and  second  as  units,  and  are 
the  volumes  of  the  gases  in  cub.  centim.  measured  at  the 
temperature  of  the  experiment  and  at  a  pressure  of  1  atmo- 
sphere which  pass  in  one  second  in  a  diftusion-stream  wdiere 
the  fall  of  the  partial  pressure  of  each  gas  is  1  atmosphere 
in  1  centimetre  : — 


Pair  of  Gase3. 

T. 

D. 

xC,. 

CO   and  Air 

281 
334-5 

284 
334-5 

284 
334-5 

286 
334-5 

286 
334-5 

273 
334-5 

•143 
•201 

•580 
•773 

•0996 
•1394 

•736 
•067 

•193 
•256 

•187 
•269 

250 
lOG 
380 
100 
136 
124 

CO.,  and  II,  

CO2  and  N  0   

0,  andH,, 

O^and  N^ 

0^  and  CO    

If  the  law  of  force  is  that  of  the  inverse  fourth  power,  or 
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the  law  of  onorgy  is  that  of  the  inverse  cube,  then 
mim^fil/ai  +  aj  =  m^m^  i A 2/(^1  +  Cf2)^ 

and  if  wc  know  relative  values  of  a^  and  ag,  then  iCi(a, +a2)^ 
^vill  oive  relative  values  of  iA2"iim2. 

There  are  two  sources  of  relative  values  of  the  molecular 
radii  a^  and  «2* — first,  the  viscosity  of  the  separate  gases,  and 
in  my  paper  on  the  Viscosity  of  Gases  and  Molecular  Force 
relative  values  of  {2ai^)^  are  given  as  (2a)^  (relative)  ;  the 
second  source  is  values  of  /3  the  limiting  volume  of  a  gramme 
of  a  sub.stance  as  obtained  from  its  characteristic  equation  as 
a  licjuid,  and  given  for  various  substances  in  the  papers  on 
the  "  Laws  of  Molecular  Force''  (Phil.  Mag.,  March  18t)3)  and 
the  "  Viscosity  of  Gases  and  Molecular  Force"  (Phil.  Mag., 
Dec.  1893) :  if  M  is  the  ordinary  chemical  molecular  mass 
(weight)  of  the  substance,  then  M/3  is  proportional  to  {2aY  and 
(M/3)3  may  be  taken  as  giving  a  relative  value  of  2a,  and  then 
ai  +  a,  is  given  by  {^M i/2  +  {M,/3,)i'2. 

The  latter  source  of  values  of  a  is  preferable  at  present,  as 
it  yields  values  for  more  substances  than  the  former.  For 
the  gases  of  v.  Obermayer's  experiments  we  have  the  following 
values: — 

m.  O,.  N,. 

[3 4-3  -604  -81 

M    2  32  28 

(M/3)V2...    1025  1-34  1-415 

There  is  no  direct  determination  of  /3  for  CO,  but  from  the 
molecular  domains  (volumes)  of  a  number  of  carbon  com- 
pounds 1  have  deduced  l*o5  as  an  approximate  value  of 
(M/3) 3/2  for  CO.     With  the  above  values  we  get  for 

10-\GAmMm+  m2/32)i/2}' 
the  following  values,  which  are  relative  values  of  iA27?2iW2 ; 
air  will  be  treated  as  pure  N2  : — 

CO2&N2.       CC&Hj.       COa&KA      O.&H.,.      0.>&No.      0.,&C0. 

656  182  1122"  iai  282  "        241 

It  should  be  noticed  that  these  numbers  show  a  large  range 
of  value,  namely,  from  131  to  1122.  Now  in  the  paper  on 
the  Viscosity  of  Gases  and  Molecular  Force  relative  values 
are  given  for  lA^???!^  or  A))i^,  the  corresponding  factor  in  the 
expression  for  the  attraction  between  like  molecules;  they  are 
given  as  10~^M/3C,  which  in  the  notation  of  this  paper  would  be 

lo-^C;{(MA)v^^-(M,^,)V-^}^ 

and  are  now  reproduced  for  the  substances  of  v.  Obermaver's 
experiments  with  the  addition  of  an  approximate  value  for  CO : 


CO.,. 

N,0. 

•G9 

•66 

44 

44 

1-56 

1-535 
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H.,.  N...  O...  CO.,.  N.,0.  CO. 

46[(38]         247         245         831)         7;35         11)8 

The  value  6S  for  Ho  is  the  experimental  one,  which  is  very 
uncertain  ;  the  value  4(5  would  bring  H2  into  accord  with 
ail  other  bodies,  as  may  be  seen  in  the  "  Viscosity  of  Gases 
and  Molecular  Force/' 

The  most  natural  relation  to  expect  between  ^A^mj^,  2A2?n2^, 
and  iA2/nj7n2  is  iA2mini2  —  {^Aimi^2^2>^h^)K  ^^^^  accordingly 
we  now  give  values  of  10~^(jMi/3i  iCiMj/Bg  2C2)-,  obtained 
from  the  numbers  just  given,  and  the  ratio  of 

10-iiC2{(Mi/3i)V2+  (Mo/3o)V2}''  given  above  to 
10-nMAiCiM2/32  2C2)^. 

CO2&N2.       CO.,&H.,.       CO,  &  N.,0. 

10-HMj3ifi^M.,l3,fi,)^  455  1%   "  790 " 

Ratio 1-4  -92  1-4 

O2&H2.         O2&N,.  O2&OO. 

\0-\M,l3,,G^M..j3.,^C.,)i  106  24(>  220 

Eatio .". 1-2  116  11 

The  mean  value  of  the  ratio  is  1*2,  and  the  departures  of 
some  of  the  individual  numbers  from  the  mean,  though  large, 
are  not  larger  than  could  be  caused  by  only  slight  error  in 
the  experiments  or  the  theory,  for  it  must  be  remembered  that 
the  constants  1C2  occur  in  equation  (8)  in  such  a  manner  as 
to  make  their  values  when  calculated  from  that  equation  very 
sensitive  to  small  errors  in  the  ratio  of  the  diffusion-coefficients 
at  two  temperatures.  Thus,  notwithstanding  the  high  degree  of 
accuracy  attained  by  v.  Obermayer  in  his  elaborate  experiments, 
it  must  be  allowed  that  the  last  series  of  numbers  is  as  nearly 
constant  as  can  be  expected.  To  show  this  clearly  it  will  be 
best  to  assume  that  the  ratio  is  1,  and  calculate  jCg  from  the 
equation 

iC^mAm  I  (M2A)V^}'=(MiAiOxM,^2  2C2)^,  .  (9) 
and  then  by  the  equation  (8)  calculate  values  of  the  ratio  of 
the  diffusion-coefficients  at  v.  Obermayer's  two  temperatures 
for  comparison  with  his  experimental  values  : — 

CO.,&N.,.    CO.&H^.    CO.&N,0.    0,&H,.    0,&N,.    O^&CO. 
Exper.  ...         1-41  1-33  1-40  131  132  143 

Theory...         1-38  1-34  138  1-31  1-32  143 

The  largest  discrepancy  between  theory  and  experiment 
amounts  to  2  per  cent.,  and  it  cannot  be  claimed  that  the 
ratio  of  the  diffusion-coefficients  at  two  temperatures,  as 
measured  experimentally,  can  be  guaranteed  correct  to  within 
2  per  cent.,  especially  as  the  experimental  measurements  only 
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yield  values  of  tho  difipusion-cocfficients  by  the  intervention 
of  quite  an  cla})or;ite  theory  of  the  experiment. 

The  outcome  of  the  investi nation  so  far,  then,  is  that  v.  Ober- 
may(u-'s  experiments  (in  continuation  of  Lo.schmiJt's)  on  the 
tem|)erature  variation  of  diffusion  establish  at  least  the 
approximate  truth  of  the  law  that  tho  parameter  iA2m,)n2  in 
the  attraction  of  two  unlike  molecules  of  masses  mi  and  m^  is 
equal  to  the  square  root  of  the  product  of  the  parameters 
lAiiiii^  and  2^2'"^^  for  the  like  molecules.  To  test  the  truth 
of  the  law  in  an  inde})end(uit  manner,  some  experiments  have 
been  carried  out  on  the  surface-tension  of  mixed  liquids  and 
will  be  described  in  another  ])aper. 

Meanwhile  there  is  interesting  matter  to  discuss  in  con- 
nexion with  diffusion.  It  can  be  seen  how  desirable  are 
experiments  on  the  temperature  vai'iation  of  the  diffusion- 
coefhcients  of  many  more  pairs  of  gases.  This  variation 
could  I)(!  prophesied  for  a  large  number  of  pairs  of  gases  by 
calculating  iC'2  according  to  equation  (D),  using  therein  the 
values  of  /3  and  iC^  given  in  the  paper  on  the  Viscosity  of 
Gases  and  Molecular  Force,  but  the  calculations  would 
possess  more  interest  if  carried  out  in  connexion  with  the 
experiments  than  at  present.  However,  as  the  difFusion- 
coefhcients  of  many  more  pairs  of  gases  have  already  been 
determined  experimentally  at  one  temperature,  it  seems  at 
first  sight  to  be  possible  to  determine  the  corresponding 
values  of  1C2  from  them  in  the  following  manner.  Let  us 
write  our  relation  (7)  in  the  form 

D..ET"  (l/M.  +  l/M^)^    

{(M,A)V^  +  (M2;S2)V2}'(l  +  iC!2/T)'    '     '     ^     ^ 

where  B  is  a  constant  the  same  for  all  pairs,  then  for  the  six 
pairs  of  gases  already  studied,  as  we  know  all  the  variables,  we 
can  obtain  values  of  B  which  ought  to  be  all  nearly  the  same. 
But  when  the  calculation  is  made,  using  the  lower  value  of  T 
in  each  of  v.  Obermayer^s  experiments,  which  is  about  284,  it 
is  found  that  B,  instead  of  being  constant,  is  closely  propor- 
tional to  I  +  1C2/T,  as  the  following  values  show: — 

CO2  &  Nj.  CO2  &  Hj.  C0,&  N.O.  O.&H..  O,  &  N,.  O..  &  CO. 

lO^B    ,  . .  .     2-09  1-53  219  "      I08  '      i-73         1 69 

103B/(l  +  jC,./T)..     1-11  1-12  -94        1-17        1-17        116 

This  curious  result  has  some  intei*esting  bearings.  In  the 
first  place,  it  means  that  the  difiusion-coefticients  of  actual 
gases  at  temperatures  about  284  absolute  are  related  to  one 
another  almost  as  they  would  be  if  the  molecules  were  force- 
less spheres,  and    this    explains    why    the    investigators    of 
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diffusion  have  liitherto  found  fair  agreement  between  the 
results  of  experiment  at  ordinary  temperatures  and  the  kinetic 
theory  of  forceless  perfectly  restitutional  spherical  molecules. 
The  immediate  effect  of  the  result  on  our  ]n'esent  inquiry  is 
to  render  illusory  the  hope  of  obtainin<>;  values  of  1C2  for  the 
various  pairs  of  gases  for  which  Loschnndt  and  v.  Obermayer 
have  found  values  of  the  diffusion-coefficient  at  only  one 
temperature  near  284,  for  as  regards  these  values  we  have 
just  seen  that  the  molecules  behave  almost  as  if  forceless. 
It  may  be  suggested  that  the  failure  of  B  to  prove  constant 
is  due  to  inadequacy  of  Stefan's  theory  of  diffusion,  but 
the  expressions  for  the  diffusion-coefficient  given  by  Meyer 
and  Tait  gave  on  trial  about  the  same  results  as  Stefan's ;  so 
that  the  failure  of  B  to  prove  constant  is  not  due  to  any 
peculiarity  of  Stefan^s  theory.  We  have  to  go  deeper  for  the 
reason,  and  in  doing  so  have  to  open  up  a  very  important 
department  of  molecular  dynamics  of  "which  at  present  we  know 
but  little,  namely,  the  nature  of  collisions  between  molecules. 
Hitherto  in  the  kinetic  theory  it  has  been  assumed  that  the 
forces  called  into  play  during  the  collision  of  two  molecules 
are  such  as  they  would  be  if  the  molecules  were  perfectly 
restitutional  spheres,  and  the  assumption  seems  to  have 
worked  well  as  regards  the  general  phenomena  of  gases ;  but 
in  reality  it  was  not  required  there,  and  could  be  replaced  by 
the  assumption  that  the  translatory  kinetic  energy  of  a  number 
of  molecules  is  a  constant  fraction  of  their  total  kinetic  energy 
The  usual  assumption  of  perfect  restitutionality  causes  no 
difficulty  in  connexion  wdth  the  theory  of  the  viscosity  of  a 
single  gas,  because  the  nature  of  the  collisioual  forces  be- 
tween molecules  is  not  directly  involved  in  that  theory  ;  but 
in  the  theory  of  diffusion,  as  well  as  in  that  of  the  character- 
istic equation  of  the  element  gases,  the  forces  involved  in 
collision  enter  as  an  essential  element  of  the  calculation. 
Now  in  the  paper  on  the  Viscosity  of  Gases  and  Molecular 
Force,  in  connexion  w'ith  the  theory  of  the  characteristic 
equation  of  the  element  gases,  just  such  a  discrepancy  as  we 
have  encountered  in  diffusion  cropped  up  between  the 
behaviour  of  actual  gases  and  the  theory  of  a  medium  com- 
posed of  attracting  perfectly  restitutional  spheres  ;  and  it  was 
pointed  out  that  in  some  way,  which  at  present  must  be  called 
accidental,  the  departure  from  perfect  restitutionality  in  the 
collisions  compensated  for  a  certain  effect  of  molecular  attrac- 
tion in  such  a  way  as  to  make  the  molecules  behave  in  one 
respect  as  if  they  were  forceless.  It  seems  desirable,  there- 
fore, to  bring  aut  clearly  the  parallelism  of  the  two  cases. 
In  the  theoretical  characteristic    equation    of   a  medium 
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made  of  attracting  smooth  perfectly  restitutional  spheres,  one 
term  is  the  virial  of  the  collisional  forces  of  all  the  spheres  in 
unit  mass  which  takes  the  form  2a;Ltv/2  (see  Viscosity  of 
Gases  and  Molecular  Force),  where  a  is  the  radius  of  a 
sphere,  /i  the  average  momentum  imparted  to  a  sphere  in  a 
collision,  and  v  the  average  number  of  collisions  jier  S])here 
per  second,  the  summation  to  extend  to  all  spheres  in  unit 
mass.  This  is  closely  similar  to  the  expression  which  comes 
in  in  diffusion  for  the  resistance  experienced  by  one  medium 
in  passing  through  another,  and  which  was  written  jxv.  In 
the  virial  expression  fx  is  momentum  due  to  velocity  of  agita- 
tion, while  in  the  ditfusion  resistance  /x  is  the  momentum  due 
to  relative  motion  of  the  two  media,  which  is  very  slow  com- 
pared to  the  velocities  of  agitation.  In  the  diffusion  resistance 
V  denotes  the  number  of  collisions  per  second  of  a  sphere  of 
one  set  with  the  spheres  of  the  other  in  unit  volume.  It  w^is 
shown  that  Xaixvjl  when  evaluated  takes  the  form 

so  tliat  the  theoretical  characteristic  equation  becomes 

^H-=nT{l+^A^(l  +  ,C,/T)-}-^; 

w'hereas  Amagat's  experiments  on  Ho,  O2,  Nj,  and  CH^  above 
the  critical  volume  can  be  represented  by  the  form 


;,t.  =  RT|l  +  ^,)-'i; 
L        v  —  ojv 


so  that  the  factor  (l  +  iCj/T)'  due  to  molecular  force  seems  to 
fall  out.  Now  in  the  diffusion  expression  it  is  a  factor 
approximately  equal  to  1  +  i(,VT  that  appears  to  drop  out;  and 
the  main  difference  between  the  two  cases  is  that  in  diffusion 
the  velocity  of  diffusion  involved  in  the  momentum  is  small 
compared  to  the  average  velocity  of  agitation  involved  in  the 
fi  of  the  collisional  virial.  Thus  it  appears  that  the  momentum 
connnunicated  from  molecule  to  molecule  in  a  collision  is  not 
transmitted  in  the  same  manner  as  with  smooth  perfectly 
restitutional  attracting  spheres,  but  that  there  is  some 
mechanism  hj  which  the  transmission  is  made  to  depend  on 
the  ratio  of  the  potential  energy  at  contact  to  the  mean 
kinetic  energy  in  such  a  manner  as  to  make  the  final  effect 
of  the  forces  acting  during  the  collision  of  molecules  the  same 
as  if  the  molecules  were  both  forceless  and  perfectly  resti- 
tutional smooth  spheres.  The  mechanism  is  probably  that 
which  preserves  ])ro])ortionality  between  the  mean  translatory 
kinetic  energy  and  the  mean  vibratory  energy  of  a  molecule; 
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and  the  ditforence  between  the  diffusion  ease  and  that  of  the 
collisional  virial  may  perhaps  lie  in  the  fact  that  the  mechanism 
does  not  operate  in  the  same  manner  as  regards  the  mass 
motion  of  ditiusion  and  the  molecular  motion  of  heat.  But 
the  whole  question  of  molecular  collision  is  so  large  a  one 
that  it  -will  require  considerable  research  to  itself;  from  the 
glimpse  we  have  got  into  it,  it  ap])ears  that  the  momentum 
imparted  to  a  molecule  during  a  collision,  instead  of  being  n 
as  calculated  on  the  assumption  that  the  molecules  are  smooth 
perfectly  restitutional  spheres,  is  hfi,  where  h  is  a  parameter 
characteristic  of  the  pair  of  molecules  colliding,  and  which 
we  have  found  empirically  in  the  case  of  diffusion  to  be 
approximately  proportional  to  I  +  1C2/T.  It  maybe  worth 
while  noting  a  certain  regularity  in  the  departure  from  strict 
proportionality,  or  in  the  departure  of  10^13/(1 +  1C2/T)  from 
constancy  :  for  the  two  triatomic  molecules  CO2  and  NgO  its 
value  is  least,  namely,  "94: ;  for  the  triatomic  CO2  Avith  di- 
atomic N2  and  H2  it  is  I'll  and  1-12  ;  while  for  the  three 
tliatomic  pairs  Oo  with  Hg,  N^,  and  CO,  it  is  1-17,  1'17,  and 
1-lG. 

With  Loschmidt's  and  v.  Obermayer's  diffusion-coefficients 
for  a  number  of  pairs  of  gases  at  about  15°  C,  we  can  test 
more  extensively  our  empirical  relation  that  at  about  that 
temperature  the  diffusion-coefficient  is  proportional  to 

(1/Mi  +  l/M,f/{(M,^,)y2  +  (M2/32)V2}^. 

The  data  are  available  for  sixteen  pairs  including  the  six 
already  considered,  and  as  the  experimenters  have  reduced 
their  results  to  values  at  0°  C  by  the  approximate  formula 

D273/DT=(273/T)^ 

which  is  near  enough  to  the  truth  for  small  differences 
between  T  and  273,  we  will  take  the  values  D273  as  suitable  for 
our  present  purpose.  The  additional  values  required  for 
(MyS')/2are:— 

1-53 

28 

1-75 

With  these  and  the  values  already  given,  and  the  values  of  D 
reproduced  from  v.  Obermayer  and  Loschmidt,  the  values  of 

(l/Mi  +  l/M,)V{(MiA)V2-f  (MA)V2}^D 


CII.. 

/3    

1-59 

M  

16 

(M/3)V2... 

]-47 

C,H, 

SO,. 

1'4  (near) 

•55 

30 

U 

1-74 

1-63 

l(i 
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liavc  been  calculated  as  given  along  with  the  diffusion-coeffi- 
cients in  the  following  table  :  — 
H.  and      O,        N^.       CO.      CH,.      CO,.      N,0.     C.H^.      C^H^.      SO^. 
D27;,...  -007       -645      -647      -625      -532       '532       -486        -458        -484 
•195       -191      -199      -193      -203       -207       -194        '208        -209 


COo  and      0, 

N, 

N,0. 

CO. 

0,  and  N^. 

CO. 

CO  and  C,H,. 

D,,3...  -130 

•135 

•193 

•143 

•178 

•187 

•122 

•205 

•291 

•248 

•199 

•193 

•190 

•237 

The  values  of 

(1/M,  +  1/M2)7{(M,50  72  +  (M2A)V2}'^D 

are  nearly  constant,  though  showing  on  the  whole  a  tendency 
to  increase  with  the  number  of  atoms  in  the  diffusing  mole- 
cules, as  we  already  noted  in  connexion  with  10'B/(l-i-iGVT) 
for  the  original  six  pairs  of  gases. 

The  last  table  can  be  greatly  extended,  thanks  to  the 
experiments  carried  out  by  Winkelmann  for  determining 
difi'usion-coefficients  according  to  Stefan's  evaporation  method 
founded  on  his  equation  mai'ked  (5)  in  the  present  paper. 
He  has  determined  the  rates  of  evaporation  of  a  number  of 
esters  from  OsHgOg  to  C9H18O2,  and  ethyl  oxide,  carbon  di- 
sulphide,  and  benzene  in  air,  hydrogen,  and  carbon  dioxide 
at  different  temperatures,  and  has  calculated  the  corresponding 
coefficients  of  diffusion. 

In  order  to  obtain  the  values  of  D273  it  is  necessary  to 
obtain  approximate  values  of  1C2  for  use  in  the  equation 

D,;3_/273Y-    1  +  A/T 
\)^~\  T  )  l  +  A/^TS* 

These  can  be  calculated  from  equation  (9)  if  we  know  iCi 
and  ]\T/3  for  the  esters.  The  values  of  iGi  can  be  obtained  in 
the  following  maimer  : — In  the  paper  on  the  Viscosity  of 
Gases  and  Molecular  Force  it  is  shown  that  for  compounds 

where  I  is  the  virial  constant  of  molecular  attraction  in  the 
characteristic  equation  of  the  substance ;  values  of  M'/  for  a 
large  number  of  bodies  being  given  in  the  Laws  of  Molecular 
Force  (Phil.  IMag.,  IMarcli  1893)  along  with  methods  of  cal- 
culating them  for  any  body.  As  regards  M/S  for  the  esters, 
I  have  found  by  determining  /8  that  for  C^Hg^^Og^ 

M/3  =  29  +  17-5(»-l) 
approximately  :  thus  all  the  data  are  to  hand  for  calculating 
jC^  for  t-^'^ch  of  "Winkelmann's  diffusing  pairs. 
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Vail 

les  of  iC;j. 

Hj  andCaH.O,. 

C.H.O,. 

C^H.A- 

c,n,A- 

C-H,,0 

14« 

145 

144 

144 

144 

Air  and   2^5 

237 

241 

243 

245 

CO  and  3S3 

389 

895 

401 

405 

H3  and  OsHioOj- 

CaHj.O,. 

(C,H3).,0. 

CS.-, 

CbH^ 

145 

144 

134 

163 

1G9 

Air  and   24S 

247 

219 

241 

276 

CO  and  411 

413 

3U1 

393 

453 

T\^inkelmaun's  determinations  include  a  number  of  isomers, 
as,  for  instance,  propyl  formate,  ethyl  acetate,  and  methyl 
propionate  of  the  composition  C4HSO2 ;  and  in  the  diffusion- 
coefHcients  about  to  be  given  I  have  taken  the  mean  of  the 
isomers  in  each  case,  so  that,  for  instance,  the  mean  diffusion- 
coefficient  of  the  bodies  just  mentioned  is  given  as  the  value 
for  C4H5;Oo.  When  the  broad  principles  have  been  established 
it  will  be  time  enough  to  take  account  of  minor  differences  in 
the  diffusion-coefficients  of  isomers.  The  following  table 
contains  the  mean  diffusion-coefficients  obtained  from  Winkel- 
mann's  determinations  at  the  temperatures  of  his  experiments, 
and  the  values  at  0°  C.  calculated  by  the  last  formula  and  the 
values  of  ,C2  just  given. 


Substance  diffusing  into 


CsHgOj 
C,H„0, 
C,H,A 


T. 
319-2 
293-4 
273 
339-8 
319-1 
273 
3G4 
339-8 
273 

CJl^.fi., I      369-5 

339  7 
273 

C,Hi,0,.  )  371 

I  273 

C,H^A 371 

I  273 

CgHiA 371 

273 

(C^H,).,©    292-9 

283-4 

273 

305-8 

292-9 

273 

318 

292-9 

273 


CS^  . 
C„H„ 


H.. 


D. 
•446 
•390 
•341 
•440 
•390 
•292 
•418 
•383 
•258 
•410 
•349 
•235 
•380 
•218 
•343 
•197 
•318 
-182 
•341 
•320 
•298 
•4()3 
-425 
•371 
•399 
•341 
•297 


Air. 


D. 
•112 
•100 
•087 
•111 
•100 
•074 
•112 
•099 
•065 
•106 
■087 
•057 
•095 
•053 
•085 
•047 
•078 
-043 
-089 
-083 
•078 
•112 
•101 
-088 
•101 
•088 
•076 


CO, 


D. 
•075 
•067 
•057 
•078 
•069 
-050 
-081 
•069 
•043 
-075 
•062 
■039 
•068 
-OSf) 
•061 
-033 
-057 
•030 
•064 
•060 
•055 
-079 
•073 
•063 
-071 
•061 
•052 
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With  these  values  of  D  at  273  the  values  of 

( 1/Mi  +  l/M^rVi  (M  A)V2  4-  (M2A)V2}^D 

can  now  ho  calculated  as  for  the  gases,  with  the  following 
results  (treating  air  as  Ng): — 

0,11,0,.  0,H,0,.  C,H,oO,.  C,IT,A-  C.HhO,. 

n.,  -23  -24  -25  -26  '26 

Ail- -22  -23  -24  -25  -25 

CO,    -27  -27  -28  -28  -29 

o,ii,„o,,.       c„ii,,o,.       (0,n5),o.       cs,.  o«H«. 

11, -27  -27  -23  -23  -24 

Air     •2()  -27  -22  -23  '23 

CO,    -30  -31  -25  -26  -27 

It  will  be  noticed  that  with  hydrogen  and  air  at  the  lower 
members  of  the  ester  series  and  (C2H5)20  and  CS2,  the  values 
are  near  to  the  '2  which  was  about  the  mean  value  for  the 
gases,  but  that  they  increase  steadily  as  the  series  is  ascended; 
so  that  the  result  for  vapours  joins  on  continuously  with  that 
for  gases,  but  shows  a  decided  departure  from  our  em|)irical 
result  for  gases  that  for  temperatures  near  0°  C.  the  ditfusion- 
coefficients  have  nearly  the  same  relative  values  as  if  the 
molecules  were  forceless.  But  it  should  be  remembered  that 
the  results  for  vapours  are  all  calculated  on  the  assumption 
that  they  obey  the  gaseous  laws,  and  therefore  that  care  should 
be  taken  not  to  give  nmch  weight  to  them  till  it  is  ascertained, 
either  theoretically  or  experimentally,  what  is  the  effect  on  the 
diifusion-coefficient  of  such  departure  from  the  gaseous  laws 
as  vapours  show. 

To  carry  the  subject  to  the  most  suitable  point  at  which  to 
leave  it  at  present,  it  seems  best  to  take  all  the  values  of 


(1/Mi  +  I/M2)  V{  (Ml/30  V2  +  (M2^2)  V2}^D; 
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which  have  been  given  in  this  j)aper  and  divide  them  by  the 
corresponding  values  of  l+i^V273,  using  only  the  theore- 
tical values  of  jCo,  calculated  according  to  equation  (9) .  In  this 
way,  according  to  equation  (10),  we  ought  for  attracting  smooth 
perfectly  restitutional  spherical  molecules  to  get  the  constant 
1/B273^  the  same  for  all  pairs  of  substances;  and  the  amount 
oi'  departure  from  constancy  will  fuinish  a  good  measure  of 
the  present  degree  of  incompleteness  of  the  kinetic  theory  of 
difitusion,  the  chief  cause  of  incompleteness  being,  iu  niy 
oj)inion,  the  assumption  of  perfect  restitutionality  in  each 
individual  collision. 
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Values  of 
(1/Mi  +  I/M2)  y  {(MA)  V2  +  (M2/S2)  V2}2D(1  +  A/273)  =  1/B273^ 


H,     and 

n,. 

0,. 

N.,. 

CO. 

CH, 

CO,. 

•144 

•144 

•153 

•133 

•135 

Air    and 

■iV-t 

•140 

•123 

CO.,  and 

•135 

•12-2 

'^123 

H,     and 

N.O. 

C.H,. 

CsH.O,. 

C,H,0,. 

C5H10O,. 

CoH.A 

•138 

•131 

•150 

•157 

•103 

•1()6 

Air    and 

•119 

•123 

•127 

•133 

CO.  and 

•i25 

•113 

•110 

•114 

•115 

H^     and 

C,H„0,. 

C.HjeO,. 

CsHi.O,. 

(CA),0. 

cs,. 

CgHg. 

•Ifi7 

•177 

•178 

•157 

•150 

•150 

Air    and 

•132 

•139 

•142 

•123 

•125 

•115 

CO2  and 

•115 

•119 

•123 

•107 

•107 

•100 

Winkelmann's  values  of  the  diffusion-coefficients  for  the 
vapours  of  water,  the  alcohols,  and  fatty  acids  have  not  been 
discussed  in  the  present  communication  on  account  of  the 
exceptional  nature  of  these  substances,  but  they  will  doubtless 
be  of  value  when  the  time  is  ripe  for  a  full  discussion  of  the 
physical  reasons  of  their  exceptional  behaviour. 

Melbourne,  Januai-y  1894. 

■II.  Coloured  Cloudy  Condensation,  as  Depending  on  the 
Temperature  and  the  Dust-contents  of  the  Air.  By  Cakl 
Barus  *. 

[Plate  v.] 

1.  "TN  the  "  koniscope  •'^  Mr.  Aitkenj  has  expressed  the 
J-  dust-contents  of  a  given  sample  of  air,  in  terms  of 
the  colour,  or  of  the  intensity  of  colour,  or  of  the  amount  of 
exhaustion  necessary  to  produce  a  given  colour,  when  the 
cloudy  condensation  is  produced  by  sudden  expansion  of  the 
gas  in  a  suitable  tube,  containing  enough  moisture  to  satu- 
rate the  air.  The  importance  of  temperature  is  pointed 
out,   but  not   evaluated.     Mr.  Aitken  prefers  to  make  the 

*  I  have  availed  myself  of  the  permission  of  the  Editors  of  this  Maga- 
zine to  reproduce  here  a  condensed  account  of  certain  parts  of  a  forth- 
coming Bulletin  of  the  U.S.  Weather  Bureau,  believing  the  subject  to 
possess  some  general  physical  interest. 

t  Aitken,  Proc.  Roy.  Soc.  Loudon,  li.  p.  425  et  seq.,  1892.  For  a 
review  of  the  eai'lier  history  of  the  subject  (for  which  there  is  no  space 
herej  the  reader  is  referred  to  my  papers  in  the  '  American  Meteorological 
Journal,'  ix.  p.  488,  1893 ;  x.  p.  12,  lrt93.  On  reviewing  my  resume  1 
lind  that  the  tribute  there  paid  to  the  breadth  and  thoroughness  of  Mr. 
Aitkeu's  researches  (many  of  which  I  have  since  repeated)  is  inadequate. 
I  therefore  feel  bound  to  make  thi.s  acknowledgment, 

C2 


20  Mr.  Carl  Barus  on 

cstimatiou  in  torms  of  the  colour-intensity  of  the  blue,  and  the 
ajjparatus  is  graduated  by  comparing  it  with  the  direct  dust- 
counter.  Based  as  this  a])paratus  is  on  colour  discriminations, 
it  is  not  adapted  to  give  more  than  a  few  steps  of  dust- 
contents,  and  Mr.  Aitken  chiefly  recommends  it  for  qualita- 
tive purposes,  such,  for  instance,  as  may  present  themselves 
in  sanitary  work. 

2.  During  the  course  of  my  experiments  on  the  thermal 
distribution  in  steam-jets,  I  had  frequent  occasion  to  note  the 
actuating  steam -pressure  at  which  the  intense  blue-violet 
field  of  my  colour-tube  merges  into  opaque,  eventually  to 
rea})])ear  (pressure  increasing)  as  an  orange-brown  field  of 
the  flrst  order.  It  struck  me  that  here  was  a  sufficiently 
sharp  criterion  for  fixing  a  value  of  pressure  depending  in 
the  given  apparatus  only  on  the  temperature  and  the  dust- 
contents  of  the  inflowing  air.  In  other  words,  for  a  given 
kind  of  air,  and  at  a  given  temperature,  there  are  two  well- 
defined  pressures  at  which  colour  (blue  and  yellow)  vanishes 
into  blackness.  If  the  kind  of  air  remains  the  same  while  its 
temperature  varies,  the  paired  values  of  pressure  will  also 
vary  markedly,  so  that  the  margins  of  the  opaque  field  may 
be  mapped  out  in  a  diagram  in  which  pressure  is  expressed 
in  its  dependence  on  temperature.  It  is  the  chief  purpose 
of  the  present  paper  to  show  the  character  of  this  diagram, 
and  to  indicate  the  manner  in  which  the  positions  of  the  loci 
vary,  when  the  du,st-contents  of  the  inflowing  air  are  also 
varied.  Incidentally  I  will  endeavour  to  ascertain  the  more 
innnediate  cause  of  the  opaque  field,  and  to  see  whether  the 
water  molecules  may  not  themselves  become  nuclei  of  con- 
densation, §§  15,  16. 

3.  Apparatus. — Full  details  of  the  necessary'  apparatus  is 
given  in  PI.  V.  fig.  1,  where  the  colour-tube  is  shown  at  AA, 
and  the  method  of  varying  the  temperature  and  dustiness  of 
the  inflowing  air  is  shown  at  E,  D,  F.  The  colour-tube  is 
identical  in  form  with  the  ap})aratus  described  in  an  earlier 
paper  *.  I  need  only  call  to  mind  here  that  the  steam  issues 
at  the  jet  j,  from  a  nozzle  about  '16  cm.  in  diameter,  and 
that  the  tube  AA  is  about  50  to  60  cm.  long,  and,  in  common 
with  the  air-hole  0,  about  5  cm.  in  diameter.  The  glass 
l)lates  g  and  a  are  kept  clear  by  moistening  with  a  solution 
of  caustic  potash,  and  the  mirror  M  reflects  skylight  through 
the  tube.  Mixed  steam  and  air  escape  at  B,  and  provision  is 
made  (not  shown)  for  screening  off  extraneous  light  from  g, 
the  window  through  which  the  colour  observatious  are  made. 

*  Barus,  Amer.  Meteorolog.  Journal,  ix.  p.  488  (1893). 
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The  two  essential  appurtenances  are  the  thermometer  t,  to 
register  the  temperature  of  the  inflowing  air  at  C,  and  the 
0]^en  mercury  manometer  (not  shown)  by  which  the  pressure 
of  the  steam  entering  the  jet  j  is  measured.  Inasmuch  as  a 
mercury  thermometer  is  noc  very  quick  in  its  indications,  the 
air  at  a  given  temperature  must  be  allowed  to  pass  over  the 
bulb  of  t  for  some  time  before  tlie  record  is  taken. 

The  steam  used  was  generated  in  a  copper  globe  about 
25  cm.  in  diameter,  and  provided  with  a  water-gauge  and  a 
steam-gauge.  The  vessel  was  heated  by  a  large  ring-burner* 
and  is  strong  enough  to  withstand,  say,  ten  atmospheres, 
though  in  the  present  work  pressures  below  two  atmospheres 
fully  suffice. 

Gr  and  H  are  forms  of  air-filters  to  be  described  in  §  14. 

4.  The  air  entering  C  is  taken  out  of  the  atmosphere,  the 
three  influx  tubes  E,  D,  F  passing  through  the  window  frame 
WW,  and  opening  into  the  air  on  the  outside  (Smithsonian 
Park)  as  shown  at  h^  c,  d.  Valves  are  inserted  into  each  of 
these  tubes  at  e,  f,  h,  so  that  the  quantity  of  air  passing 
through  any  one  of  them  may  be  regulated  or  even  quite 
shut  off.  In  the  winter,  when  the  valves  are  open,  the  air 
rushes  through  the  tubes  with  considerable  velocity,  even 
when  the  jet  j  is  not  in  action.  This  velocity  increases  with 
the  steam-])ressure  actuating  the  jet,  but  can  be  regulated  by 
shutting  otf  the  valves  e,  f]  h  partially. 

The  tube  E  is  clear,  and  the  air  passing  through  it  has  the 
temperature  of  the  atmosphere.  The  tube  D  discharges  into 
E  and  is  provided  with  a  drum,  containing  a  coil  of  thin  lead 
pipe  of  about  0*6  cm.  calibre.  About  20  turns  of  pipe,  each 
somewhat  less  than  5  cm.  in  diameter,  in  a  drum  35  cm. 
long  and  somewhat  less  than  10  cm.  in  diameter,  are  more 
than  sufficient.  In  cold  weather  steam  is  passed  through 
the  lead  pipe.  Hence  by  suitably  regulating  the  valves  h 
and /the  air  flowing  through  C  may  be  kept  at  any  desirable 
temperature  ;  and  as  temperatures  between  9°  and  40°  only 
are  needed  for  the  present  purposes,  this  arrangement  is  quite 
satisfactory.  In  the  summer  time  chilled  brine  or  an  ex- 
panding gas  circulating  through  the  coil  will  probably  1)0 
serviceable. 

The  tube  F  also  discharges  into  E,  and  is  useful  for  in- 
creasing the  dust-contents  of  the  air  entering  C.  For  this 
purpose  a  little  closed  basket  of  wire  gauze,  attached  to  a 
stem  passing  through  a  perforated  cork,  is  inserted  into  tho 
tubulure  k,  as  shown  in  the  figure.     A  piece  of  phosphorus 

*  This  apparatus,  used  for  other  purposes,  is  sliown  in  Bulletin  U.S. 
Geolug.  Siu-vey,  no.  o4,  p.  CO  (Ittb'Jj. 
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is  put  into  the  basket.  The  Jnsty  exhalation  of  a  freshly  cut 
surface  of  phosphorus  is  almost  nil  at  0°  C,  but  increases 
with  great  ra])i(lity  when  the  tem])oraturc  rises,  §  ^Q.  At 
any  given  temperature  above  15°  its  dust  supply  is  nearly 
constant  for  a  long  period  of  time  (hours)  ;  hence  its  avail- 
ability in  the  ])resent  work,  unless  the  weather  is  very  cold. 
Fortunately  cold  temperatures  can  usually  be  dispensed  with 
when  artificially  dusty  air  is  examined. 

It  is  to  be  noted  that  all  the  tubes  E,  D,  F  must  pass  out 
of  the  room.  If,  for  instance,  h  opened  into  the  room  (which 
would  often  be  desirable  for  the  reasons  just  mentioned),  then, 
if  tlio  jet  is  not  in  action  or  only  slightly  in  action,  cold  air 
would  pass  into  C  and  D,  and  out  at  b  as  well  as  at  B  into 
the  room.  At  low  steam-pressure  the  flow  of  dusty  air 
would,  therefore,  necessarily  be  irregular.  An  advantage  is 
secured  by  making  the  common  tube  i  C  long,  so  that  the 
air  may  be  well  mixed  before  impinging  upon  the  jet.  At 
best,  however,  air  dusted  in  this  way  is  an  inferior  substitute 
for  atmospheric  air,  and  the  results  show  much  more  fluctua- 
tion. Each  of  the  valves,  h,f,  e,  is  provided  with  a  suitable 
dial  and  an  index.  The  valve  e  must  be  free  from  leaks.  It 
is  best,  moreover,  when  atmos|)heric  air  is  examined  to  re- 
move the  basket  k  altoo-ether,  and  to  close  the  hole  with  a 
cork.  The  hole  through  which  F  discharges  into  E  need  not 
be  more  than  a  few  millimetres  in  diameter,  and  it  is  advisable 
to.  carry  it  into  the  axis  of  E  by  aid  of  a  glass  tube.  The 
whole  train  of  tubes  is  easily  made  of  ordinary  tinned  drain- 
pipe and  suitable  elbows.  To  summarize  :  the  faint  phos- 
phorescent glow  visible  on  phosphorus  in  the  dark  is  a  nearly 
permanent  dust-producer.  This  phos})liorus-tainted  air,  dis- 
charged through  an  -^--inch  tube  into  the  2-inch  tube  of  pure 
air,  usually  produces  persistent  colour-eflects  at  ordinary 
temperatures.    Thus  the  additional  dilution*  is  less  than  j^q* 

5.  A  few  remarks  on  the  shortcomings  of  the  apparatus 
may  be  made  here.  It  is  clear  in  the  first  place  that  the 
temperature  of  the  air  entering  C  will  vary  with  the  intensity 
of  the  jet,  i.  e.  the  velocity  of  current,  even  if  the  other  ad- 
justments remain  imaltered.  For  the  more  rapidl}''  the  air 
passes  through  the  drum  D  the  less  it  is  heated.  This, 
however,  is  no  serious  inconvenience  since  temperature  is 
measured  at  t. 

*  It  is  best  to  provide  the  phosphorus  tube  with,  a  glass  stopcock  in 
place  of  the  symbolic  valve  of  fig.  1.  On  proper  adjustment  brilliant 
colour-effects  are  obtained  in  this  -svay  for  any  reasonable  length  of  time. 
The  line  is  quite  permanent  so  long  as  the  stopcock  is  left  untouched, 
but  there  is  a  change  of  colour  whenever  the  degree  of  opening  is 
varied. 
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Similarly  the  amount  of  dust  introduced  into  the  air  will 
(probably)  depend  on  the  rate  at  which  the  current  i)asses 
the  basket  at  k.  Hence  at  great  jet  intensities  the  air  will 
be  less  dusty  than  for  small  intensities.  I  have  found  no 
easy  way  by  which  this  discrepancy  can  be  evaluated  ;  and 
my  experiments  with  artificially  dusted  air  are  intended 
rather  to  show  the  character  of  the  dust  variation  than  to 
map  out  precise  loci,  §§  11-13.  Fortunately  the  dust  effect 
is  so  striking  that  there  is  no  possibiUty  of  misinterpretation. 
Experiments  which  I  made  by  introducing  dust  with  jet 
pumps  and  aspirators  showed  few  advantages.  To  vary  the 
dust-contents  uniformly  at  all  jet-pressures,  the  mouths  c,  d 
of  the  air-tubes  must  be  introduced  into  a  large  artificially 
dusted  room,  instead  of  the  atmosphere.  But  this  method 
also  presents  grave  difliculties.  The  final  resort  seems  to  be 
to  examine  the  atmosphere  at  different  times  and  in  different 
places,  or  to  construct  apparatus  for  the  rapid  filtration  of 
air,  §§  14,  15. 

One  serious  theoretical  question  may  be  referred  to  here. 
It  is  necessary  that  at  all  steam-pressures  the  amount  of  air 
entering  C  should  be  nearly  proportioned  to  the  amount  of 
issuing  steam.  No  doubt  this  is  nearly  the  case  ;  for  not 
only  do  the  air-  and  steam-currents  increase  and  decrease  to- 
gether, but  the  air  is  admitted  in  excess  of  the  quantity  neces- 
sary to  produce  condensation  at  the  supersaturated  parts- of 
the  jet,  and  it  is  to  this  condensation  that  the  colour  indica- 
tions apply.  If  the  valve  e  be  closed,  and  the  valves /and  h 
all  but  closed,  the  pressures  at  which  the  margin  of  the  opaque 
zone  appears  from  blue  increase  ;  but  the  temperature  regis- 
tered at  t  also  increases  at  even  a  greater  relative  rate,  so  that 
the  apparent  effect  is,  curiously  enough,  rather  an  excess  than 
a  deficiency  of  dust  (§  13). 

I  infer  from  this  that  in  the  work  below  the  air  is  always 
adnfitted  in  quantity  sutficient  to  produce  its  maximum  dust 
effect.  To  test  this  question  preliminarily,  I  replaced  the 
0'16  cm.  nozzle  by  another  O'OiJ  cm.  in  diameter,  and  thus 
(cent,  par.)  only  discharging  one  third  as  much  steam  as  the 
former.  The  new  results  virtually  coincided  with  the  old 
(§  15)  ;  and  hence,  though  the  relations  below  were  obtained 
from  a  given  apparatus,  they  are  probably  true  generally  *  so 

*  It  will  be  expedient  to  consider  the  small  differential  effect  of  varia- 
tions of  the  barometer,  and  the  tendency  of  the  pressure  corresponding 
to  "  blue-opaque  '"  to  fall  with  the  time  of  efHux,  kc,  in  the  JiuUetin 
cited.  Brass  nozzles  cori'ode  in  the  course  of  time,  so  that  it  is  advisable 
to  make  them  of  platinum.  With  some  unpolished  nozzles  the  "  yellow- 
blue  "  a-symptote  may  fall  even  as  low  as  20  centim.  of  mercury  at  30°  air- 
temperature. 


24  Mr.  Carl  Barus  on 

long  as  the  inflowing  air  exceeds  a  certain  minimnm  quantity 
and  the  nozzle  is  of  average  smootliness.  A  full  discussion  of 
all  these  ])oints  will  be  in  order  when  I  come  to  measure  the 
thermal  distril)ution  within  the  colour-tube,  and  particularly 
in  the  neighbourhood  of  the  nozzle  of  the  jet.  1  will  then 
show  to  what  extent  each  jet  possesses  s])ecial  hydrauhc  pro- 
perties *.  In  a  general  way  the  jet  may  be  advantageously 
compared  with  a  Bunsen  flame.  For  just  as  in  the  one  case 
the  blue  cone  is  a  locus  indicating  the  speed  of  chemical 
action  f,  under  the  given  conditions  of  mixture  and  efflux,  so 
in  the  steam-jet  the  transparent  cone  of  va]iour  indicates  the 
rate  at  which  condensation  takes  place.  Given  the  rate  of 
efflux  of  steam,  a  photographic  method  may  then  be  easily 
devised  for  expressing  the  speed  of  condensation  I  numerically. 

The  fact  that  pin-hole  jets  are  quite  sutBcient  makes  the 
practical  construction  of  the  apparatus  (Plate  V.  flg.  1) 
on  a  small  scale  an  easy  possibility.  A  globular  copper 
boiler,  5  inches  in  diameter,  and  a  sensitive  steam-gauge  with 
a  capacity  of  less  than  15  pounds,  are  available  for  generating 
the  steam  and  recording  pressure. 

6.  Results.  Normal  Atmosphere. — The  results  in  hand  are 
necessarily  in  very  great  number,  for  the  case  is  one  in  which 
the  observer  has  to  construct  the  mean  value  or  path,  when 
the  observations  themselves  are  unavoidably  discrepant.  It 
will  therefore  be  expedient  to  avoid  cumbersome  tables,  by 
expressing  all  the  data  graphically.  An  ulterior  advantage 
is  gained  in  this  way,  inasmuch  as  the  broad  features  of  the 
phenomena  are  at  once  evident  to  the  eye. 

In  the  chart,  Plate  V.  fig.  2  (and  in  all  succeeding 
charts),  the  abscissas  indicate  the  temperature,  in  degrees  C, 
of  the  air  entering  the  colour-tube  at  C  (fig.  1);  or,  in  other 
words,  the  registry  of  the  thermometer  t.  The  ordiuates 
show  the  pressures  in  centims.  of  mercury  under  which 
the  steam  is  forced  out  of  the  jet.  The  points  of  the 
curve  between  0  and  about  40  cm.  then  show  the  corre- 
sponding values  of  air-temperature  and  steam-pressure,  at 
which  the  blue-violet  (first  order)  field  seen  in  the  colour-tube 
merges  into  opaque.  The  points  of  the  curve  lying  quite 
above  40  cm.  show  the  conditions  at  which  the  brown- 
yellows  of  the  first  order  just  emerge  from  the  opaque. 
Curves  indicating  the  approximate  loci  are  drawn  through 
the  points. 

*  Agreeing  witli  the  results  of  Aitkeu,  /.  c. 
t  Cf.  W.  Micbelsou,  Wied.  Ann.  xxxvii.  p.  1  (1889). 
X  A  discussion  of  this   method    of    investigation    is    given   in   the 
Bulletin, 
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Below  about  9°  C,  therefore,  the  field  is  opaque  at  all 
pressures  ;  above  9°,  the  pressure  at  which  blue  changes  into 
opaque  rapidly  increases  with  increasing  temperature  ;  and 
the  pressure  at  which  brown-^'ellow  changes  to  opaque  de- 
creases from  an  enormous  value,  and  at  even  a  more  rai)id 
rate  as  temperature  increases.  Both  loci,  curving  at  a 
gradually  retarded  rate,  eventually  reach  a  common  asym- 
ptote at  about  41  cm.  (temperature  being  indefinitely  high). 
At  the  same  time  the  colours  which  were  very  intense 
at  the  lower  temperature  gradually  become  fainter,  and  the 
opaque  zone  more  translucent,  until  at  about  40°  of  air-tem- 
perature (depending  on  the  size  of  the  nozzle,  §  15)  the  field 
is  clear  and  without  colour.  The  escaping  steam  is  gaseous, 
and  not  visibly  condensed.  When  temperature  decreases 
again  from  40°,  white-yellow  is  the  first  colour  to  appear, 
showing  that  the  particles  here  must  be  the  smallest  of  the 
whole  series.  At  35°  the  change  from  faint  yellowish  tones 
to  faint  white-blues,  when  pressure  is  made  to  vary  suitably 
(see  chart)  from  larger  to  smaller  values,  is  quite  marked. 
There  is  no  opaque  demarcation,  however,  but  rather  a  mix- 
ture of  colours,  for  the  opaque  field  is  hardly  impervious  to 
light  above  30°.  Indeed  one  often  notices  a  brownish  field 
surrounding  the  jet,  on  a  violet-bluish  ground. 

For  all  temperatures  and  pressures  lying  to  the  left  of  the 
two  curves  the  field  is  opaque,  and  it  sends  off  a  kind  of  cusp 
to  penetrate  into  higher  temperatures.  There  is  a  character- 
istic difference  between  the  contours  of  the  two  margins  ;  for 
whereas  yellou-opaque  after  a  sharp  inflexion  shoots  up 
almost  vertically,  blue-opaque  shows  a  regular  change  of 
curvature  throughout. 

At  about  13°  in  the  chart  I  have  inscribed  the  approxi- 
mate positions  of  the  successive  interference-colours  *,  indi- 
cating their  positions  by  a  cross.  This  cannot  bo  nearly  so 
well  done  as  the  location  of  the  opaque  margin,  and  as  the 
colours  are  of  smaller  interest  in  the  present  paper,  I  will  not 
enter  into  the  subject  further.  The  contour  of  the  successive 
colour-curves  is  easily  surmised  from  the  line  for  blue-opaque. 
Similarly  above  the  yellow-opaque  line,  a  family  of  browns, 
oranges,  and  yellows  may  be  located. 

When  the  dust-contents  are  increased,  the  margin  of  the 
opaque  field  aj)proaches  the  abscissa,  and  hence  tbe  colour 
loci  will  be  successively  more  crowded  together. 

In  the  chart  (Plate  V.  fig.  2)  only  a  single  air-tube  (D, 
fig.  1)  was  available.  The  air  was  heated  to  about  40°  by 
the  circulating  steam.  This  was  then  shut  off  and  the 
•  See  Barua,  Am.  Met.  Journ.  ix.  p.  500  et  seq.,  1893. 
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temperature  and  pressure  at  which  the  colours  disappeared 
noted  on  cooling.  The  niereury-thermonieter  is  scarcely 
sensitive  enough  for  such  observations,  and  the  temperatures 
of  the  diagram  are  probably  too  high.  I  have  therefore 
lum])ed  all  my  observations;  between  Feb.  10  and  23,  1893, 
in  this  chart,  seeing  that  the  phenomenon  as  a  whole  is 
well  represented. 

7.  In  the  following  work,  however,  the  apparatus,  Plate  V. 
fig.  1,  was  used,  with  the  phosphorus-tube  closed  up  and 
the  phosphorus  removed.  Great  care  was  taken  to  wait 
for  stationary  temperatures,  and  about  five  (or  more)  steps 
between  10°  C.  and  40°  0.  were  selected  for  observation. 

The  first  set  of  experiments  was  made  on  Feb.  23,  the 
chart*,  fig.  3,  curve  A  being  obtained  in  the  morning, 
and  fig.  4  in  the  afternoon.  The  day  was  cold,  with 
snow  covering  the  ground.  The  blue-opaque  curve.  A,  fig.  3, 
virtually  reproduces  fig.  2  ;  but  the  curve,  fig.  4,  differs  from 
it  inasmuch  as  the  tangential  angles  in  the  latter  case  are 
steeper,  so  that  the  locus  is  less  curved  and  rises  higher 
than  in  figs.  2  or  3.  In  all  cases  yellow-opaque  lies  above 
blue-opaque.  I  was  at  first  inclined  to  refer  this  to  differ- 
ences of  the  vanishing  standard,  believing  the  two  curves 
to  contain  consistent  observations,  but  differing  from  each 
other  for  reasons  purely  subjective.  Whether  or  not  this  is 
the  case  can  only  be  found  by  comparison  with  succeeding 
series  of  observations,  as  will  presently  be  seen.  Taking  the 
observations  at  their  face  value,  the  indication  is  less  dust  for 
the  afternoon  than  for  the  morning.  The  curve  P  found  for 
artificially  dusty  air  will  be  described  below  (§  11). 

8.  The  next  series  of  observations  were  made  on  Feb.  27 
(cloudy),  28  (rain),  and  on  March  2  (clear).  There  was  but 
little  ditt'erence  in  the  respective  loci  of  the  data  except  that 
on  the  latter  day  the  asymptote  was  somewhat  below  the 
position  for  the  other  days  (see  chart,  Plate  V.  fig.  5). 
The  connnon  asymptote  takes  a  mean  position  (pressure, 
p  =  4:'d  cm.)  between  the  corresponding  values  of  figs.  2 
and  3  (p  =  42  cm.)  and  fig.  4  (^  =  48  cm.). 

0.  On  March  3,  however,  the  asymptote  rose  again  to  the 
value  p  =  AQ  cm.  The  weather  was  cloudy,  antedating 
the  storm  of  March  4, 1893.  Two  series  of  observations  were 
made. 

Finally,  the  results  of  March  6,  8,  10  agree  in  character 
with  fig.  5  ;  while  during  the  intermediate  date,  March  7, 
the  asymptote  fell   to  the  lower  position  j)  =  42  cm.     These 

*  The  obscrvatious  FF'  iu  fig.  3  refer  to  filtered  air  and  will  be 
described  in  §  14. 
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figures,  as  a  whole,  give  some  evidence  in  fixvour  of  an 
oscillation  of  the  asymptote  with  the  dust-contents  of  atmo- 
spheric air.  The  observed  interval  of  oscillation  is  within 
about  8  cm.  of  mercury  pressure,  but  usually  much  below 
this. 

10.  General  character  of  the  Loci. — Resuming  the  remarks 
of  §6,  it  is  seen  that  when  the  asymptotes  are  high,  the  loci 
as  a  whole  show  less  curvature  and  the  points  between  20° 
and  30°  C.  tend  to  fall  below  the  corresponding  points  for 
low  asymptotes.  I  have  endeavoured  to  bring  the  whole 
phenomenon  into  a  convenient  equation,  in  which  temperature 
and  dust-contents  might  appear  as  two  variables  by  which 
the  contours  (pressure)  of  the  margin  of  the  opaque  field 
(figs.  2  et  seq.)  are  conditioned.  The  invention  of  a  single 
form  in  which  both  the  blue-opaque  and  the  yellow-opaque 
margins  are  contained  is  more  difficult  than  the  fittino-  of  a 
separate  form  for  each  curve,  and  I  have  not  been  fully 
successful  in  any  case.  Cumbersome  equations,  or  such  as 
lead  to  involved  computations,  are  of  little  interest  for  the 
present  purposes,  where  the  object  sought  is  merely  a  terse 
and  convenient  epitome  of  the  very  large  number  of  isolated 
observations  which  go  to  make  up  each  of  the  curves  in 
question. 

Let  p  be  the  steam-pressure  actuating  the  jet,  and  t  the 
temperature  of  the  air  into  which  the  jet  is  discharged,  and 
let  A,  B,  C,  n  be  constants  to  be  presently  discussed.     Then 

f=A10^^^ (1) 

The  quantity  (j9  — B)  in  (1)  is  always  to  be  taken  as  a 
numeric,  i.  e.  positively  ;  otherwise  imaginary  results  are 
encountered.  Suppose  now  this  equation  is  tested  by  the 
data  of  fig.  5,  as  these  fiiirly  represent  a  mean  case.     Then 

p  =  0,t=A  =  d,  by  observation  ; 

p  =  B,  t=yD  ,  or  B  =  -13,  the  height  of  the  asymptote  above 
the  abscissa  ; 
J9  =  X>  ,  i=.x» . 

Hence  the  yellow-opaque  margin,  lying  quite  above  p=3 
=  43,  corresponds  directly  to  equation  (1)  ;  whereas  the  blue- 
opaque  margin,  lying  quite  below  p  =  B  =  43,  corresponds  to 
(1)  with  (/>  —  B)  replaced  by  (B— p).  Furthermore,  while 
in  the  yellow-opaque  branch  p  increases  from  43  cm.  to  oo , 
t  passes  through  a  minimum  value.  It  is,  therefore,  nece-ssaiy 
to  inquire  the  position  and  character  of  this  uncalled  for 
singular  point.  Let  equation  ( 1)  be  difi'ereiitiated,  remember- 
ing that  t  =  0  corresponds  to  y>=  —  co  ,  and  therefore  does  not 
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enter  the  present  problem,  and  that  B=/)  has  already  been 
disposed  ot'.  Then  the  pressure  pm,  corresponding  to  the 
minimum  temperature  t^  in  question,  is  found  to  be 

B 

and  the  somewhat  more  involved  expression  of  /,„  is  found  from 
equation  (1). 

With  these  preliminaries,  the  remaining  constants  C  and  n 
are  then  easily  enough,  though  somewhat  tediously,  obtained 
from  the  observations  making  up  fig.  5,  by  trial.  The  results 
are  as  follows  : — 

A=9;  0  =  0-013;  n=0-35  ;  B  =  43. 

Steam-pressures,  j),  in  cm.  of  mercury;  air-temperatures,  t, 
in  decrees  C. 


2)=   0  cm. 

i=   9-0°       2^=  43  cm. 

i=+OD° 

10 

9-8                 44 

33-6 

20 

11-0                47 

21-4 

30 

13-0                50 

19-2 

40 

20-3               *G6-2 

*17-4 

42 

31-6                 70 

17-4 

42-8 

85-3                90 

18-1 

43 

+  CO 

I 

-opaque.     *  Minimum.     Yellow 

] 

Blue- 

f          — 
-opaque. 

This  curve,  equation  (1),  has  been  inscribed  in  fig.  5,  to 
show  the  grouping  of  the  observations  around  it.  The  mini- 
mum is  marked  at  a  (i^;„  =  17'4°  C.,  y>,„  =  (jG*2  cm.).  Through- 
out the  extent  of  the  figure,  it  unites  two  sufficiently  flat  curves 
to  fairly  represent  the  observations  ;  for  this  part  of  the 
margin,  from  its  exceedingly  steep  ascent,  cannot  be  traced 
with  precision. 

As  a  whole,  therefore,  equation  (1)  has  reproduced  the 
complete  phenomenon  surprisingly  well,  both  as  regards  the 
blue-opaque  (AB)  and  the  yellow-opaque  (B(/)  margin  of 
the  opaque  field.  No  douV)t,  better  agreement  could  be  had 
on  further  trial,  particularly  by  varying  the  point  of  inter- 
section with  the  abscissa,  i=A.  I  shall  not,  however,  do  this, 
since  in  the  present  paper  the  chief  datum  is  the  height  of  the 
conunon  asynq)tote  (p  =  B)  above  the  abscissa.  It  is  this 
parameter  which  expresses  the  dust-contents  of  the  air,  and 
which  fortunately  may  be  obtained  without  conqnitation  by 
the  direct  observations  presently  to  be  more  fully  specified. 

11.  Artificially  Dusty  Atmospheres. — To  interpret  the  above 
data  it  is  necessary  to  increase  the  dust-contents  of  the  normal 
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ahiiosphere  artificially,  utilizing  the  tube  F,  fig.  1,  containing 
])lios])horus.  The  results  for  this  case  are  not  without  com- 
plexity, but  the  character  of  the  effect  produced  is  obvious  at 
once  :  it  takes  but  a  trace  of  the  phos[)horus-tainted  air  to 
make  the  Hold  permanently  opaque  at  all  pressures  aud  tem- 
peratures not  unreasonably  high.  In  other  words,  the  tendency 
is  to  drop  the  blue-opacpie  curve  of  the  above  figures  into 
coincidence  with  the  abscissa.  One  would  surmise  that  at 
least  the  asymptotic  portion  of  the  yellow-opaque  curve  would 
likewise  dro])  to  the  abscissa,  and  this  is  actually  the  case,  as 
will  be  shown  presently.  By  allowing  the  discharge  from  F 
to  take  place  into  E  through  a  glass  tube  only  a  few  milli- 
metres in  diameter,  while  the  air-tube  C  is  fully  two  inches  in 
diameter,  I  was  able  to  dust  the  air  sufficiently  to  obtain  at 
least  the  approximate  contours  of  the  corresponding  relation 
of  steam-pressure  and  air-temperature.  The  data  are  inscribed 
in  fig.  4,  and  together  they  make  up  the  curve  P  near  the 
axis  of  temperature.  Thus  the  striking  potency'-  of  even 
traces  of  dust  is  well  exhibited. 

Clearly  the  rudimentary  curve  P  is  a  member  of  the  same 
family  to  which  AB  belongs,  and  it  is  therefore  obvious 
that  the  whole  field  between  B  and  the  abscissa  is  a  region  of 
temperature  and  pressure  loci  *,  each  of  which  corresponds  to 
a  particular  value  of  dust-contents.  Since,  therefore,  the 
accuracy  with  which  the  point  can  be  located  at  any  (mean) 
temperature  is  about  1cm.,  the  apparatus  ought  to  register  about 
40  degrees  of  dust-contents  between  normal  atmospheric  air 
and  the  artificial  mixture  stated.  On  this  scale  the  variation 
of  the  dust-contents  of  normal  air  j  lies  in  the  interval  between 
40  cm.  and  50  cm.  of  mercury,  remembering  that  the  height 
of  the  asymptote  (virtually  reached  at  28°  to  30°)  is  taken 
for  registry. 

12.  To  bring  out  the  conditions  more  fully,  however,  it  is 
necessary  to  make  supplementary  tests  both  with  phosphorus 
and  with  filtered  air. 

If  the  basket  of  phosphorus  is  placed  in  the  tube  E  (fig.  1) 

*  Probably  the  best  method  of  actually  mapping  out  these  curves  will 
con.^ist  in  using  nozzles  of  diflbrent  degrees  of  smoothness.  By  mere 
haphazard  drilling  and  polishing  of  such  nozzles,  I  obtained  curves 
between  a.«yniptote  20  cm.  and  asymptote  00  cm.  That  tliese  curves  will 
be  identical  with  the  coiTCsponding  dust-curves  is  made  probable  by  §  16 
below. 

t  Supposing  that  the  possible  erroi's  have  been  conectly  apprehended. 
In  experiments  made  throughout  the  entire  month  I  was  surprised  that 
an  apparatus  so  sensitive  to  artificial  dust  should  show  such  slight  mean 
variation-s  of  the  dust-contents  of  atmospheric  air  from  day  to  day. 
Witness  the  above  curves. 
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near  its  moiitli  d,  where  the  air-temperature  (in  winter)  is  near 
the  freezing-point,  no  effect  is  produced.  Thus  at  21°-22° 
the  hhie-opaque  margin  was  at  41-42  cm.,  showing  tliat  the 
oxidation  of  p]iosi)horus  at  zero  is  relatively  negligible  in 
spite  of  the  current  of  air. 

If,  however,  the  same  i)hos]ihorus  be  placed  in  the  tube  EC 
at  /,  somewhere  between  the  point  of  confluence  and  the  colour- 
tube,  and  where  the  temperature  is  say  20°,  then  it  is  actually 
possible  to  obtain  the  yellow  of  the  first  order  at  steam-pressures 
less  than  1  cm.  Thus  at  1D°,  the  yellow-opaque  margin  was 
at  r2  cm.,  and  the  colour  persisted  with  increasing  brilliancy 
at  all  pressures  above  this. 

For  temperatures  greater  than  20°,  the  tube  is  yellow  at  all 
pressures  until  eventually  above  35°  all  colour  vanishes  for 
want  of  supersatu ration. 

For  temperatures  below  20°,  the  tendency  is  to  produce 
opaque  fields.  Thus  at  15°  the  tube  is  opaque  at  all  pressures 
above  a  few  millimetres. 

The  explanation  of  this  somewhat  puzzling  behaviour  is 
this  :  at  any  given  admissible  temperature,  the  effect  of 
phosphorus  dust  is  a  change  of  the  colour  of  the  field  in  the 
direction  from  blue  through  opaque  to  yellow  in  proportion 
as  more  dust  of  the  given  kind  is  added.  Again,  the  dust- 
contents  of  the  air  passing  over  a  given  lump  of  phosphorus 
decreases  both  with  the  rapidity  of  the  current  and  with  the 
degree  of  cold.  Hence  at  higher  temperatures  than  20° 
brilliant  brown-yellow  fields  are  the  usual  occurrence  when  the 
phosphorus  lies  in  the  air-tube  i  C.  If  withdrawn  from  the 
air-tube  and  so  circumstanced  that  its  exhalation  is  diluted 
with  much  air  (tube  F,  fig.  1),  then  any  colour  may  be  pro- 
duced, depending  on  the  degree  of  dilution.  On  the  other 
hand,  below  20°  the  oxidation  takes  place  more  and  more 
slowly,  so  that  only  very  gentle  currents  of  air  can  carry  off 
enough  dust  to  produce  a  yellow  field.  For  strong  currents 
in  0  there  is  a  double  source  of  dilution,  and  opaque  fields  are 
the  rule.  In  other  words,  the  air  now  approaches  the  state 
AB  in  fig.  4,  so  far  as  dust-contents  are  concerned. 

I  have  entered  into  this  subject  at  length  because  of  its 
important  theoretical  bearing,  seeing  that  it  is  necessary  to 
disentangle  a  series  of  involved  relations. 

13.  In  fig.  G  (diagram),  the  pair  of  curves  ABC  indicates 
the  margin  of  the  ojjaque  field  for  unusually  pure  atmospheric 
air.  Above  the  horizontal  asymptote  through  B  there  is  a 
symmetrical  disposition  of  browns,  oranges,  and  yellows,  the 
order  of  colours  decreasing  upward.  Below  B  the  colours  are 
blues,  greens,  and  hues  of  higher  orders.     The  whole  field  to 
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the  right  of  ABC  is  coloured,  merging  into  colourless  ;  the 
field  to  the  left  of  ABC  is  opaque. 

As  the  air  becomes  more  and  more  dust-laden,  the  yellow 
territory  encroaches  on  the  blue,  so  that  for  unusually  dusty 
atmospheric  air  the  pair  of  curves  ABC  has  changed  into  ADC. 

In  the  same  way  the  yellows  will  continue  to  advance  upon 
the  blues  for  each  successive  (now  artificial)  increment  of  the 
dust-contents  of  the  air,  until  eventually  the  blues  have  been 
quite  crowded  out  of  the  field,  and  the  whole  territory  is  ])er- 
sistently  yellow  at  all  temperatures  and  pressures.  In  other 
■words,  the  asj'mptote  of  the  curve  descends  with  increasing 
dust-contents,  while  at  the  same  time  the  curve  BC  moves 
bodily  to  the  right,  so  that  BC  finally  coincides  with  the 
co-ordinate  axes  of  pressure  and  temperature.  This  at  least 
is  the  essential  feature  of  the  phenomenon  so  far  as  I  now 
understand  it.  Subsidiary  details  will  be  brought  forward  at 
some  other  time. 

It  is  to  be  remembered  that  the  particular  curves,  figs.  2  et 
seq.^  ^Pply  priniarily  to  the  particular  jet  discharging  into  the 
given  tubes.  Nor  can  any  attempt  as  yet  be  made  to  graduate 
the  apparatus ;  for  a  comparison  with  the  Aitken  dust-counter 
is  not  legitimate,  unless  it  can  be  proven  that  any  given 
class  of  particles  *  occurs  proportionally  to  the  total  number, 
certainly  a  hazardous  hypothesis.  For  the  present  the  height 
of  the  curve  at  points  above  28°  (asymptote),  expressed  in 
centimetres  of  mercury  (pressure),  is  the  empiric  dust-indicator. 

14.  Filtered  Air. — A  grave  difficulty  is  encountered  in 
using  filtered  air^  inasmuch  as  the  supply  cannot  be  obtained 
in  suttieient  quantity  without  employing  very  cumbersome 
aj)paratus.  I  have  helped  myself  pro\isionally  by  using  a  tin 
tube  G  (fig.  1)  with  the  end  n  n  large  enough  to  fit  snugly 
into  the  air-hole  C  when  the  heater  is  removed.  G  is  filled 
with  cotton  throughout  aljout  20  cm.  of  its  length  in  the 
usual  way.  The  end  n  n  is  closed  with  a  sieve  of  brass  wire 
gauze,  while  the  end  m  is  closed  with  a  perforated  rubber 
cork,  through  which  an  influx  tubulure,  o,  projects.  This  is 
connected  with  an  ordinary  gas-tank,  containing  highly  com- 
pressed air. 

When  the  tube  C  (fig.  1)  is  closed  with  the  filter  G  (no 
gas  passing  through  it),  the  field  of  A  A  at  once  becomes 
clear  ;  at  the  same  time,  however,  its  temperature  vises  to  the 

*  Cf.  §14.  Evidence  is  also  adduced  in  my  earlier  pajjer  (Am.  Met. 
Jouni.  March  1803,  §19j  that  it  is  only  the  smallest  of  dust  particles — 
i.  e.  particles  -whose  dimensions  are  limited  either  -way  and  of  tlie  order 
of  a  few  hundred  molecular  diameters — which  induce  coloured  cloudy 
condensation. 


32  Mr.  Carl  Barns  on 

boiling-point,  and  the  absence  of  colour  in  this  case  is  more  the 
result  of  insufficient  supersaturation  than  of  absence  of  dust. 
Now  lot  the  compressed  air  be  admitted,  so  that  the  tube  A  A 
is  considerably  cooled.  If  the  steam-prc^ssure  is  high  enough, 
and  the  gas  in  sufficient  quantity,  the  field  first  clouds  over 
and  then  turns  quite  opaque.  Thus  at  a  pressure  of  50  cm., 
and  a  temperature  registered  at  t  of  47°,  such  a  result 
(opaqueness)  was  obtained.  At  30  cm.  steam-pressure  the 
field  turned  cloudy,  but  not  opaque  ;  at  15  cm.  no  clouding 
was  even  apparent.     Colours  were  not  observed  in  any  case. 

In  view  of  the  insufficient  air-supply  obtained  in  case  of  the 
filter  G,  I  replaced  it  by  the  form  H,  differing  from  G  in 
having  a  drum  much  larger  in  diameter  (length  25  cm., 
diameter  15  cm.),  and  special  sieves  rr  and  s s.  Similar 
parts  are  similarly  lettered.  Under  like  conditions,  such 
a  filter  should  supply  nine  or  more  times  as  much  air  as  the 
other  (G). 

The  absorbent  cotton  inserted  between  the  sieves  ss  and  rr 
(the  former  and  the  lid  being  removed,  and  the  latter  \_r  r] 
soldered  in  place)  was  carefully  laid  in  layers  parallel  to  rr, 
quite  filling  the  width  of  the  drum.  When  full  to  the  top,  the 
cotton  was  compressed  by  the  second  sieve  ss,  which  thereafter 
was  also  soldered  in  place,  the  lid  with  the  inlet  pipe  o'  mf 
soldered  on,  and  the  space  between  lid  and  ss  filled  with  loose 
cotton  to  catch  dirt.  The  compressed  charge  between  s  s  and 
rr  mainly  acts  as  the  filter.  When  not  in  use  it  should  be 
heated,  so  as  to  be  thoroughly  dry. 

In  the  first  experiments  with  the  filter  H,  compressed  air 
(issuing  as  usual  from  a  narrow  pipe,  and  at  a  tank-pi-essure 
of  about  15  atmospheres)  was  used  as  before.  Spreading 
through  the  filter,  the  air  enters  the  colour-tube  at  a  much 
reduced  velocity.  As  the  air  in  the  tank  is  gradually  freed 
from  dust  by  the  subsidence  of  the  latter,  there  is  here  an 
additional  means  of  purification.  But  the  method  is  much  too 
lavish  to  be  practical,  even  if  it  be  conceded  that  the  filter  is 
actually  efficient.  The  following  data  were  thus  obtained  for 
the  margin  of  the  opaque  field  at  temperatures  comparable 
with  the  values  in  the  charts.     Colours  were  not  observed : — 


Temperature     . 

.     20= 

21° 

22° 

23° 

33=^ 

Centigrade 

Pressure  .     .     . 

.    41-5 

42 

43 

44 

58 

Cm.  Hg. 

In  the  set  of  data  for  20°  to  23°  the  filter  was  not  so  well 
packed  as  at  33°.  Observations  were  discontinued  for  want 
of  gas.  I  have  inserted  these  data  in  the  chart,  fig.  3,  at 
F  and  F'.  When  taken  together  they  suggest  a  locus  of 
the    same   nature  as  fig.  4,  i.  c.  implying   less   curvature  in 
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proportion  as  tlie  air  is  less  dusty.  Bearing  ibis  in  mind,  tlio 
niarfrin  of  the  opaque  zone  at  20°  for  filtered  air  is  not  as  much 
above  the  atmospheric  curve  as  one  would  anticipate.  It 
follows  that  the  size  of  the  particles  producing  coloured 
cloudy  condensation  in  atmos])heric  air  is  not  necessarily 
enormous  when  compared  with  molecular  diameters — an 
inference  which  I  have  already  drawn  *  both  from  the 
character  of  the  colour  pheuomena  and  from  the  conditions  of 
condensation. 

15.  Having  obtained  these  preliminary  results,  I  attacked 
the  subject  on  a  much  larger  scale,  using  an  apparatus  very 
similar  to  fig.  1  (with  the  phosphorus-tube  removed),  except 
that  the  air,  instead  of  being  taken  out  of  the  atmosphere  at  c 
and  d,  passed  at  those  points  through  two  large  filters  of  the 
type  H  (fig.  1).  A  large  Root  blower,  actuated  by  a  one- 
horse-power  gas-engine,  forced  the  air  through  the  system. 

C'ontrarv  to  my  expectations,  this  arrangement  remained  to 
the  last  utterly  iiiefficient.  When  the  blower  acted  under  low 
pressures,  the  air  entering  the  colour-tube  was  insuflicient  in 
quantity.  For  higher  blower-pressures  and  a  more  ra[)id 
current  of  air  f,  the  evidences  of  filtration  were  practically 
absent.  It  was  easy  to  trace  the  increase  of  dust-contents  with 
the  velocity  of  the  current  of  nominally  filtered  air,  even 
though  high  speeds  were  excluded  by  the  nature  of  the  case. 
The  nozzle  of  the  original  steam-jet  being  0"16  cm.  in  diameter, 
I  replaced  it  by  a  finer  one,  0"09  cm.  in  diameter,  but  without 
advantage.  It  is  noteworthy  that  for  atmospheric  air  both 
these  jets  gave  identical  results  as  to  the  location  of  the  opaque 
margin  near  the  asymptote.  The  colours  for  the  fine  jet  were 
fainter,  and  together  with  the  opaque  field  vanished  at  a  lower 
temperature,  as  one  would  suppose,  seeing  that  only  one  third 
as  much  steam  is  available  in  one  case  as  in  the  other. 

The  best  results  for  filtered  air  are,  therefore,  those  of  the 
preceding  paragraph.  A  sufficient  degree  of  supersaturation 
presupposed,  in  no  case  was  there  an  absence  of  condensation  ; 
but  as  I  cannot  assert  that  the  air  used  was  rigorously  pure, 
it  does  not  follow  that  I  have  reached  the  conditions  |  under 
which  the  molecules  themselves  act  as  condensation  nuclei. 

*  Amer.  Met.  Journ.  ix.  pp.  507,  519  (1803). 

+  Compare  this  with  the  similar  experiences  ot  Mr.  iVitkon,  in  Trans. 
Roy.  S<jc.  Edinburgh,  xxxv.  p.  11  ct  scq.  (1888). 

X  The  delicate  question  of  purity  comes  into  phiy  in  the  other  researches. 
Thus  condensation  apparently  without  nuclei  was  produced  by  Aitkeu 
(Trans.  Roy.  Soc.  Edin.  xxxv.  p.  16,  1888),  using  the  expansion  method. 
R.  V.  Helmholtz  failed  to  obtain  it  for  exhaustions  up  to  one-half  atmo- 
sphere (Wied.  Atm.  xxvii.  p.  521,  188G),  whereas  Aitken's  exhaustions 
were  onlv  to  three-fourths  atmosphere  (/.  c.  p.  8). 
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Were  this  the  case,  then  the  supersatiiration  at  the  lower 
margin  of  the  opaque  field,  expressed  either  isothermally  as 
pressure  or  isopiestically  as  ten4)craturc,  would  lead  easily  to 
the  dimension  of  steam  molecules.  For  the  margin  in  question 
is  a  locus  at  which  the  issuing  steam  condenses  as  a  whole,  or 
in  which  the  vapour  contains  within  itself  the  conditions  *  of 
condensation. 

1 6.  In  the  absence  of  my  other  papers,  the  last  remarks 
need  further  elucidation.  I  have  already  show^n  f  that  the 
opaque  field  at  any  temperature  occurs  cotemporaneously  with 
the  breakdown  of  the  stability  of  the  steam-jet.  In  other 
words,  whenever  at  any  temperature  the  velocity  of  the  jet 
is  just  sufficient  to  change  steady  into  edging  motion,  then  an 
o])a(iue  field  is  observed  in  the  colour-tube.  One  is  therefore 
amazed  to  find  brilliant  browns,  oranges,  and  yellows  appearing 
after  the  jet-velocity  or  jet-pressure  is  even  further  increased, 
and  the  natural  inference  is  that  with  the  occurrence  of  the 
opaque  field  the  degree  of  supersaturation  reached  is  intense 
enouoh  to  cause  the  steam  to  condense  without  nuclei.  Con- 
formably  with  this  view  of  the  case,  condensation  at  pressures 
below  the  opaque  margin  is  induced  by  dust,  whereas  above 
the  opaque  margin  condensation  is  independent  of  dust. 
Above  and  below  the  margin  the  colour- phenomena  are  thus 
different  in  origin,  and  experiment  bears  this  out  to  the  extent 
that  the  yellows  in  question,  however  produced,  are  not  in- 
fluenced by  injections  of  active  dust. 

Thus  far  all  is  plausible  ;  but  the  explanation  given  receives 
a  rude  shock  when  further  observation  shows  the  height  of 
the  asymptote  to  vary  enormously  (pressure,  20  cm.  to  50  cm. 
of  mercury)  for  different  nozzles.  Even  in  one  and  the  same 
(brass)  nozzle  the  height  gradually  decreases  in  the  lapse  of 
time  in  proportion,  no  doubt,  as  the  smoothness  of  the  nozzle  is 
im])aired  by  continued  use  (usually  sulphur  corrosion) .  Hence 
the  hydraulic  phenomenon — /.  e.  the  breakdown  of  the  stability 
of  the  jet — is  the  primary  occurrence,  and  the  condensation 
phenomenon  follows  upon  this.  It  is  still  possible  to  patch  up 
the  view  above  stated  by  supposing  supersaturation  to  be 
sacrificed  with  the  breakdown  of  the  jet,  seeing  that  the 
turbulent  motion  of  the  now  noisy  (intermittent)  efHux  of 
steam  is  not  such  in  which  one  would  expect  to  retain  the 
supersaturated  state. 

*  I^ord  Kelvin's  well-known  equation  {cf.  Maxwell's  'Heat,'  chap,  xx.) 
is  here  made  the  basis  of  consideration. 

t  (/.  Phil.  Ma<r.  xxxv.  p.  315,  1S93  ;  cf.  Am.  Met.  Journ.  March  1893, 
p.  605. 
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Explanations  of  tins  kind  are,  however,  too  hazardous  to  he 
satisfactory.  I  therefore  resolved  to  enter  into  the  question 
thoroughly  hy  exploring  what  may  be  called  the  thermal 
topography  of  the  steam-jet,  i.  e.  the  longitudinal  and  radial 
distribution  of  temperature  throughout  the  jet  for  all 
actuating  steam-pressures,  and  for  as  many  temperatures 
of  the  surrounding  air  as  I  could  obtain.  The  data  *  thus 
laboriously  gained  did  not,  however,  enable  me  to  fashion  as 
trenchant  an  argument  as  I  had  looked  for,  chiefly  because  it 
is  difficult,  even  with  the  best  thermoelectric  means,  to  measure 
the  temperature  of  the  narrowing  jet  quite  up  to  the  nozzle  ; 
and  it  is  just  here  that  the  region  of  marked  supersaturatioa 
is  located,  as  is  evidenced  by  the  sensitiveness  of  these  parts 
(Aitken).  It  seems  expedient,  therefore,  to  postpone  decision 
for  the  present,  merely  stating  that  if  the  degree  of  super- 
saturation  (measured  isothermally  as  pressure)  necessary  for 
spontaneous  condensation  can  be  reached,  the  data,  in  virtue 
of  the  Kelvin  formula,  must  lead  to  a  new  method  for  mea- 
suring the  molecular  diameter  peculiar  to  water-vapour — a 
method,  moi'eover,  which  need  not  fail  for  other  vapours. 

In  concluding,  it  is  interesting  to  advert  to  the  cor- 
responding phenomenon  in  the  case  of  the  solidification  of  a 
liquid.  I  have  shown  t  that  in  an  isothermal  march  the 
pressure  at  which  a  liquid  freezes  is  apt  to  be  much  greater 
than  the  pressure  at  which  the  same  (solid)  substance  again 
melts.  In  case  of  naphthalene,  for  instance,  the  magnitude  of 
the  lag  may  reach  300  to  400  atmospheres.  One  is  therefore 
tempted  to  seek  an  analogous  explanation  for  the  stated 
difference  of  melting  and  freezing  pressures  at  the  same 
temperature,  in  the  absence  of  nuclei,  postulating  a  tendency  to 
liquefy  (osmotic  pressure  ?)  even  in  solid  substance  |,  varying 
with  the  curvature  of  the  surface.  A  difficulty,  however,  now 
presents  itself,  inasmuch  as  a  liquid  cooled  below  its  melting- 
point  (unlike  the  corresponding  case  for  vapours)  can  be  kept 
in  a  solid  vessel  without  solidifying.  Hence  the  method  for 
measuring  liquid  molecular  diameters  which  seems  to  loom 
into  view  is  not  so  near  at  hand. 

The  Smithsonian  Institution, 
Washington,  D.C.,  U.S.A. 

*  These  are  fully  given  in  the  Weather  Bureau  Bulletin  cited,  which 
has  now  been  in  the  press  for  about  a  year. 

t  Barus,  Anier.  Journ.  of  Science,  xlii.  p.  125,  1891.  For  a  full 
account,  see  Bulletin  of  the  U.S.  Geological  Survey,  No.  96,  p.  83,  1892, 

t  Evidence  in  favour  of  the  occun-euce  of  solid  surfece-teusion  is  given 
by  Auerbach  (\yied.  Aim.  xliii.  pp.  61,  94,  1891)  and  others. 
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III.  On  Torsional  Oscillations  of  Wires.     By  Dr.  W.  Peddie, 
PJiysical  Laboratory,  Edinhurgh  University* . 

Sketch  of  Previous  Work  f. 

fT^HE  present  subject  is  part  of  the  more  general  one — the 
JL  deformations  of  a  non-rigid  solid.  That  strain,  or  part 
of  a  strain,  which  disappears  wholly  on  the  removal  of  the 
distorting  stress,  is  called  temporary  strain  :  that  which  is 
observed  after  the  complete  removal  of  the  distorting  stress, 
is  called  permanent  strain  or  set,  though  it  may,  and  usually 
does,  diminish  as  the  time  which  has  elapsed  since  the  com- 
plete removal  of  distorting  stress  increases.  The  latter  effect, 
together  with  the  converse  effect  of  the  gradual  increase  of 
set  under  continued  constant  stress,  is  called  after-action  by 
the  Germans. 

In  1835  (Pogg.  Ann.)  Weber  investigated  the  laws  of 
permanent  set  of  a  stretched  fibre.  In  18o7  (B.  A.  Report  ; 
see  also  B.  A.  Reports,  1843,  1844)  Hodgkinson,  as  the  result 
of  experiments  on  cast  iron,  came  to  the  conclusion  that "  the 
maxim  of  loading  bodies  within  the  elastic  limit  has  no  foun- 
dation in  nature  "  ;  that  is,  permanent  set  is  produced  by  any 
stress  however  small.  In  1842  {Ann.  de  C/iim.  et  Phys.)  and 
1848  (Pogg.  Ann.  Ergbd.  ii.)  Wertheim  observed  that  per- 
manent set  occurred  in  a  p't'^'^'fously  undistorted  body  as  the 
result  of  any  stress  however  small  ;  and  in  1848  (Camb.  & 
Dubl.  Math.  Journ.)  this  limitation  to  Hodgkinson's  statement 
was  independently  pointed  out,  as  a  deduction  from  theory, 
by  Prof.  James  Thomson.  On  the  other  hand,  a  body  pre- 
viously distorted  in  a  given  sense  may  be  again  distorted  to 
a  smaller,  or  the  same,  extent  in  the  same  sense  without  the 
jiroduction  of  new  permanent  set. 

Between  1858  and  1862  Gr.  Wiedemann  made  statical 
experiments  on  the  torsion  of  rods,  in  the  course  of  which 
he  verified  Wertheim's  observation  ;  and  in  1880  (Phil.  Mag. 
vol.  ix.)  he  published  the  results  of  more  extended  experiments 
of  the  same  kind.  One  of  those  results  is  that,  after  repeated 
twistings,  alternately  in  opposite  directions,  by  a  given 
couple,  the  set  of  a  rod  becomes  constant  ;  and,  if  the  rod  be 
again  twisted,  by  increasing  couples,  in  the  direction  of  the 
last  twist,  the  stirain  (measured  from  the  position  of  set)  is 

*  Conimunioated  by  the  Author,  having  been  read  before  the  Royal 
Society  of  Edinburgh,' December  18,  18U3. 

t  Tliis  sketch  is  a  mere  outline.  FidJer  references  will  be  found  in 
the  papers  quoted. 
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practieallv  pro])ortional  to  the  stress  so  long  as  the  oriiiinal 
value  of  the  couple  is  not  exceeded.  Another  is  that  the 
reversed  couple  produces  a  oreater  strain,  measured  from  the 
last  set,  than  does  the  equal  direct  couple  ;  the  difl'erence  in 
this  case  corresponds  to  the  change  of  zero  produced  by  the 
reversal  of  the  couple — that  is,  to  the  set.  Again,  by  repeated 
reversals  of  twist  untler  a  given  couple,  the  total  torsion  and 
the  set  diminish  to  fixed  minimum  values.  Also,  in  the  case 
of  torsion  in  one  direction,  the  values  of  the  total  torsion  and 
of  the  set  increase  at  increasing  rates  as  the  couple  increases, 
and  the  latter  relatively  at  a  greater  rate  than  the  former  : 
these  values  for  a  given  couple  increase  to  maxima  by  repeated 
applications  of  the  couple,  and  this  increase  is  also  relatively 
greater  in  the  set  than  in  the  total  torsion.  Wiedemann 
remarks  that  the  approach  of  the  position  of  final  set  to  that 
of  final  total  torsion  in  this  case  is  a  phenomenon  of  the  same 
kind  as  the  narrowing  of  the  limits  of  total  torsion  and  of  set 
by  repeoted  reversals  of  a  given  couple  ;  the  only  difference 
is  that  the  negative  couple  is  zero.  He  calls  the  process  by 
which  the  wire  is  brought  into  the  steady  state  as  regards 
total  torsion  and  set  the  process  of  accommodation. 

In  18G5  (Proc.  Roy.  Soc.  Lond.)  Lord  Kelvin  described 
results  obtained  from  the  observation  of  torsional  oscillations 
of  wires.  He  discovered  the  phenomenon  of  "  elastic  fatigue," 
and  found  that  the  diminution  of  the  range  of  oscillation,  per 
equal  number  of  oscillations,  followed  the  law  of  compound 
interest  when  the  range  was  very  much  smaller  than  the 
palpable  limits  of  elasticity.  Toinlinson's  observations  (Phil. 
Trans.  IbijG)  support  this  conclusion. 

Present  Observations  and  Results. 

So  far  as  1  am  aware,  no  attempt  has  been  made  to  find  the 
law  of  decrease  of  the  range  of  oscillation  when  it  is  so  large 
that  it  isaccom[)anied  by  marked  set — set  which  may  amount 
to  a  large  fraction  of  the  total  range.  Lord  Kelvin's  obser- 
vations were  purposely  made  upon  small  oscillations  in  order 
to  avoid  the  disturbances  which  are  introduced  when  the  oscil- 
lations are  large.  Because  of  the  known  intimate  dependence 
of  the  instantaneous  state  of  strain  of  a  body  under  given 
stresses  upon  all  the  previous  strains  to  which  it  has  been 
subjected,  it  might  be  supposed  that  it  would  be  absolutely 
impossible  to  deduce  with  certainty  any  general  law  of  decay 
of  large  oscillations.  In  other  words,  any  systematic  arrange- 
ment of  conditions  might  seem  to  be  unattainable  because  of 
the  possible  intrusion  of  arbitrary  and  uncontrollable,  perhaps 
even  untraceable,  conditions.     As  a  matter  of  fact,  I  have 
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found  that,  in  all  my  observations  hitherto  made,  such  arbi- 
trariness is  notably  absent  ;  and  I  have  been  able  to  obtain  an 
extremely  aeciirate  om})irical  formula  for  the  representation  of 
the  results. 

The  results  here  given  refer  only  to  a  single  iron  wire  whose 
extremities  were  soldered  into  holes  drilled  axially  in  stout 
brass  rods.     The  length  of  the  wire  was  89*  1  centim.,  and  its 
diameter  was  0*1011  centim.     The  one  rod  was  firmly  clamped 
in  a  vertical  position,  with  the  wire  suspended  from  it  ;  and 
to  the  other  rod  was  attached,  symmetrically  and  horizontally, 
a  heavy  lead  ring  of  considerable  moment  of  inertia.     In  per- 
forming the    observations,   one   experimenter  increased   the 
torsional   oscillations   of  the  system   up  to  a  predetermined 
maximum,  taking  care  to  avoid  as  far  as  possible  any  swing 
of  the  system  like  that  of  an  ordinary  pendulum.     Whenever 
the  required  maximum  oscillation  was  attained,  the  system 
was  left  to  itselfj  except  in  so  far  as  any  marked   swing  of 
the  latter  kind  was  damped  out  in  such  a  way  as  not  to  in- 
terfere, by  friction  or  otherwise,  with  the  torsional  oscillations. 
Another  observer  commenced  at  once  to  take  readings  of  the 
maximum  elongation  by  means  of  a  telescope  placed  a  few 
yards  off.     The  scale  was  fastened  round  the  outer  circum- 
ference of  the  lead  ring,  and  a  fixed  pointer  was  placed  close 
in  front  of  it.     At  first  readings  were  taken  at  the  end  of  each 
complete  oscillation  ;  subsequently,  as  the  time-rate  of  decay 
of  the  oscillations  became  less,  readings  were  taken  at  the  end 
of  two,  three,  five,  or  more,  complete  oscillations.     A  curve 
was  then  plotted  with  the  scale-readings  as  ordinates  and  the 
number  of  swings  as  abscissae.     The  oscillations  were  found 
to  be  almost  isochronous,  so  that  the  axis  of  abscissjB  was 
practically  a  time-axis.     In  almost  all  cases  the  curve  showed 
traces  of  ordinary  pendulum  oscillations,  but  a  smooth  curve 
could  easily  be  drawn  on  the  average  through  the  observed 
points  so  as  to  avoid  all  such  irregularities.     It  would  serve 
no  useful  purpose  to  give  here  the  full  details  of  each  experi- 
ment.    Their  general  nature  will  be  seen  from  the  curves 
showm  in  fig.  1,  and  the  special  data  given  in  Table  II.  will 
be  found  sufficient  for  each.     In  fig.  1  the  curves  give  the 
data  obtained  from  observation,  and  the  points  show  positions 
calculated  from  the  respective  equations  in  Table  I. 
It  was  found  that  equations  of  the  form 

y-{a;  +  a)=b, (1) 

where  a,  h,  and  n  are  constants,  applied  with   great  accuracy 
in  each  case     Table  I.  gives  details  on  this  point. 
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The  curves  C,  G,  H,  I,  J,  K  are  omitted  as  they  were  made 
with  an  entirely  ditierent  object  and  the  readings  did  not 
cover  the  same  range. 

The  actual  value  of  the  constant  added  to  x  depends  upon 
the  interval  which  elapses  after  starting  the  experiment  until 
the  first  reading  is  taken.  Thus  the  fact  that  in  B  this  constant 
is  greater  by  about  imity  than  the  similar  constants  in  D,  E,  F, 
while  the  first  readino-  iu  B  is  much  less  than  the  first  readinos 
in  D,  E,  F,  points  to  the  conclusion  that  the  first  reading  in  that 
curve  was  taken  one  oscillation  later  than  the  first  readings  in 
the  latter.  We  should  therefore  expect  that  the  value  will  be 
small  when  the  initial  range  is  large,  as  in  M.  The  values  of 
the  other  two  constants  in  the  equation  for  M  are  much  in- 
creased relatively  to  their  values  in  the  preceding  equations — 
a  fact  which  illustrates  the  dependence  of  the  action  at  any 
stage  upon  the  previous  treatment  of  the  wire.  The  decay  of 
the  oscillations  is  at  first  more  rapid,  afterwards  more  slow, 
than  in  the  preceding  experiments. 

In  P  the  phenomenon  of  elastic  fatigue  is  very  apparent. 
The  conditions  were  practically  the  same  in  this  experiment 
as  in,  for  example,  E,  F,  and  0,  with  the  exception  that  in  P 
the  wire  was  kept  oscillating  to  the  maximum  extent  for  about 
half  an  hour  before  the  observations  began.  The  rate  of  decay 
of  the  oscillations  is  immensely  increased  at  all  the  observed 
values  of  the  range. 

Putting  aside  the  special  experiments  M  and  P,  we  find  that, 
after  the  wire  had  once  reached  a  steady  state  (in  B),  the  steady 
state  was  maintained  day  after  day  ;  so  that  it  was  easy  to 
repeat  an  experiment  under  practically  the  same  conditions. 
Even  the  exceptional  treatment  in  M  did  not  prevent  the 
return  of  the  wire  to  its  old  condition  before  the  experiment 
on  the  following  day  was  performed.  In  only  one  case,  Li, 
is  there  any  exception,  and  this  may  have  been  due  to  a 
difference  of  temperature. 

In  the  earlier  experiments  the  initial  range  is  said  to  be 
over  100.  Ko  exact  record  was  kept,  but  the  excess  was  con- 
siderable ;  the  actual  angle  was  probably  about  125.  In  the 
experiment  0  the  angle  was  maintained  steadily  at  125  for  some 
time  before  the  wire  was  let  go  and  the  observations  were 
begun.  The  constants  were  not  altered  by  this  treatment  ; 
and  this  seems  to  indicate  that  the  "  after-action  "  under 
steady  stress  has  little  or  no  effect  in  these  experiments,  which 
are  made  under  otherwise  similar  conditions. 

The  experiment  C  was  performed  on  the  same  date  as  B  ; 
so  that  D  was  performed  after  the  wire  had  been  at  rest  for 


40 


p^ 


P^ 


M 


o 


Dr.  W.  Peddle  on 


1 


»c 

o 

o 

CO 

o 
1- 

CO 

o 
lb 
«o 


.3         .3 


I-       .— I       to 
CD        CO        lO 


^ 


,£2 


o 

o 


> 

O 


^ 

o 

>o 

»o 

lO 

id 

id 

»d 

lO 

o 

o 

(M 

OJ 

Ol 

t- 

iM 

CM 

fM 

1—1 

I— 1 

I— 1 

rH 

1—1 

I— i 

t— 1 

I— 1 

1—1 

%^ 

%t 

-to 

-4J 

-t3 

+2 

IH 

-1-3 

<u 

<a 

:3 

3 

a 

<U 

13 

> 

> 

o 

o 

O 

o 

^ 

O 

o 

o 

r^ 

rO 

rO 

rO 

O 

rO 

-< 

< 

-^ 

<! 

<1 

lO 

O 
CO 

53 

O) 

O 

XI 

O 
00 

00 

o 

00 

o 
t— I 

'M 

O 
QO 

o 

00 

CD 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

II 

»o 

lO 

CO 

-t< 

-t 

CO 

I- 

-f 

CO 

o 

O 

o 

I- 

CO 

CO 

CO 

1^ 

o 

-t^ 

CO 

1- 

CM 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

5* 

H 

^ 

^ 

''^ 

je 

?i 

^ 

?^ 

5i 

% 

9 

?2 

2 

2 

2 

2 

00 

?=' 

cc 

2 

5^  >5  >i 


>^ 


cd 

CO 

00 

CO 

CO 

CO 

00 

00 

oo' 

CO 

00 

1> 

C5 

o 

Ci 

o 

Ci 

C5 

Ci 

05 

Ci 

o 

C5 

ft 

1- 

1- 

t^ 

t^ 

t^ 

t^ 

r^ 

t^ 

ti 

t^ 

1 

lO 

1 

1 

o 

1 

o 

1 

o 

1 

4 

1 

1 

(X) 

1 

GO 

1 
00 

<j^      pq      P      W      Ph      Hi 


!^      !^      O 


Torsional  Oscillations  of  Wires. 


41 


42  Dr.  W.  Peddie  on 

tliree  days.  Between  the  experiments  F  and  L,  experiments 
were  performed  every  day — twelve  experiments  in  all,  some 
with  laroe,  some  with  small,  oscillations. 

7\'st  of  the  E^npirical  Formulce. 

In  the  following  table  a  comparison  is  made  of  observed 
results  in  each  ex})eriment  with  the  results  calculated  from 
the  formula}.  In  the  upper  row  are  given  values  of  1/  common 
to  all  the  experiments. 

These  figures  show  that  the  correspondence  between  the 
observed  results  and  the  results  derived  from  the  empirical 
formulae  is  very  close,  and  that  it  holds  throughout  a  large 
range  of  values  of  x.  The  curves  in  fig.  1  show  this  even 
more  clearly. 

All  the  results  given  in  Table  II.  for  each  experiment  with 
the  exception  of  P  were  observed  within  ten  minutes  after 
starting  the  oscillations.  All  the  results  given  for  P  were 
observed  within  thirteen  minutes.  Within  these  time-limits, 
therefore,  the  quantity  n  in  the  equation  is  practically  constant. 
Yet,  since  from  that  table  we  see  that  the  value  of  n  may 
diminish  from  l*o2  to  1"18  in  the  course  of  twenty-four  hours, 
we  cannot  assume  that  n  will  not  vary  in  amount  in  any  one 
experiment  until  the  vibrations  cease  to  be  observable.  As 
a  matter  of  fact,  it  does  so  vary. 

Variations  in  the  Value  of  n. 

From  Table  I.  it  appears  that  when  a  fresh  wire  is  oscillated 
with  a  given  initial  maximum  range  on  different  occasions, 
the  quantity  n  at  first  increases  in  magnitude  and  ultimately 
reaches  a  value  which  remains  constant  so  long  as  the  treat- 
ment of  the  wire  from  day  to  day  is  fairly  uniform.  This 
value  is  exceeded  if  the  given  initial  range  be  exceeded,  or  if 
the  wire  be  "  fatigued  "  by  long-continued  oscillation ;  but 
the  previous  steady  value  of  n  is  soon  reacquired. 

If  the  empirical  formula  above  used  be  correct,  any  two 
values  of  y  corresponding  to  a  constant  difference  in  x  must 
satisfy  the  condition 

^!^V-^^  =  constant (2) 

If  too  large  a  value  of  n  be  used  in  this  equation,  the  value  of 
the  quantity  on  the  left-hand  side  will  increase  when  the  values 
of  1/1  and  //2  decrease.  If  too  small  a  value  be  used,  the 
quantity  will  decrease  when  ?/,  and  1/2  decrease. 


Torsional  Oscillations  of  Wires. 


43 


w 


w 


QO 


QO      OO 
&.a-       P  a- 


po 


QO 


QO 


po 


QO 


QO 


QO 


1-^  h^ 


OO 
1^3  IC 


Cn  CJt       to  H- 


00  00 
OO 

to  to 

CO  CO 

tou> 
-100 

Ci  CO 


4^  >^ 

to  to 
-j  cii 

en  0» 

coco 

OO 

055 
OO 

o6 


H^CO 


coo 


00  00 

ii)Ob 


OO 

coo 


X  00 
OO 


to  to 
^^ 

Ci  to 

coco 
to  to 

ocb 

»^  >«>' 
to  to 

CO  to 

OO 


55  C5 

o  o 


-a  OS 


00  00 


OO 
CnO 


to  to 

66 


Cn  Cn 
CO  1-^ 


I— '  t— ' 
>^6 

en  en 
OOO 

6*- 

OO 

o  o 
6  ti' 

00  00 

tOi-' 

cb»^ 


CO  to        h^hji. 


~aoo 

66 


00  00 

6db 


o  o 
CO  to 


00  00 

6tf- 

to  to 

CO  CO 

►li-6 

to  to 
-7  00 
6-a 


en  C 

CO  CO 

6db 

CiCi 
OO 

66 


^00 
»4i-  6 


op  00 
cb6 


cpo 
cc  v\ 


OO 

00  do 


to  to 


Cn  Cn 
tO>^ 


Op  O 

6 1— ' 
to  to 

cji  6 

to  NO 

ID  O 

6><- 


en  en 
en  en 
6  CO 

o>  o 
CO  to 
6ob 


1-^6 


6db 


00  op 

6-J 


OO 

db6 


to  H- 

H^db 


ch  eh 


CO  GO 

66 


CO  CO 
to  to 

CO  — 

to  to 

-^6 


O  o 

6  4^ 

C5--5 

OO 
OJ^ 


00  00 
6-J 


OO 

coo 


to  i-f 

h-  6 


en  ji- 


00  00 
6i-^ 

to  to 

CO  CO 


to  to 
-Jen 

en  en 
coco 
64^- 


oo 

64^ 


<1<I 

►^t^ 


ooo 

66 


00  00 

6  6 


OO 

CO  CO 


rf>-4i- 

en  do 


CO  00 

6co 

to  to 

coco 

>^  CO 


en  en 
CO  to 

66 


Ol  o 

o  — 


-^00 

66 


00  00 
o6 


CO  OS 
to  to 


4^t^ 


op  00 

6  to 


CO  CO 

to  to 

to  to 

^  en 

en  en 

CO  CO 

66 


<r  00 

-46 


00  00 

ehej< 


eoeo 
CO  to 


OO 

en  to 


CO  CO 

-^  CO 


Ci  05 
'Z><±' 


o  o 
en  6 


to  to 

1-^  6 

en  en 
►— *  t— ' 

6  6 


44  Dr.  \Y.  PeJdie  on 

We  shall  apply  tins  test  to  the  results  of  experiment  C  (not 
given  in  Table  1.),  in  which  the  initial  ran<^e  was  onlj'  about 
80,  and  300  oscillations  were  observed.  The  values  of  y  for 
which  X  has  the  values  10,  20,  30,  40  are  respectively  44'9, 
31-9,  25-3,  and  21-1.  The  values  of  the  left-hand  side  of  (2), 
with  «=1,  for  the  stretches  of  x  10-20,  20-30,  30-40,  are 
respectively  0-0091,  0-0082,  0-0078.  Hence  the  true  value 
of  n  for  this  part  of  the  curve  is  greater  than  unity.  The 
values  of  y  for  which  x  has  the  values  80,  160,  220,  300  are 
respectively  13*5,  7*9,  6,  4-4.  The  values  of  the  left-hand  side 
of  (2),  with  71=  1,  for  the  stretches  of  x  80-160,  220-300,  are 
respectively  0"052  and  0*061.  Hence,  in  this  part  of  the  curve, 
where  the  oscillations  are  small  relatively  to  the  initial  range, 
the  true  value  of  n  is  less  than  unity.  If  in  this  part  of  the 
curve  we  take  ?i  =  -05,  we  get,  instead  of  0-052  and  0"061,  the 
quantities  0-083  and  0*068  respectively  ;  so  that  n  exceeds 
0-5. 

We  shall  next  apply  equation  (2)  to  the  results  of  experi- 
ments R  and  S,  performed  at  the  dates  15-11-93  and  17-11-93 
respectively.  As  in  the  experiments  given  in  Table  I.,  the 
initial  range  was  about  125.  Previous  to  the  former  date  the 
wire  had  been  left  at  rest  with  the  lead  ring  appended  since 
the  date  19-7-93,  i.  e.  during  a  period  of  nearly  four  months. 

In  the  curve  II  the  values  of  y  for  which  x  has  the  values 
10,  20,  30,  40  are  respectively  38-8,  29,  22-9,  18-8.  The 
values  of  the  left-hand  side  of  (2),  for  n=l,  over  the  three 
stretches  of  x  10-20,  20-30,  30-40,  are  respectivelv  0-0087, 
0-0092, 0-0095.  For  n  =  0-5  the  numbers  are  0-0025,  0*0024, 
0-0021.     Hence  n  is  greater  than  0-5  and  less  than  unity. 

In  the  curve  S,  at  the  same  values  of  x,  the  values  of  3/  are 
36-6,  26-9,  21-1,  17-3;  and  the  values  of  the  left-hand  side 
of  (2)  are  0-0098,  0*0102,  0-0104.  Hence  n  is  less  than 
unity.  The  differences  of  these  numbers  are  0-00022  and 
0-0002.  The  corresponding  differences  in  R  are  0-0005  and 
0-0003.     Hence  n  is  larger  in  S  than  in  R. 

The  "  Compound  Interest  "  Laic. 

There  can  be  no  doubt  that,  when  the  range  of  oscillation 
is  "  much  smaller  than  the  palpable  limits  of  elasticity,"  the 
decrease  of  range  per  oscillation  bears  a  constant  ratio  to  the 
rano-e  itself.  This  was  first  shown  by  Lord  Kelvin  and,  more 
recently,  was  confirmed  by  Tomlinson.  When  the  range  is 
increased  this  law  no  longer  holds,  the  logarithmic  decrement 
becoming  larger. 

In  experiment  C  the  observations  were  continued  for  a 
much  longer  time  than  in  any  other  experiment,  yet  the  stage 
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at  which  the  logarithmic  decrement  hecomes  constant  was  not 
reached.  The  vakies  of  //  for  which  w  had  the  values  80,  120, 
IHO,  180,  200,  220,  2G0,'300,  were  respectively  13-5,  10,  I'd, 
7"2,  6*(),  6,  5,  4'4.  The  values  of  the  differences  of  log  y  at 
the  extremities  of  the  stretches  of  .r  80-1(30,  120-200,  180- 
260,  and  220-300,  were  respectively  proportional  to  23,  18, 
16,  and  13.  There  is  no  approach  to  constancy,  although  the 
average  decrease  of  the  range  per  oscillation  during  the  last 
40  oscillations  was  only  one  three-hundredth  part  of  the 
average  range  during  these  oscillations. 

The  point  will  be  considered  further  subsequently. 

Approximate  Isochronism  of  the  Oscillations. 

An  experiment  was  made,  immediately  after  the  per- 
formance of  experiment  M,  to  determine  the  period  of 
oscillation  over  different  ranges.  The  numbers  in  the  first 
column  below,  when  multiplied  by  5,  give  the  initial  scale- 
readings  :  in  the  second  column  are  given  the  corresponding 
times  occupied  by  the  next  ten  oscillations,  the  unit  being  the 
second.  In  addition  the  zero  was  occasionally  read,  the 
values  being  given  in  the  third  column. 
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Despite  the  irregularities  inseparable  from  the  conditions 
of  the  experiment,  it  is  evident  that  the  period,  while  nearly 
constant,  increases  slightly  as  the  range  increases. 

Damping  due  to  the  Viscosity  of  Air. 

In  one  experiment  the  surface  of  the  oscillating  part  of  the 
apparatus  was  more  than  doubled  by  2)lacing  light  sheets  of 
rough  paper  on  the  top  of  the  lead  ring.  It  was  found 
that  this  did  not  produce  the  slightest  difference  in  the  ob- 
served results.  Thus  the  decay  of  the  oscillations  is  not 
appreciably  affected  by  the  viscosity  of  the  air. 
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Kelvin's  and  Wiedemann's  Theories. 

Lord  Kelvin  said  that  the  decay  of  the  oscillations  might 
be  due  to  viscous  resistance,  i.  e.  resistance  to  change  of  shape 
depending  on  the  rate  of  change,  in  which  case  the  elasticity 
is  perfect  within  the  limits  of  the  experiment.  On  the  other 
hand  he  remarked  that,  if  it  were  dne  to  dependence  of  the 
elastic  resilient  force  on  previous  conditions  of  strain,  the 
phenomenon  would  be  continuous  with  imperfectness  of 
elasticity^  and  this  was  indicated  to  some  extent  by  the 
phenomenon  of  "  fatigue." 

His  final  experiments  were  made  with  small  distortions, 
within  the  palpable  limits  of  elasticity,  to  test  the  former 
theory.  The  loss  of  energy  per  vibration  was  greater  than 
could  be  accounted  for  by  dissipation  ensuing  on  change  of 
shape  of  an  elastic  solid,  and  it  was  also  immensely  greater 
than  that  due  to  resistance  of  the  air.  He  considered  also 
that  the  results  showed  a  loss  of  energy  much  greater  than 
any  that  could  be  accounted  for  by  imperfection  of  elasticity. 

Though  the  compound-interest  law  was  precisely  that  which 
would  arise  from  viscous  resistance,  yet,  in  that  case,  the 
logarithmic  decrement  should  vary  inversely  as  the  period  ; 
but  this  was  far  from  being  so.  Tomlinson  finds  that  the 
decrement  is  neai'ly  independent  of  the  period  in  the  more 
"non-viscous^'  metals,  and  that  it  increases  markedly  with 
the  period  in  other  metals.  Kelvin  remarked  that  the  result 
was  such  as  might  be  due  to  "  after-action  ^'  or  imperfection 
of  elasticity. 

Wiedemann's  statical  observations  shoAved  that  a  wire 
which  had  once  been  twisted  behaved  in  quite  different  ways 
according  as  it  was  twisted  to  one  side  or  the  other  of  its 
existing  position  of  equilibrium  ;  whence  he  concluded  that 
'•'  the  hypothesis  according  to  which  the  decay  of  torsional 
oscillations  is  due  to  internal  friction  depending  on  the  velocity 
alone,  can  no  longer  be  maintained."  Nor  could  the  elastic 
after-action  alone  account  for  it.  He  then  stated  his  own 
theory  as  follows  : — Let  the  wire  be  "  accommodated  "  by 
frequent  rotations  to  and  fro  (see  the  account  of  his  experi- 
mental results  on  p.  37),  and  therein  at  last  be  temporarily 
twisted  in  the  positive  direction,  describing  an  angle  +a, 
while  the  molecules  may  be  rotated  so  that  the  lower  ends  of 
their  axes,  looked  at  from  the  axis  of  the  wire,  describe  an 
angle  -I- a,  say  to  the  left.  The  direction  of  this  rotation 
follows  from  my  magnetic  experiments.  If  the  wire  be  slowly 
brouglit  back  into  the  ]Kn-manent  tors^ion-position  -\-b,  the 
axes  of  the  molecules  will  retain  a  portion  +yS  of  their  rota^ 
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tion  to  the  left.  If  the  wire  now  receives  an  impulse  in  the 
positive  direction,  which  again  elongates  it  up  to  +a,  accord- 
ing to  the  laws  of  perfect  elasticity  it  will  swing  back  again  to 
the  position  +h.  If  it  now  swings  beyond  this  position  farther 
to  the  right,  and  if  the  molecules  in  their  rotation  had  no 
friction  on  one  another  at  all  to  overcome,  it  would  arrive  at 
the  elongation  — a,  since  the  same  force  that  twists  it  from 
+  6  to  +a  twists  it  in  the  contrary  direction  from  +b  to  —a, 
while  the  axes  of  the  molecules  would  be  rotated  just  as  far 
(—a)  to  the  right  as  previously  to  the  left.  Again,  with 
perfect  elasticity  the  wire  would  go  back  to  the  position  —b, 
in  which  the  molecules,  would  be  rotated  —/3,  and  so  forth. 
The  to-and-fro  motions  of  the  wire,  between  ±a  and  ±/>, 
are  perfectly  elastic ;  therefore  the  performances  of  v.ork  in 
the  swingings  outwards  and  the  swingings  back  again  must, 
within  these  limits,  completely  compensate  one  another.  In 
fact,  however,  there  results  a  diminution  of  the  amplitudes  of 
oscillation  ;  hence  the  loss  of  vis  viva  therein  can  only  corre- 
spond to  the  work  which  is  expended  for  the  alteration  of  the 
positions  of  equilibrium,  or  the  rotation  of  the  molecules 
from  +/3  to  — /3,  which  determine  it. 

Theory  of  the  Present  Results. 

The  kinetic  theory  of  the  viscosity  of  gases,  as  developed 
by  Maxwell,  asserts  that  viscosity  is  due  to  interchange  of 
momentum  between  relatively-moving  portions  of  the  sub- 
stances— this  interchange  being  effected  by  the  passage  of 
molecules  from  one  portion  to  the  other.  In  the  same  way 
the  viscosity  of  liquids  is  explained.  There  is  essentially 
a  passage  of  molecules  from  one  group  to  another.  Such 
passage  does  not  take  place  in  a  perfectly  elastic  solid  ;  but 
there  may  still  be  interchange  of  momentum  in  the  relative 
motion  of  the  constituents  of  a  group,  and  therefore  true 
viscosity  in  a  solid.  Yet,  if  the  potential  energy  of  deforma- 
tion of  a  group  is  large  in  com})arison  with  the  kinetic  energy 
of  average  relative  motion  of  the  constituent  molecules  of  the 
group — a  condition  which  holds  in  the  case  of  the  torsional 
vibrations  of  a  fine  metallic  wire  to  the  free  end  of  which  is 
attached  a  mass  of  great  moment  of  inertia — it  seems  certain 
that  the  energy  dissipated  by  true  viscosity  will  be  small  in 
comparison  with  the  energy  dissipated  in  the  breaking  down 
of  molecular  groups  (as  in  Maxwell's  theory  of  a  molecularly 
constituted  solid),  should  such  rupture  take  place  to,  possibly, 
a  small  extent  only. 

AViedemann  seems  to  regard  the  loss  of  energy  as  due  to 
the  work  done  in  rotating  the  molecules  from  one  position  of 
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stable  equilibrium  to  another,  that  rotation  causinor,  in  its 
turn,  the  permanent  relative  displacement  of  the  molecules 
which  occurs  in  the  "set  :"  and  this,  of  course,  is  quite  a 
plausible  hypothesis.  In  the  homogeneous  permanent  torsional 
strain  the  final  configuration  of  a  given  group  of  molecules 
is  essentially  similar  to  the  initial  configuration  ;  yet  we  may, 
since  a  position  of  unstable  equililjrium  has  been  passed,  say 
that  the  old  configuration  has  broken  down  and  that  a  new 
one  has  been  formed  ;  so  that  the  loss  of  energy  may  be 
ascril)ed  to  the  work  done  in  breaking  down  molecular  con- 
figurations. 

There  seems  to  me  to  be  no  need  to  ascribe  such  a  special 
type  to  the  rupture  of  the  configurations.  On  the  contrary, 
I  think  it  more  likely  that  the  permanent  molecular  rotation 
is  a  consequence  of  the  permanent  set  Avhich  ensues  on  com- 
plete rupture  of  configurations — i.  e.  rupture  in  which  mole- 
cules in  given  configurations  part  com{)any,  new  groups 
being  formed.  It  appears  to  be  most  probable  that  the  loss 
of  energy  in  this  total  rupture  greatly  exceeds,  group  b}'" 
group,  the  loss  due  to  the  cause  which  Wiedemann  contem- 
plates. 

Such  total  rupture  takes  place  in  all  liquids  and  in  plastic 
solids  ;  and,  by  analogy,  we  conclude  that  it  takes  place  in 
all  solids  to  a  greater  or  less  extent.  Indeed  we  do  not 
need  to  rest  upon  analogy.  The  evaporation  of  ice  below 
the  freezing-point  is  due  to  such  rupture  ;  and  so,  probably, 
as  has  been  remarked,  is  the  characteristic  smell  of  metals, 
such  as  freshl}"-  cut  copper  or  iron.  At  a  given  temperature, 
the  molecules  in  a  given  configuration  are  in  rapid  motion 
with  a  certain  average  speed,  the  actual  speed  of  a  molecule 
being  sometimes  greatly  in  defect,  sometimes  greatly  in 
excess,  of  this  average.  When  the  excess  is  sufficiently  great, 
the  molecule  will  pass  beyond  the  range  of  the  molecular 
action  of  the  remaining  constituents  of  the  group,  rupture  of 
the  configuration  will  occur,  and  the  potential  energy  of 
deformation  will  be  transformed  into  heat  energy.  In  a 
sufficiently  long  interval  of  time  such  rupture  must  occur, 
according  to  the  kinetic  theory.  In  a  given  state  of  strain 
it  occurs  more  readily  the  higher  the  temperature  ;  at  a  given 
temperature  it  occurs  more  readily  the  greater  the  strain. 

It  is  easy  to  see  that,  if  a  molecule  is  under  directional 
control  by  molecular  forces,  rotation  will  in  general  ensue 
on  rupture  of  a  given  group.  A  dynamical  illustration  will 
make  this  plain. 

Let  PQ  represent  a  pendulum,  with  a  massive  bob  Q, 
supported  at  the  point   P.      Let  the   pendulum  be    situated 
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symmotrically  between  the  rigid  fixed  blocks  A,  A',  to  which  it 
isattaclied  by  equal  and  similar  elastic  cords  /,  /'  ;  and  let  the 
pendulum  be  attached  also  by  equal  and  similar  elastic  cords 
X,  V,  to  the  rough  movable  blocks  B,  B',  which  rest,  sym- 
nietrically  with  reganl  to  PQ,  upon  A,  A'.  So  long  as  B,  B' 
are  not  displaced  the  equilibrium  position  of  PQ  will  not  be 
altered  ;  but  if  the  bob  be  moved  to  the  right  to  such  an 
extent  as  to  move  the  block  B  into  the  position  indicated  by 
the    dotted   lines,  so    that  the   cord  X  becomes  slacker,   the 


equilibrium  position  will  change.  The  slackening  of  the  cord 
\  corresponds  to  the  removal  of  a  molecule  from  a  given  con- 
figuration. The  displacement  of  the  equilibrium  position 
corresponds  to  the  set  of  the  molecule  PQ.  There  is  change 
of  relative  position  of  Q,  A,  A',  and  B',  and  there  is  also 
rotation  of  PQ  from  its  old  direction.  The  change  which 
takes  place  in  one  group  is  shared  by  all  other  groups  which 
are  in  direct  or  indirect  connexion  with  that  group.  This 
could  be  shown  in  the  model  by  attaching  PQ  by  elastic 
cords  to  other  pendulums.  In  this  way  the  whole  system 
takes  a  set. 

Displacement  of  Q  from  the  new  position  of  equilibrium 
towards  the  right  will  take  place  strictly  in  accordance  with 
Hooke's  Law  so  long  as  the  former  maximum  displacement 
is  not  exceeded.  The  old  maximum  force  will  be  needed  to 
cause  the  original  maximum  displacement  to  the  right,  but 
the  actual  displacement  which  it  causes  is  now  measured  from 
the  new  equilibrium  position.  An  equal  force  applied  in  the 
opposite  direction  shifts  the  equilibrium  point  back  to  its  old 
situation,  and  gives  a  maximum  displacement  to  the  left,  from 
this  point,  equal  to  the  former  maximum  to  the  right.  As 
regarded  from  the  second  equilibrium  position  to  the  right, 
the  system  resists  more  strongly  dis[)lacements  farther  to  the 
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right  thon  it  resists  equal  displacements  to  the  left.  These 
facts  illustrate  Wiedemann's  experimental  results  with  regard 
to  the  torsion  of  wires. 

Consider  the  wire  in  its  initial  undisturbed  condition,  or  in 
any  condition  of  equilibrium  with  set  provided  that  the  next 
torsion  is  to  be  o{)positely  directed  to  that  which  was  last 
])erformed  and  which  j)roduced  the  set.  If  the  wire  be  now 
twisted  through  an  angle  6,  and  if,  during  that  twist,  no 
configurations  break  down,  the  potential  energy  will  be  re- 
presented, in  accordance  with  Hooke's  Law,  by  the  expression 

where  k  is  a  constant.  If  there  is  rupture  of  molecular 
groups,  the  potential  energy  will  fall  short  of  the  above 
amount  by  a  quantity  which  we  shall  assume  to  be  propor- 
tional to  a  power  of  the  angle.     Thus  we  get 

Y  =  ike''-2yd"' (3) 

In  those  cases  in  which  the  loss  of  energy,  per  outward 
swing,  is  small  in  comparison  with  the  total  energy,  so  that 
the  set  is  negligible  in  comparison  AA'ith  the  total  range,  the 
loss  is  practically  equal  to  kddd.     Hence  (3)  takes  the  form 

-kecW=pe"'dt, (4) 

where  dt  is  the  time  of  an  outward  swing.     The  integral  is 

^"(^  +  ^o)=^ (5) 

where  h  and  Iq  are  constants,  and  n:=ni  +  2. 

This  is  exactly  our  empirical  equation  (1)  ;  which  wo  thus 
derive  as  an  approximate  consequence  of  the  theory  that  the 
loss  of  energy  is  due  to  the  rupture  of  molecular  configura- 
tions, and  is  proportional  to  a  power  of  the  angle  of  torsion. 

A  glance  at  the  curves  in  fig.  1  will  show  that,  in  the 
steeper  portions,  the  drop  of  angle  per  single  swing  is  not 
really  negligible  in  comparison  with  the  range,  though,  even 
in  the  steepest  portions,  it  does  not  exceed  one  tenth  part  of 
the  range  and  rapidly  diminishes  as  the  range  decreases. 
Hence  we  cannot  expect  the  values  of  ?i  which  hold  through- 
out those  portions  of  the  curves  which  are  dealt  with  in 
Table  II.  to  hold  at  still  smaller  angles  of  distortion.  The 
value  of  n  which  holds  approximately  over  a  considerable 
stretch  of  a  curve  where  the  angle  is  large  will,  quite  apart 
from  after-actioUj  be  greater  than  the  value  which  holds  over 
a  considerable  stretch  where  the  angle  is  small. 

Deduction  of  the  Compound-Interest  Law. 
In  experiment  C  the  value  of  n  decreased,  as  time  went 
on,  from  a  value  greater  than  unity  to  a  value  less  than  unity. 
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If,  in  equation  (4),  we  put  m  =  2,  equation  (5)  takes  the  form 

which  expresses  the  above  law.  This  law  therefore  follows 
from  our  theory  if  we  suppose  that  n  decreases  in  value  to 
the  limit  zero  ;  and  the  theory  shows  that  the  decrement  of 
energy  per  swing  then  follows  the  compound-interest  law — 
just  as  the  decrement  of  angle  does. 

Explanation  of  After-action. 

AVhen  a  wire  is  held  in  a  state  of  torsion  under  a  constant 
couple,  some  of  the  less  stable  molecular  groups  will  in  time 
break  down,  and  so  the  strain  slowly  increases.  If  it  be  held 
in  a  given  state  of  strain,  this  gradual  rupture  of  groups 
necessitates  a  slow  diminution  of  the  couple.  On  the  removal 
of  the  couple,  the  wire  remains  in  a  state  of  internal  stress 
because  of  the  set.  Consequently  the  gradual  rupture  of 
groups  produces  a  slow  diminution  of  set  ;  for  the  strongest 
groups  remain  unbroken  in  the  original  deformation,  and,  in 
any  ordinary  experiment,  the  groups  which  break  form  a 
small  fraction  of  the  whole.     This  is  Maxwell^s  explanation. 

The  after-action  takes  place  w^ith  comparative  rapidity  at 
first:  afterwards  it  goes  on  more  slowl3^  It  takes  place  more 
and  more  comj)letely  the  longer  the  strain  is  continued,  and 
requires  proportionally  longer  maintenance  of  an  equal  reverse 
strain  to  undo  it.  Hence,  if  a  wire  be  twisted  first  to  the 
right  through  a  given  angle  for  a  long  time,  then  to  the  left 
through  an  equal  angle  for  a  short  time,  and  be  then  gradually 
put  into  the  position  of  set,  we  should  expect  that  the  set 
would  change  (as  it  does)  first  in  the  sense  of  recovery  from 
the  second  strain,  and  finally  in  the  sense  of  recovery  from 
the  first  strain. 

Conditions  of  Maximum  and  of  Zero  Resilience. 
From  equation  (3)  we  obtain 

or,  say,  =-k0  +  k'e"+\ 

^""^  -^^  =  -^  +  ^'(^  +  1)^". 

Hence  we  see  that  there  is  angle  of  maximum  resilience 
given  by 

'^=lc^i), («) 

E2 
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and  a  condition  of  zoro  resilience  indicated  bj 

K=w (^) 

the  relation  between  6  and  Oq  being 

e,=e{n+iy (8) 

As  the  torsion  of  a  wire  is  increased,  the  set  and  the  differ- 
ence between  the  angle  of  torsion  and  the  angle  of  set 
increase.  This  goes  on  until  the  angle  6  is  reached.  As  the 
twisting  couple  is  further  increased,  the  set  increases  at  a 
greater  rate  than  the  torsion.  The  stronger  configurations 
now  break  down,  and  the  removal  of  the  twisting  couple  is 
followed  by  small  recoil.  If  the  twisting  couple  be  maintained 
in  excess  of  the  value  required  to  overcome  the  maximum 
resilient  couple,  work  is  done  constantly  in  breaking  up 
molecular  groups,  and  the  material  of  the  wire  flows  steadily, 
the  angle  of  torsion  and  the  set  increasing  at  constant  equal 
rates.  Under  that  constant  coujde  there  is  also  constant 
resilience.  The  condition  corresponding  to  the  theoretical 
angle  Oq  is  attainable  under  a  finite  couple  of  moment 
k'd'l'^ '  =  kOf).  Thus  the  theory  indicates  that  the  melting-point 
is  conditioned  by  shearing-stress. 

The  flow  will  of  course  commence  at  the  surface  of  the 
wire.  The  angle  6  might  also  be  called  the  Angle  of  Plas- 
ticity, and  the  couple  kO^  might  be  termed  the  Couple  of 
Fluidity. 

JRelation  between  Torsion  and  Set. 

If  we  assume  that  the  torsional  rigidity  is  not  sensibly 
altered  by  set,  the  quantity  k  is  constant,  and  we  may  write 
(3)  in  the  form 

^k{e-ay=\ke-'-pff'', 

where  a  is  the  angle  of  set.     This  gives 


»-<-V-4,TT-.> 


To  test  this  expression  I  have  used  Wiedemann's  statical 
observations  given  in  Table  I.  p.  4,  Phil.  Mag.  Ib80,  vol.  ix. 
1  find  that  the  equation 

a  =  ^(1  —  ^1  — «96(10)-'«^3-548) 

corresponds  to  a  remarkable  extent  with  his  observations. 
The  curve  in  fig.  2  represents  this  equation  with  values  of 
6  as  ordinates  and  values  of  a  as  abscissa}  ;  and  the  points  on 
or  near  it  represent  Wiedemann's  resuUs.  No  stronger 
confirmation  of  the  theory  need  be  desired. 
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Period  of  Oscillation. 
The  potential  energy  of  the  system  is 

The  kinetic  energy  of  the  system  oscillating  as  a  whole  is 

Avhere  I  is  the  moment  of  inertia ;  and  the  second  term  in 
the  exjn-ession  for  V  represents  kinetic  energy  of  molecular 
motion.     So  the  total  kinetic  energy  at  the  angle  0  is 

Hence  we  have 

1^^  +  ^:^^=  constant, 

which  shows  that  the  motion  outwards  is  simple  harmonic 
motion  as  reckoned  from  the  origin ;  but  it  is  only  so  in 
virtue  of  the  condition  that  the  defect  of  the  potential  energy 
from  the  value  that  it  would  have  in  accordance  with  Hooke's 
Law  is  due  to  its  transformation  into  a  kinetic  form.  The 
periods  of  the  outward  swing  from  zero  and  of  the  inward 
swing  to  the  position  of  set,  on  the  assumption  that  k  does 
not  change,  are  each  equal  to 


7r      /l 

2Vr 


Wiedemann's  statical  experiments  show  that  after  the  few 
preliminary  applications  of  the  maximum  twisting  couple 
necessary  to  fix  the  set,  6 — a  varies  almost  in  accordance 
with  Hooke's  Law,  and  that  the  slight  difference  is  in  the 
direction  of  too  great  magnitude  as  the  torsion  increases : 
and  Tomlinson  has  shown  that  great  permanent  torsion  de- 
creases the  torsional  elasticity.  These  facts  may  indicate 
that  k  is  slightly  decreased  at  the  greater  torsions,  in  which 
case  the  period  of  oscillation  will  slightly  increase  as  the 
range  is  increased. 

Concluding  Remarks. 

The  experiment  A  was  not  the  first  made  with  the  given 
wire,  though  it  was  the  first  made  with  it  under  the  stated 
conditions  of  length  &c.  Thus,  in  A  the  wire  was  in  a  fatigued 
condition  relatively  to  its  condition  in  the  experiments  R 
and  S. 

It  has  been  found  hy  Kelvin  and  Tomlinson  that,  in  the 
case  of  small  ranges,  the  rate  of  decrease  of  range  per  oscil- 
lation is  practically  constant  for  all  periods  of  oscillation  in 
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the  less  viscous  metals  and  increases  with  the  period  in  other 
metals.  According  to  the  above  theory  this  is  due  to  the 
tact  that  a  oiven  state  of  stress  is  continued  longer,  so  that 
the  molecular  configurations  have  more  opportunity  to  break 
down. 

If  the  theory  were  pushed  to  the  extreme  in  its  application 
to  Wiedemann's  results  on  torsion  and  set  above  quoted,  we 
should  find  that  6=2100,  and  that  the  couple  necessary  for 
zero  resilience  was  fully  double  the  maximum  couple  em- 
ployed by  Wiedemann  (that  corresponding  to  ^  =  1725). 

Various  deductions  might  be  drawn  from  the  theory  in 
connexion  with  the  observed  values  of  the  constants  in  the 
empirical  equations.  I  do  not  think  that  such  deductions 
would  be  of  any  value  except  in  connexion  with  a  much  wider 
experimental  basis  than  that  furnished  above.  I  hope  soon  to 
be  able  to  communicate  the  results  of  further  observations. 


IV.    On    the    Mechanism    of  Electrical    Conduction. — Part  I. 
Conduction  in  Metals.     By  Charles  V.  Burton,  D.Sc* 

1.  rr^HE  view  of  electrical  conduction  which  it  is  here  my 
JL  object  to  explain  receives  general  support  from 
more  than  one  consideration  ;  for  it  leads  to  the  conclusion 
that  deviations  from  Ohm's  Law  must  be  quite  inappreciable 
in  the  case  of  metallic  conductors,  and  it  goes  far  to  explain, 
I  think,  why  metals  are  so  much  less  opaque  than  thei. 
ordinary  conductivities  would  lead  us  to  infer.  But  it  is  no, 
alone  on  such  considerations  that  we  have  to  rely,  for,  as  i 
seems  to  me,  the  main  conclusions  are  capable  of  exact  demon- 
stration ;  and  accordingly  it  would  appear  most  convenient  to 
commence  with  a  few  simple  theorems,  seeking  afterwards  to 
account  for  known  phenomena  by  means  of  our  definite  results. 

2.  Theorem  I. 

In  a  region  containiyig  matter,  there  may  he  {and  prohahly 
ahcays  are)  some  parts  xohich  are  jjerfect  insulators  and,  some 
parts  which  are  perfect  conductors ;  hut  there  can  he  no  parts 
ivhose  conductivity  is  finite — xinless  every  finitely  conductive 
portion  is  enclosed  hy  a  perfectly  conductive  envelope. 

Before  proceeding  to  the  proof  of  this  theorem,  it  may  be 
remarked  that  the  presence  of  the  last  clause  in  no  way 
modifies  any  application  of  our  result,  since  the  space  within 
a  perfectly  conductive  envelope  is  completely  shielded  from 

*  Communicated  bj-  the  Physical  Society :  read  April  13,  1894. 
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the  influence  of  external  cliarges,  currents,  or  mngnets.  In 
the  present  state  of  science,  indeed,  such  words  appear  neces- 
sary to  the  completeness  of  demonstration,  hut  they  do  not 
need  to  he  considered  in  any  of  our  deductions  from  the 
theorem,  and  for  my  own  part  I  am  persuaded  tluit  in  reality 
there  is  nothing  corresponding  to  the  possibility  which  they 
suggest. 

Consider  now  the  case  of  any  hody  whatever,  at  any  tem- 
perature other  than  absolute  zero.  We  know  that  electro- 
magnetic radiations  will  spread  out  into  the  ether  surrounding 
the  body,  and  we  must  suppose  that  the  intermolecular  spaces 
within  the  body  are  also  traversed  by  electromagnetic  dis- 
turbances. Let  us  suppose  then,  for  a  moment,  that  in  the 
molecules  of  the  body  there  are  some  finitely  conductive 
portions  which  are  not  enclosed  in  perfectly  conductive  en- 
velopes. The  electromagnetic  disturbances  will  give  rise  to 
currents  of  conduction  in  these  portions,  and  accordingly 
energy  will  be  degraded  into  a  form  which  is  not  heat,  since  it 
consists,  not  in  the  motion  or  relative  positions  of  molecules 
or  appreciable  parts  of  molecules,  or  in  electromagnetic  dis- 
turbances of  the  intervenino-  ether,  but  in  somethino-  rmtch 
more  fine-grained.  We  shall  thus  have  a  continual  degradation 
of  heat  into  energy  of  a  lotcer  form  ;  for  the  electromagnetic 
"  damping  "  of  the  finitely  conductive  bodies  involves  a  con- 
tinual drain  on  the  energy  of  internal  radiation,  and  hence 
indirectly  on  the  energy  of  the  molecules,  so  that  heat  will  be 
automatically  dissipated  in  the  interior  of  the  body.  This 
process,  in  which  the  radiative  molecules  are  continually 
imparting  to  the  ether  more  energy  than  they  receive  in 
return,  may  be  compared  to  the  surface  cooling  of  an  isolated 
body  which  radiates  towards  colder  surroundings. 

Even  if  we  suppose  the  finitely  conductive  bodies  to  he 
extremely  small  and  their  conductivity  to  be  either  extremely 
small  or  extremely  great,  it  is  not  hard  to  see  that  the  rate  of 
absorption  of  heat  must  be  tremendous ;  and  when  we  con- 
sider (for  example)  the  effect  which  even  a  very  slow  absorp- 
tion, continued  for  millions  of  years,  would  have  had  on  the 
temperature  of  our  planet,  we  must  admit  that  tlie  absence  of 
that  dissipation  of  heat  implied  in  the  denial  of  Theorem  I.  has 
been  established  with  an  exactitude  almost  unparalleled.  Thus 
the  theorem  is  established. 

3.  In  connexion  with  this  result  we  are  reminded  that 
Poisson's  theory  of  dielectrics  requires  the  molecules  of  in- 
sulating substances  to  possess  some  conductive  portions,  though 
whether  the  conductivity  of  such  portions  is  finite  or  infinite 
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is  of  no  moment  in  electrostatics.  On  the  other  hand,  both 
Ampere^s  theory  of  ningnetism  and  Weber's  theory  of  dia- 
ma^inetisni  su{)pose  the  existence  oi'  perfect  1 1/  conductive  particles, 
and  are  thus  strongly  supported  by  our  result. 

In  discussing  Weber's  theory  of  diamagnetism,  Maxwell  * 
points  out  that  the  currents  excited  in  a  perfectly  conductive 
body  by  any  external  cause  are  entirely  confined  to  the  surface 
of  the  body.  Thus  the  perfectly  conductive  bodies  in  Theorem  1. 
may  be  replaced  by  perfectJy  conductive  surfaces,  without 
altering  any  of  our  conclusions  ;  but  it  would  be  hard  to 
deciile  whether  a  ])erfectly  conductive  geometrical  surface  is 
or  is  not  a  phvsical  possibility  without  knowing  more  of 
electromagnetism — not  to  speak  of  ordinary  matter. 

4.  Theorem  II. 

In  metals,  and  in  other  non-electrolytes  lohose  conductivity  is 
finite,  the  transmission  of  currents  must  he  effected  by  the  inter- 
mittent contact  of  perfectly  conductive  particles. 

For  if  there  were  not  these  intermittent  contacts,  any  given 
two  of  the  conductive  particles  would  be  either  permanently 
in  contact  with  one  another,  or  permanently  out  of  contact, 
and  there  would  be  only  two  cases  to  consider.  If  through- 
out the  subshmce  there  extended  continuous  chains  of  (|)er- 
fectly)  conductive  particles  in  contact  with  one  another,  the 
substance  as  a  whole  would  be  a  perfect  conductor  ;  while  in 
the  absence  of  such  chains  of  ])articles,  the  substance  would 
be  a  perfect  non-conductor.  Finite  conductivity  can  only 
exist  when  the  contacts  are  intermittent. 

5.  An  immediate  corollary  is 

Theorem  III. 

If  7ve  suppose  that  in  a  substance  at  the  absolute  zero  of 
temperature  tl:ere  is  no  relative  motion  amongst  the  molecules  or 
amongst  their  appreciable  parts,  it  folUnvs  that  every  sidistance 
at  this  temperature  must  have  either  infinite  specif  c  I'esistance 
{which  need  not  imply  infinite  dielectric  strength),  or  infinite 
conductivity. 

For  the  denial  of  relative  motion  involves  the  denial  of  that 
intermittence  of  contact  which  in  Theorem  II.  was  shown  to 
be  necessary  to  finite  conductivity. 

This  conclusion  is  in  accordance  with  the  experiments  of 

*  *  Electricity  and  Magnetism/  2nd  ed.  vol.  ii.  §  840. 
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Dewar  and  Fleming  *  on  the  resistance  of  pure  tuialloyed 
metals  at  very  low  temperatures.  In  the  case  of  all  the  pure 
metals  examined  by  these  authors  (platinum,  gold,  palladium, 
silver,  copper,  aluminium,  iron,  ni(;kel,  tin,  magnesium,  zinc, 
cadmium,  lead,  and  thallium),  the  temperature-resistance 
curves  are  almost  straight  linos,  and  these,  being  produced, 
would  ])ass  very  nearly  through  the  })oint  whose  coordinates 
are  zero  temperature  and  zero  resistance. 

The  same  was  not  found  to  hold  good  for  the  temperature- 
resistance  curves  for  alloys;  but  if  these  curves  coidd  be  pursued 
far  enough  by  experiment,  they  must  be  found,  I  think,  to 
terminate  at  the  origin  of  coordinates,  like  those  of  the  pure 
metals. 

G.  Dissipation  of  Energy  in  a  Conductor  conveying 
A  Current. 

In  fig.  1  let  A  and  B  be  two  perfectly  conductive  particles 
(whether   molecules  or   parts   of  the 
same    or    of   different   molecules   we  -^^o- 1- 

need  not  consider),  and  let  them  be  ^  ?^ 

approaching  one  another.      Suppose      — U  -)  (+   \ — 

also  that  there  is  an  applied  E.M.F. 
acting  from  right  to  left  (as  indicated  <(  (g(( 

by  the  large  arrow).     Then,  generally 
speaking,  A  will  be  negatively  electri-  /^~^  /^ 

fied,  owing  to  a   previous  encounter  Kjy  vLy 

with  some  particle  farther  to  the  left, 

and  for  a  similar  reason  B  will  in  general  be  positively  electri- 
fied. When  A  and  B  collide,  the  usual  effect  is  to  leave  A  on 
the  whole  positively  electrified,  and  B  negatively  electrified. 

Remembering  that  the  conductivity  of  A  and  B  is  perfect, 
let  us  consider  what  transformations  of  energy  are  effected  by 
movements  and  collisions  of  this  kind.  Before  the  collision, 
A  being  negatively  electrified  is  urged  towards  the  right 
by  the  applied  E.M.F.,  while  B  being  positively  electrified 
is  urged  towards  the  left :  that  is,  A  and  B  are  urged 
together^  and  are  gaining  kinetic  energy  at  the  expense  of  the 
source  of  applied  E.M.F.  After  the  collision,  the  electrifica- 
tions are,  generally  speaking,  reversed,  so  that  A  and  B  are 
now  being  urged  apart  by  the  applied  E.M.F.,  and  continue 
to  gain  kinetic  energy  as  before.  Further,  when  particles 
such  as  A  and  B  come  into  collision,  so  as  to  cause  a  re- 
adjustment of  their  electrifications,  and  also  when  they  are  in 
motion  between  two  collisions,  electromagnetic  disturbances 
will  be  produced  in  the  intermolecular  ether  ;  but  since  all 
*  Phil.  Mag.  Sept.  1893,  p.  271. 
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the  conductive  particles  are  perfectly  conductive,  no  electro- 
magnetic energy  can  penetrate  within  them.  Thus  the  energy 
expended  by  the  source  of  E.M.F.  which  maintains  a  steady 
current  through  a  conductor  is  converted  partly  into  additional 
energy  of  the  molecules,  and  partly  into  electromagnetic  dis- 
turbances of  the  intervening  ether  :  that  is,  the  dissipated 
energy  takes  the  form  of  heat,  as  ayc  know  from  experiment. 

7.  Ohm's  Law. 

In  the  case  of  a  metal  Avire  (especially  one  at  a  bright  red 
heat).  Ohm's  Law  has  been  verified  with  great  exactitude, 
the  results  of  the  experiments  designed  by  Maxwell  and  carried 
out  by  Chrystal  being  summed  up  by  the  latter  in  the  following 
words*: — "  If  we  have  a  conductor  [of  iron,  platinum,  or 
German  silver]  whose  section  is  a  square  centimetre,  and 
whose  resistance  for  infinitely  small  currents  is  an  ohm,  its 
resistance  (provided  the  temperature  is  kept  the  same)  is  not 
diminished  by  so  much  as  the  1/10^^  part  when  a  current  of  a 
farad  per  second  passes  through  it." 

Now  when  a  current  is  couAeyed  through  a  substance  by 
intermittent  contacts  amongst  a  number  of  perfectly  con- 
ductive particles,  the  eftective  conductivity  depends  firstly  on 
the  properties  of  the  intermolecular  medium,  and  secondly  on 
the  size,  form,  distribution,  and  movements  of  the  particles 
themselves.  In  order  that  the  resistance  of  the  conductor 
may  be  sensibly  constant — in  order,  that  is,  that  the  current 
transmitted  may  be  sensibly  proportional  to  the  impressed 
E.M.F. — two  conditions  must  evidently  be  satisfied: — 

(i.)  For  such  values  of  impressed  electromotive  intensity 
as  exist  in  the  intermolecular  spaces  (say  about  '003  volt 
per  cm.)  the  relation  between  electromotive  intensity  and 
electric  displacement  must  be  sensibly  linear. 

(ii.)  The  forces  which  the  particles  of  the  substance  ex- 
perience owing  to  the  impressed  E.M.F.  must  be  very  small 
in  comparison  with  the  ordinary  intermolecular  forces,  so  that 
during  the  time  of  a  single  molecular  excursion  the  motion 
of  no  particle  is  appreciably  influenced  by  the  presence  of  the 
E.M.F.  If  we  suppose  that  in  the  conducting  substance  we 
can  maintain  a  steady  distribution  of  temperature  which  is 
independent  of  the  current  flowing  through,  this  second  con- 
dition implies  that  the  particles  of  the  substance  under  the 
steady  distribution  may  bo  regarded  as  a  system  of  perfect 
conductors,  whose  coordinates  are  ex[)licitly  given  functions 
of  the    time,  and  are    sensibly    unalterable    by   an    E.M.F. 

*   B.  A.  Report,  187G,  p.  61  of  Reports. 
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impressed  upon  the  system  from   ■without.      This  condition, 
combined  with  (i.),  will  evidently  give  us  Ohm's  Law. 

Now  the  forces  actually  present  and  tendinn;  to  modify  the 
heat-movements  are  of  two  kinds  :  electromagnetic  and 
electrostatic. 

(a)  Electromagnetic  Forces. — The  passage  of  a  current 
through  a  conductor  gives  rise  to  a  magnetic  field,  which 
may  or  may  not  appi'eciably  affect  the  conductivity.  The 
thin  iron  wire  used  by  Prof.  Chrystal  was  '0021  cm.  in 
radius,  and  the  greatest  value  of  the  magnetic  force  due  to  a 
current  of  1  ampere  per  square  centimetre  of  cross  section 
would  be  in  absolute  measure  about  'OOIS  (at  the  surface  of 
the  wire),  the  square  of  the  greatest  magnetic  force  being 
thus  about  •0000017.  The  average  value  of  (magnetic 
force)'*  over  the  cross  section  of  the  wire  would  be  half  of 
this,  or  -00000085;  that  is,  about  -0000039  of  the  square  of 
the  terrestrial  "  total  force  "  in  these  parts. 

Now  Lord  Kelvin  found  *  that  the  change  of  resistance 
due  to  transverse  magnetization  of  an  iron  plate  by  a  powerful 
Ruhmkorff  electromagnet  was  only  just  decided  enough  to  be 
distinctly  appreciated  with  the  apparatus  which  he  employed, 
and  we  may  therefore  conclude  that  in  Prof.  Chrystal's  iron 
wire  no  perceptible  change  of  resistance  could  have  been 
produced  by  the  magnetic  field  of  the  current.  In  other 
metals  the  effect  must  be  still  more  insignificant. 

On  the  other  hand,  the  longitudinal  magnetization  of  an 
iron  wire  perceptibly  increases  its  electrical  resistance,  so 
that  it  would  be  easy  to  construct  a  simple  conductor  whose 
resistance  at  a  given  temperature  was  a  function  of  the 
current-strength.  For  let  a  flat  bobbin  be  wound  with  iron 
wire,  so  that  each  turn  has  the  form  of  an  elongated  rectangle, 
and  then  let  a  further  quantity  of  iron  wire  be  wound  in  a 
similar  circuit  embracing  the  first.  Finally  let  the  coils  be 
joined  in  series  with  a  source  of  E.M.F.  When  a  current 
is  sent  through  the  circuit,  each  coil  will  magnetize  longi- 
tudinally some  parts  of  the  wire  of  the  other  coil,  and  so,  for 
a  given  temperature  of  the  wire,  the  resistance  will  increase 
with  the  current. 

(b)  Electrostatic  Forces. — Let  us  attempt  to  calculate  the 
electrostatic  energy  per  cubic  centimetre  which  a  mass  of  iron 
possesses  in  virtue  of  a  curi-ent  flowing  through  it  with  a 
"  density '''of  1  ampere  per  cm.-*  To  do  this  we  must  assume 
some  value  for  the  specific  inductive  capacity  of  iron  f,  and 

*  Phil.  Trans.  1856,  especially  pp.  747-749. 

t  In  electrostatic  measurements  conductors  appear  to  have  an  infinite 
specific  inductive  capacity ;  but  here,  where  the  potential  really  varies 
from  point  to  point  throug-h  the  metal,  it  is  the  true  (finite)  specific 
inductive  capacity  which  concerns  us. 
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in  order  to  take  a  sufficiently  unfavourable  view  of  the 
question,  let  us  assume  the  value  to  be  as  high  as  20.  Taking 
the  specific  resistance  of  iron  in  electromagnetic  measure  to 
bo  10,000,  and  remembering  that  1  ampere  ='1  absolute 
unit,  we  have  for  the  electromotive  intensity  1000  electro- 
magnetic units  of  potential  per  cm.,  i.e.  1000h-(3  x  10^°) 
electrostatic  units  per  cm.  Hence  the  electrostatic  energy 
per  c.  c.  due  to  the  impressed  E.M.F. 

_         20 
~y7r(3xlO-)-^^''«^' 

while  to  calculate  the  thermal  energy  per  c.  e.  at  "  a  bright 
red  heat  ^' — the  temperature  of  the  iron  in  the  British  Asso- 
ciation experiments — we  have: — 

Temperature  above  absolute  zero  (say)  =  727  +  273 

=  1000  Cent,  degrees, 

Density  of  iron =7*8, 

Specific  heat =*113, 

One  gram-water-degree  of  heat      .     =42  x  10®  ergs. 

Thus  (roughly  speaking)  the  thermal  energy  per  c.  c.  reckoned 
from  absolute  zero 

=  1000  X  7-8  X  -113  X  42  X  10'  ergs. 
A  comparison  of  these  results  gives 

electrostatic  energy  due  to  impressed  E.M.F.         1 

thermal  energy  ~  4  x  10^^ 

only,  even  on  our  assumption  that  the  specific  inductive 
capacity  of  iron  in  electrostatic  measure  is  as  high  as  20.  If 
we  suppose  that  half  the  thermal  energy  is  potential  and  half 
kineticj  then  the  electrostatic  energy  would  be  1-=-  (2  x  10^^)  of 
the  thermal  kinetic  energy  ;  that  is,  would  be  equal  to  the 
additional  energy  required  to  increase  the  existing  velocity  of 
every  particle  by  one  part  in  2  X  10^^^  When  due  account  is 
taken  of  these  results  it  is  not  surprising  to  find  that  in  iron 
at  a  given  temperature  the  specific  resistance  for  a  current- 
density  of  one  ampere  per  cm.^  differs  from  the  specific 
resistance  for  an  infinitesimal  current-density  by  less  than  one 
part  in  10^^ 

The  same  remarks  apply  with  even  greater  force  to  platinum 
and  German  silver,  the  other  metals  examined  by  Prof. 
Chrystal,  since  the  magnetic  influence  of  the  current  on  the 
resistances  of  these  metals  must  be  far  less  than  even  in  the 
case  of  iron. 

From  considerations  similar  to  these,  we  should  expect  in 
all  true  conducting  substances  (even  in  those  having  marked 
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magnetic  properties)  to  find  a  sensibly  linear  relation  con- 
necting current-density  with  electromotive  intensity  in  the 
neighbourhood  of  each  point. 

8.  Contact  E.M.F.  and  the  Peltier  Effect. 

It  will  now  appear  that,  by  assuming  in  each  molecule 
a  mere  arrangement  of  conducting  and  non-conducting  parts, 
we  may  realize  what  is  at  all  events  a  working  model  of 
contact  E.M.F.  and  of  the  Peltier  effect ;  and  even  should 
our  model  serve  no  other  purpose,  it  directs  our  attention  to 
a  possibilitj^  which  seems  so  far  to  have  been  overlooked^  and 
which  must,  indeed,  continue  to  be  overlooked  so  long  as 
each  metal  is  regarded  as  homogeneous.  As  it  not  my  object 
to  state  with  becoming  vagueness  an  hypothesis  as  to  the 
nature  of  Peltier's  phenomenon,  but  rather  to  picture  as 
clearly  as  possible  a  mechanism  whose  principle  may  perhaps 
be  suggestive  of  the  truth,  1  shall  assume  for  the  molecules 
such  a  structure  and  distribution  as  appear  most  favourable 
to  simplicity  of  treatment. 

Sup})Ose,  then,  that  in  one  of  the  metals  with  which  we 
have  to  deal,  each  molecule  is  of  the  form  indicated  in  fig.  2 : 
a  central  perfectly  conductive  body,  charged  (say)  p,.  ^^ 
positively,  being  completely  surrounded  by  an 
insulating  layer,  and  this  again  being  partially 
(though  not  completely)  enclosed  by  a  number 
of  perfectly  conductive  particles.  It  will  be  con- 
venient to  suppose  that  in  each  molecule  these  outer 
particles  are  all  electrically  connected  with  one  another.  When 
two  such  molecules  come  into  collision,  the  outer  particles  of 
the  one  may  not  in  general  be  reduced  to  the  same  potential  as 
those  of  the  other,  for  the  electrical  oscillations  occasioned  by 
the  contact  may  not  have  time  to  subside  into  insignificance 
before  the  encounter  is  ended.  But  the  general  tendency  of 
a  collision  between  two  molecules  will  be  towards  an  equaliza- 
tion of  the  potentials  of  the  outer  particles,  and  the  average 
values  of  potentials  and  charges  amongst  any  considerable 
number  of  molecules  will  be  the  same  as  if,  during  each 
molecular  encounter,  this  equalization  has  been  completely 
effected. 

It  Avill  here  be  convenient  to  introduce  the  term  "  con- 
duction-potential," and  as  we  proceed  the  following  definitions 
will  be  found  useful: — 

Tlie  conduction-potential  of  a  molecule  is  the  potential  (or 
average  potential)  of  its  outer  conductive  particles. 

The  conduction-potential  at  a  point  within  a  metallic  body 
is  the  average  conduction-potential  of  the  molecules  in  the 
neighbourhood  of  that  point. 
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Let  us  now  turn  to  the  case  of  a  considerable  mass  of  metal, 
made  up  entirely  of  such  molecules  as  that  sketched  in  fig.  2; 
every  molecule  having  the  same  structure  and  the  same 
internal  charge.  Let  us  su])pose  also  that  the  mass  of  metal 
is  at  the  same  temperature  and  in  the  same  physical  condition 
throughout,  so  that  the  average  distance  between  adjacent 
molecules  is  the  same  in  the  neighbourhood  of  each  point. 
If  the  metallic  body  is  subjected  to  electrostatic  induction,  it 
is  easy  to  see  that  no  electric  influence  from  without  can 
penetrate  far  beyond  the  surface  ;  for  the  outer  particles 
of  the  superficial  molecules,  owing  to  their  intermittent 
contacts  with  one  another,  will  screen  the  interior  of  the 
metal  as  a  network  of  continuous  wires  might  do,  and  at  a 
depth  of  a  very  few  molecules  beneath  the  surface  the 
screening  will  be  practically  complete.  Thus  any  charge 
communicated  to  the  conductor  will  be  confined  entirely  to 
the  superficial  layers  of  molecules;  and  it  follows  that  if 
between  any  two  points  well  within  the  metal  there  were  a 
difference  of  average  conduction-potential,  there  would  be  a 
general  flow  of  electrification  from  the  higher  towards  the 
lower  potential.  The  average  conduction-potential  within  the 
metal  does  not  therefore  vary  from  point  to  point,  and  account 
being  taken  of  the  equality  of  the  internal  charges  of  the 
molecules,  it  follows  that  the  average  potential  of  the  inter- 
molecular  ether  is  similarly  free  from  variation.  This  implies 
that  the  total  electrification  of  any  considerable  assemblage 
of  molecules  within  the  metal  is  sensibly  zero;  so  that  the 
average  charge  on  the  outer  conductive  particles  of  each 
molecule  is  equal  and  opposite  to  the  fixed  charge  on  the 
central  particle.  The  conclusions  of  this  paragraph  have 
been  necessai'ily  confined  to  molecules  not  too  near  the 
surface;  for  although  the  general  tendency  of  an  encounter 
between  two  molecules  is  always  to  equalize  their  conduction- 
potentials,  these  potentials  change  somewhat  after  the  mole- 
cules have  become  separated,  and  ncnir  the  free  surface  of  the 
body  the  change  will  be  systematically  greater  for  the 
molecule  which  moves  outwards  after  collision  than  for  that 
which  moves  inwards. 

AVe  may  now  try  to  realize  what  will  happen  when  contact 
takes  ])lace  between  two  metals  whose  molecules  are  con- 
structed on  the  general  plan  of  fig.  2,  while  those  of  the  one 
metal  are  not  identical  with  those  of  the  other.  The  most 
simple  and  intelligible  view  will  be  obtained  by  supposing  the 
molecule  of  the  one  metal  to  have  a  positively  charged  central 
particle,  while  the  molecule  of  the  other  has  its  central 
particle  negatively  charged  (fig.  3).     Consider  what  would 


64 


Dr.  C.  V.  Burton  on  the 


occur  if  we  could  start  from  a  condition  in  which  each  of  the 
border  molecules,  A,  B,  C,  D,  &c.,  had  on  the  ichole  no  charge  ; 
a  condition,  that  is,  in  which  the  outer  particles  of  each 
molecule  had  a  charge  equal  and  opposite  to  the  fixed  charge 

Fig.  3. 


of  the  central  particle.  (We  have  already  seen  that  this 
is  true  for  the  average  molecule  unth/'n  a  homogeneous  metallic 
mass.)  Now  when  B  and  C  come  into  collision,  it  is  evident 
that  the  outer  particles  of  B  will  lose  some  of  their  negative 
electrification,  while  the  outer  particles  of  C  will  lose  some  of 
their  positive;  and  thus  we  see  that  when  the  distribution 
of  conduction-potential  has  become  steady,  such  border  par- 
ticles as  B  or  0  will  have  on  their  outer  particles  a  (negative 
or  positive)  charge  less  than  the  (positive  or  negative)  fixed 
central  charge,  and  to  a  smaller  extent  the  same  will  be  true 
of  particles  (such  as  A,  D,  &c.)  more  remote  from  the  border. 
But  when  the  settled  condition  has  been  reached,  the  passage 
(say)  of  B  backwards  and  forwards  between  A  and  C  will  not 
change  the  distribution  of  charges  amongst  the  molecules  ; 
and  the  condition  that  no  change  of  the  kind  shall  take  place 
is  that  when  two  molecules  are  in  a  position  to  collide  their 
conduction-potentials  shall  be  equal.  Now  when  B  approaches 
C  (which  has  on  the  whole  a  negative  charge)  its  potential 
is  lowered,  and  when  B  returns  towards  A  its  potential  rises 
again,  so  that  if  B  in  its  backward  and  forward  motion  is  not 
to  act  as  a  systematic  carrier  of  electrif  cation  between  A  and 
C,  the  conduction-potential  of  A  must  be  higher  than  that  of  0. 
Similarly,  by  considering  C  as  moving  backwards  and  for- 
wards between  B  and  D,  we  can  see  that  B  must  have  a 
higher  conduction-potential  than  D. 

This  gives  us  a  contact-difference  of  conduction-jwtential. 

If  we  suppose  our  analysis  to  become  a  trifle  less  pene- 
trating, such  molecules  as  B  (and  to  a  less  extent  A,  &c.)  will 
appear  to  be  positively  electrified,  C,  D,  &c.  will  appear  to  be 
negatively  electrified,  and  molecnles  farther  removed  from 
the  border  will  appear  unelectrified.     With  still  less  micro- 
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scopical  vision,  we  shall  find  the  conduction-potential  constant 
from  point  to  point  throughout  the  mass  of  metal  on  either 
side  of  the  surface  of  separation;  but  as  we  approach  that 
surface  from  the  left,  the  conduction-potential  begins  to 
diminish,  changino;  very  rapidly  by  a  finite  amount  as  we  pass 
through  the  boundary. 

We  now  come  to  a  theorem  which  is  certainly  true  for  our 
model,  and  which  seems  to  me  as  certainly  true  for  any 
mechanism  which  could  be  devised  to  represent  the  Peltier 
effect  ;  but  for  the  sake  of  avoiding  questions  of  too  con- 
troversial a  character,  the  statement  may  be  made  in  this 
conditional  form: 

Theorem  IV. 

In  oil)'  model,  the  contact-diference  of  cor\Auci\ox\-potential 
hetxceen  tico  metals  is  eqval  to  the  coefficient  of  the  Peltier  effect. 
For  when  a  molecule  at  the  junction  is  moving  backwards 
and  for^vards  between  places  of  different  potentials,  provided 
no  current  flows  through  the  junction,  as  much  electrification 
is  carried  from  the  lower  to  the  higher  potential  as  from  the 
higher  to  the  lower,  and  on  the  whole  there  is  no  transforma- 
tion of  electric  energy  into  heat,  or  vice  versa.  But  when  a 
current  flows  across  the  junction  from  the  metal  of  lower  to 
that  of  higher  conduction-potential,  the  molecules  at  the 
junction  are  persistently  carrying  more  electrification  from 
the  lower  to  the  higher  potential  than  they  bring  back  with 
them  on  their  return,  and  thus  on  the  whole  the  movements 
of  the  molecules  at  the  junction  are  systematically  opposed 
by  electrostatic  forces.  It  is  evident  from  elementary  con- 
siderations that  the  quantity  of  electricity  which  has  crossed 
the  junction,  multiplied  by  the  step  of  (conduction-)  potential 
up  which  it  has  passed,  is  the  measure  of  the  total  work  done 
by  the  molecules  against  electrostatic  forces,  and  is  therefore 
the  measure  of  the  heat  absorbed.  Similarly,  when  a  current 
has  been  flowing  from  the  metal  of  higher  to  that  of  lower 
conduction-potential,  the  quantity  of  electricity  which  has 
crossed  the  junction,  multiplied  by  the  (negative)  step  of 
conduction-potential,  is  the  measure  of  the  (negative)  heat 
absorbed;  that  is,  numerically,  of  the  heat  given  out.  Hence, 
in  our  model,  the  coefficient  of  the  Peltier  effect  is  ec^ual  to 
the  contact- difference  of  conduction-potential. 

Again,  generally  speaking,  we  may  expect  a  difference  of 
conduction-potential  between  a  hotter  and  a  colder  portion  of 
the  same  metal,  owing  to  the  increase  of  molecular  distances 
which  rise  of  temperature  produces;  and  it  is  evident  ^/k/^  [on 
our  model)  the  specific  heat  of  electricity  for  any  metal  is  equal 
to  the  rise  of  conduction-potential  for  one  degree  rise  of  tent' 
peratvre. 
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9.  From  these  results  we  pass  on  to 

Theorem  V. 

For  any  pair  of  metals  at  the  absolute  zero  of  temperature, 
the  Peltier  effect  vanishes. 

This  is  evidently  true  for  our  model,  for  when  the  molecules 
are  all  reduced  to  relative  rest,  and  there  is  permanent 
instead  of  intermittent  contact  amongst  their  outer  particles, 
the  conduction-potential  will  be  uniform  throughout  both 
metals,  and  at  the  junction  there  will  be  no  Peltier  effect. 
But  whatever  view  we  take  of  the  nature  of  the  phenomenon, 
the  proposition  is  necessarily  true.  For  if  the  Peltier  effect 
had  a  finite  value  for  a  pair  of  metals  at  the  absolute  zero  of 
temperature,  we  could  cause  an  absorption  of  heat  by  sending 
a  current  through  the  junction  in  the  proper  direction;  and 
this  is  impossible,  since  there  is  no  heat  to  be  absorbed. 

10.  VoLTA  E.M.F.'s. 

We  must  now  consider  a  possibility  suggested  by  our 
model,  and  referred  to  in  the  opening  sentence  of  §8.  It  is 
not  difficult  to  see  that,  wath  molecules  constructed  on  the 
plan  of  fig.  2,  even  when  all  measurements  are  made  in  vacno, 
the  conduction-potential  of  a  mass  of  metal  is  not  in  general 
the  same  as  the  potential  estimated  by  w^ork  done  on  an 
external  charged  body,  or  by  electrification  induced  on  a 
second  mass  of  metal  insulated  from  the  first, — potential 
measured  in  the  latter  way  being  called  for  distinction  the 
induction- jwtential. 

We  may  realize  this  most  easily  by  considering  the  case  of 
two  metals  in  contact  at  the  absolute  zero  of  temperature,  for 
then,  in  accordance  with  the  last  section,  the  Peltier  effect  at 
thejunction  vanishes,  and  the  fonf?«<c-  ^. 

f/o;«-potential  is  the  same  through-  ^' 

out  both  metals  ;  while  on  the  other 
hand  the  difference  of  induetion- 
potential  may  be  finite.  Let  fig.  4 
represent  diagrammatically  a  very 
large  number  of  molecules  which  are 
at  rest  with  their  outer  conduc- 
tive particles  in  electrical  contact 
throughout.  Let  the  fixed  central 
charge  of  each  molecule  be  positive. 
Then,  if  the  outer  conductive  par- 
ticles of  each  molecule  formed  a 
complete  envelope  around  the  central  charge,  the  induction- 
potential  of  the  metal  would  be  identical  with  its  conduction- 
potential,  and  the  same  as  if  the  fixed  central  charges  did 
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not  exist.  But  since  we  suppose  the  fixed  charge  in  each 
molecule  to  be  incompletely  screened  by  the  outer  particles, 
it  follows  that  at  external  points  in  the  immediate  neigh- 
bourhood of  the  metallic  body  the  potential  is  raised  above 
the  conduction-potential  by  the  fixed  central  charges.  If 
these  last  were  negative  instead  of  positive,  the  potential 
just  outside  the  metallic  mass  would  be  lower  than  the 
conduction-potential ;  and  we  may  suppose  that  at  any 
given  temperature  (such  as  the  absolute  zero  with  which 
we  are  dealing)  the  difference  between  the  conduction- 
potential  of  a  metallic  body  and  the  potential  just  outside  the 
body  depends  upon  the  nature  of  the  metal.  Thus,  even 
in  vacuo,  if  two  metals  at  the  absolute  zero  of  temperature  be 
connected  together  so  as  to  have  the  same  conduction- 
potential,  their  induction-potentials  may  be  different;  and  in 
general,  whatever  the  temjierature  of  the  metals  in  contact, 
we  may  expect  an  inequality  between  difference  of  conduction- 
potential  and  the  difference  of  i7iduction-\)oie\ii\d\. 

Before  attempting  to  devise  a  model  of  Peltier's  phenome- 
non and  of  electromotive  forces  of  contact,  I  had  held  the 
opinion — in  common,  I  believe,  with  the  majority  of  dis- 
putants in  the  contact-force  controversy — that  the  inductive 
measurement  of  potential-differences  in  a  sufficiently  perfect 
vacuum  must  conclusively  decide  the  points  at  issue.  But  if 
in  reality  there  should  be,  as  the  model  suggests,  a  difference 
between  conduction-potentials  and  induction-potentials,  we 
must  not  rely  upon  inductive  experiments,  even  in  a  perfect 
vacuum,  to  determine  the  seats  of  electromotive  force  in  a 
voltaic  cell.  For  when  we  are  dealing  with  the  flow  of  cur- 
rents  through  metals,  it  is  the  conduction-T^oiQniiaX  which 
concerns  us. 

11.  The  Transparexcy  of  Metals. 

A  difficulty  in  connexion  with  this  subject  is  stated  by 
Maxwell  in  the  following  well-known  passage  *  : — "  Gold, 
silver,  and  platinum  are  good  conductors,  and  yet,  when 
formed  into  very  thin  plates,  they  allow  light  to  pass  through 
them.  From  experiments  which  I  have  made  on  a  piece  of 
gold-leaf,  the  resistance  of  which  was  determined  by  Mr. 
Hockin,  it  appears  that  its  transparency  is  very  much  greater 
than  is  consistent  with  our  theory,  unless  we  suppose  that 
there  is  less  loss  of  energy  when  the  electromotive  forces  are 
reversed  for  every  semi-vibration  of  light  than  when  they  act 

*  'Electricity  and  Magnetism,'  2nd  ed.  vol.  ii.  §800.  Wien  (Wiede- 
mann's Annalen,  xxxv.  pp.  41-62)  found  a  silver  film  to  have  only  puch 
an  opacity  as  would  be  deduced  from  about  1/440  of  its  actual  cour 
ductivity. 
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for  sensible  times,  as  in  onr  ordinary  experiments."  Now  we 
have  seen  that  conduction  is  not  a  perfectly  continuous 
phenomenon,  but  is  duo  to  innumerable  encounters  among 
perfectly  conductive  particles,  and  without  enterino;  upon  any 
calculations  (which  indeed  woidd  be  a  difficult  matter)  we 
can  see  that  there  are,  broadly  speaking,  two  reasons  why  the 
opacity  of  metals  is  so  much  smaller  than  is  indicated  by 
Maxwell's  analysis  :  these  are,  heterogeneity  of  structure  and 
intermittonce  of  contact. 

To  realize  the  influence  of  heterogeneity  of  structure  with- 
out the  com])lication  of  intermittent  contacts,  take  the  case 
of  a  metal  at  the  absolute  zero  of  temperature.  We  have 
then  virtually  to  deal  with  a  network  of  perfect  conductors, 
constituting  a  body  which  as  a  whole  has  perfect  conductivity, 
and  of  which  even  an  excessively  thin  film  would  be  an  effectual 
barrier  to  electromagnetic  waves,  provided  that  the  wave- 
length were  great  enough  to  justify  us  in  treating  the  metal 
as  homogeneous.  But  if  we  consider  an  extreme  case,  where 
the  wave-length  of  the  disturbance  is  negligible  in  comparison 
with  the  dimensions  of  a  single  conductive  })article,  a  very 
thin  layer  of  the  metal  will  be  far  from  absolutely  opaque. 
For  the  conditions  of  the  problem  will  then  be  the  same  as 
if  we  had  ordinary  luminous  radiations  obstructed  by  an 
agglomeration  of  perfectly  reflecting  bodies  of  appreciable 
size.  Of  course  these  extreme  conditions  are  not  realized  in 
the  case  of  the  light  transmitted  by  a  metallic  film  ;  but  if  wo 
may  suppose  that  the  diameter  of  a  conductive  particle  is  not 
quite  negligible  in  comparison  with  a  wave-length  of  light,  it 
is  clearly  to  be  expected  that  very  thin  layers  of  the  metal 
will  fall  short  of  that  absolute  opacity  which  in  this  case 
would  follow  from  the  assumption  of  homogeneity. 

When  we  pass  to  the  considei'ation  of  metals  at  ordinary 
tenijieratures,  the  conductivity  for  steady  currents  is  fiuite  ; 
but  for  electromagnetic  waves  of  short  period  we  cannot  even 
treat  the  metal  as  an  agglomeration  of  finitely  conductive 
particles  continuously  in  contact  with  one  another.  It  is 
evident  that  the  shorter  we  make  the  period  of  the  electro- 
magnetic disturbance  in  comparison  with  the  average  inter- 
collisionary  period  of  a  (perfectly)  conductive  particle,  the 
more  nearly  do  the  particles  act  as  if  permanently  insulated 
from  one  another,  and  the  less  eihciently  does  the  metal  per- 
form the  functions  of  an  electromagnetic  sci'een. 

Further  considerations  might  be  added  concerning  the 
average  interchange  of  electrification  between  colliding  par- 
ticles when  the  electromotive  intensity  tending  to  produce 
such  interchange  is  very  rapidly  alternating  ;  but  enough  has 
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been  said  to  show  that  the  opacity  of  conductors  must  be  far 
less  for  himinous  radiations  than  for  electromagnetic  dis- 
turbances of  long  period,  and  we  may  ftiirly  expect,  I  think, 
that  the  transparency  of  metals  is  to  be  explained  without 
attributing  any  new  properties  to  the  electromagnetic  field. 

The  second  part  of  this  paper  will  deal  with  electrolytic 
conduction  and  disruptive  discharge. 

JV^ote  added  April  'dOth. 

In  the  course  of  the  discussion  Prof.  S.  P.  Thompson  ob- 
jected to  the  arrangement  of  molecules  in  rectangular  order, 
and  he  further  suggested  that  the  arguments  might  only  be 
applicable  in  two  dimensions.  I  had  omitted  to  mention  that 
the  figures  were  intended  to  be  sectional  views  of  three- 
dimensional  models,  while  the  rectangular  arrangement  of 
molecules  was  merely  adopted  to  save  prolixity  in  the  descrip- 
tions, and  was  so  far  from  being  essential  to  the  investigation 
that  the  case  of  irregularly  distributed  coordinates  and  velo- 
cities was  constantly  before  my  mind.  Another  point  raised 
by  Prof.  Thompson  must  also  be  considered  here  :  in  §  6  it 
does  not  necessarily  follow  that  two  conductive  particles 
oppositely  charged  like  A  and  B  (fig.  1),  approaching  one 
another  and  subject  to  the  influence  of  an  external  E.M.F. 
acting  from  right  to  left,  would  have  the  signs  of  their 
respective  electrifications  reversed  by  a  momentari/  contact  ; 
in  some  encounters  the  readjustment  of  electrifications  might 
even  be  in  the  opposite  sense  ;  but  I  think  we  may  safely 
admit  that  in  the  long  ran  the  effect  of  innumerable  collisions 
amongst  such  conducting  particles  as  A  and  B  will  be  to 
transfer  electrification  in  the  direction  of  the  impressed 
E.M.F. 

Prof.  Riicker  recalled  a  difiiculty,  which  Lord  Kelvin 
pointed  out  some  time  ago,  in  connexion  with  the  collisions 
between  molecules:  If  we  suppose  the  molecules  to  be  con- 
stituted like  little  pieces  of  elastic  solid,  every  collision  will 
cause  some  additional  amount  of  translational  energy  to  be 
converted  into  energy  of  vibration,  and  heat-energy  will  be 
continually  running  down  into  energy  of  shriller  and  shriller 
vibrations,  that  is,  into  energy  of  a  lower  form.  In  the  fore- 
going pages,  electrical  contact  between  ])articles  is  supposed 
to  occur  during  a  collision,  and  Prof.  Klicker  remarked  that 
the  method  suggested  for  avoiding  an  electromagnetic  degrada- 
tion of  energy  left  untouched  the  corresponding  mechanical 
difficulty.      1  have  made  some   attempt  to   deal   with   this 
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mechanical  question  in  a  previous  paper*,  where  it  was  shown 
(§§  10,  11)  that,  fjranted  the  fundamontal  assumption  and  an 
infinite  propagation-velocity  for  oravitational  stress,  we  may 
construct  an  atom  having  a  finite  number  of  freedoms.  But  in 
whatever  way  mechanical  degradation  of  energy  were  elimi- 
nated, the  difficulty  of  electromagnetic  degradation  would 
also  have  to  be  met,  and  without  the  doctrine  laid  down  in 
Theorem  I.  there  appeared  to  me  to  be  no  means  of  escape. 
Without  making  any  assumption  as  to  the  constitution  of  a 
molecule  or  the  nature  of  a  collision,  we  may  admit  that  in 
any  body  not  absolutely  cold  there  are  particles  in  relative 
motion,  so  that  two  neighbouring  particles  are  sometimes 
nearer  together  and  sometimes  farther  apart.  To  realize  the 
intermittence  of  contact  required  by  Theorem  II.,  we  have 
only  to  sui)pose  that  when  (but  not  until)  the  proximity  of 
two  particles  has  reached  a  certain  limit  electrification  is 
capable  of  passing  freely  from  one  to  the  other. 

The  question  of  perfect  or  imperfect  conductivity  in  the 
ultimate  particles  of  bodies  must  be  of  importance  in  relation 
to  the  constitution  of  matter  and  its  connexion  with  the 
ether  ;  and  whether  or  not  the  demonstrations  above  can  be 
generally  accepted  as  conclusive,  the  subject  is  certainly  one 
which  will  repay  further  investigation. 


V.    Some  Observations  on  Diffraction. 
By  W.  B.  Ckoft,  M.AA 
[Plates  I.-IV.] 

IT  is  proposed  to  illustrate  various  forms  of  this  phenomenon 
by  photographs  J    produced    directly   from    the  wave- 
interference. 

After  the  inauguration  of  the  idea  about  1665  by  Grimaldi, 
Hooke,  and  Huygens,  there  was  little  progress,  either  in 
extended  observation  or  in  philosophical  grasp  of  the  prin- 
ciples, until  the  beginning  of  this  century.  Since  that  time 
the  subject  has  been  treated  in  two  ways. 

1st.   The  Diffraction  of  Fraunhofer  and  Schwerd. 

This  kind  is  familiar  to  many  through  the  observations 
of  Sir  John  Herschel  of  Diffraction  in  a  Telescope.  It  is 
sometimes  described  as  the  Diffraction  from  Parallel  Lis;ht. 

*  "A  Theory  concerning  the  Constitution  of  Matter,"  Phil,  Mag. 
February  1892,  p.  191. 
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X  It  is  not  convenient  to  reproduce  all  the  photogi-aphs:  the  selected 
figures  2,  3,  4,  10,  12,  13,  71,  72,  75,  83  will  be  found  on  Plates  I.-IV. 
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Although  more  often  named  aftei-  Fraunliofer,  as  is  due  to  the 
first  great  worker  in  this  direction,  high  tribute  is  always  paid 
to  the  more  perfect  consummation  of  theory  and  experiment 
which  was  published  by  Schwerd  of  Spires  in  1835. 

A  telescope  is  focussed  to  a  star  or  a  distant  point  of  light, 
and  various  limiting  apertures  are  placed  on  the  outer  side  of 
the  object-glass.  Consider,  first,  the  case  of  two  or  three  narrow 
parallel  lines  of  light  :  they  constitute  an  elementary  grating, 
and  light  from  the  star  passing  from  them  to  the  object-glass 
will  come  as  if  from  several  stars  lying  on  either  side  of  the 
real  star,  all  being  spectral  images  except  the  central  one.  The 
object-glass  focusses  these  at  the  usual  place,  then  the  eyepiece 
magnifies  them  and  transmits  parallel  rays  of  light  ;  so  there 
is  a  broken  line  of  light  across  the  field,  consisting  of  the 
plain  image  at  the  centre  and  the  spectra  of  the  successive 
orders  on  either  side.  More  complex  limiting  apertures  give 
these  radial  groups  of  images  of  the  source  of  light,  of  which 
the  number  and  direction  are  regulated  by  the  general  form  of 
the  aperture  :  thus  a  triangle  will  give  three  lines  across  the 
field  or  a  six-rayed  star,  a  square  will  give  a  four-rayed  star; 
a  circle  concentric  with  the  object-glass,  however,  will  give 
concentric  circular  spectra. 

The  objects  whose  effects  have  been  photographed  consist 
of  combinations  of  thin  circular  lines  of  light  on  a  dark  glass 
plate  ^  inch  diameter  ;  this  fits  into  a  cap  at  the  end  of  a 
telescope,  and  each  figure  in  turn  is  brought  to  a  small 
opening  in  front  of  the  centre  of  the  object-glass  :  this  is 
known  as  Bridgets  apparatus,  constructed  some  years  back 
for  this  form  of  difiraction.  Fig.  8  almost  represents  these 
figures  ;  it  has  slight  traces  of  diffraction  of  the  other  kind. 
Figs.  1-7  (figs.  2,  3,  4  on  PL  I.)  represent  the  Fraunhofer 
difiraction  of  the  seven  more  complex  figures :  the  simplest 
figure,  which  consists  of  two  concentric  circles,  gives  con- 
centric spectra  by  both  methods  of  observation. 

2nd.   The  Difradion  in  Shadows  :  FresneFs  Diffraction. 

This  is  described  by  Lord  Rayleigh  as  the  Diffraction  when 
the  source  of  light  is  not  in  focus,  or  in  Jamin's  Cours  de 
Physique  as  Diffraction  from  a  S})herical  Wave.  Light  is 
condensed  on  a  minute  pinhole  in  a  thin  metal  plate  ;  al)Out 
a  foot  from  this  the  dirt'racting  object  is  placed,  and  at  a 
similar  distance  beyond  a  microsco[)e  eyepiece  receives  the 
shadows  :  they  may  be  observed  with  the  eye  or  })rojected  on 
the  screen  of  a  camera  for  photography.  The  rays  emerge 
from  the  eyepiece  parallel,  and  give  an  image  on  the  screen 
which  varies  in  size  but  not  in  quality  as  the  screen  is  moved  ; 
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infinite  changes,  however,  are  made  by  variations  in  the 
relative  distances  of"  the  source  ot"  light,  object,  and  lens  or 
eyepiece. 

In  order  to  consider  a  fundamental  principle  of  importance, 
take  at  first  more  simple  apparatus,  a  convex  lens  instead  of 
the  Huygens  eyepiece,  and  let  the  object,  which  is  the  gUiss 
plate  with  circle  combinations,  be  illuminated  with  parallel 
uncondensed  sunlight.  If  the  lens  is  placed  at  its  focal 
distance  from  the  object,  rays  emerge  parallel  and  make 
simple  images  of  circles  without  any  diffraction  develo])ments  ; 
they  are  always  in  focus  wherever  the  screen  is  placed,  and 
are  naturally  greater  when  it  is  more  distant.  If  the  lens 
is  slightly  moved  from  this  position  in  either  direction,  the 
emerging  rays  cross  one  another  and  produce  interference 
developments.  The  figures  made  when  the  lens  is  moved 
towards  the  object  are  inferior  in  definiteness. 

A  wave  impinging  on  an  edge  gives  rise  to  the  secondary 
waves  of  Huygens,  and  from  each  new  centre  waves  spread 
out  in  all  directions,  although  the  incident  light  may  have  a 
plane  front  or  be  a  parallel  pencil ;  but  a  pencil,  after  emerging 
parallel  from  a  lens,  cannot  be  considered  to  have  rays  striking 
out  obliquely  so  as  to  interfere.  From  this  may  be  imagined 
the  formation  of  diffraction-rings  in  a  telescope  directed  to  a 
star  when  the  eyepiece  is  moved  so  that  the  image  made  by 
the  field-glass  is  out  of  its  focus  ;  the  image  is  nearly  a  point 
of  light  ;  while  the  rays  emerged  from  the  eyepiece  parallel 
they  would  not  interfere,  but  directly  they  cross  one  another 
on  emergence  they  give  rise  to  systems  of  concentric  rings. 
This  phenomenon  may  be  well  seen  by  looking  through  the 
eyelashes  towards  a  distant  lamp  while  a  fine  rain  is  falling  : 
minute  spheres  of  water  fall  upon  the  eyelashes  ;  these  short- 
locus  lenses  make  images  of  the  lamp  in  front  of  the  eye,  and 
the  lens  of  the  eye  cannot  focus  or  turn  parallel  the  rays  from 
these  points  ;  for  a  moment  a  number  of  fine  concentric  rings 
may  be  seen,  which  are  constantly  evanescent  and  constantly 
renewed  by  fresh-falling  specks  of  water. 

There  is  another  phenomenon  sometimes  revealed  Avlien  a 
divergent  pencil  from  a  short-focus  lens  or  spherical  reflecting 
surface  falls  upon  the  eye  in  such  a  way  that  the  eye  cannot 
focus  it :  a  small  illuminated  disk  is  seen  with  fine  ramified 
lines  from  the  centre  ;  in  this  the  eye  sees  its  own  blood- 
vessels :  this  is  easily  seen  by  holding  a  pinhole  near  to  the  eye. 

Abundant  examples  of  diffraction  may  be  observed  without 
any  apparatus  :  a  distant  lamp  viewed  through  the  eyelashes 
on  a  dry  evening  appears  Avith  many  spectral  images  made  by 
this  simple  grating  ;  an  umbrella  can  be  seen  in  the  same  way 
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to  act  as  a  rectangular  grating.  If  the  eyelids  are  adjusted 
to  the  lamplight,  8  or  10  horizontal  exterior  bands  will  easily 
be  produced.  Most  plate-glass  windows  have  become  gratings 
through  the  scratching  by  repeated  cleaning. 

To  return  to  the  main  experiment.  Stronger  effects  are 
produced,  of  course,  when  sunlight  is  condensed  on  to  the 
pinhole,  and  in  this  case  the  position  of  the  convex  lens 
for  giving  ])arallel  rays  on  emergence,  or  for  giving  the  plain 
image  of  the  object  without  diffraction,  is  not  exactly  its  focal 
distance  from  the  object,  i'or  the  divergence  of  the  incident 
rays  has  some  iuttueuce  ;  but  there  always  is  such  a  position. 
Moreover,  the  elementai-y  experiment  cannot  be  made  with 
the  Huygens  eyepiece  which  is  now  used,  for  it  has  not  an 
external  focus.  Fig.  8  shows  the  result  of  placing  the  object 
close  up  to  the  eyepiece  ;  the  beginnings  of  diffraction  may 
be  seen.  Fig.  10  (PI.  I.)  shows  further  des'elopments  when 
the  distance  is  increased,  and  figs.  9,  11,  and  12,  13  (Fl.  II.) 
give  the  best  effects  I  have  at  present  been  able  to  produce. 
In  these  and  in  most  of  the  other  figures  a  magnifying-glass 
is  necessary  to  reveal  all  the  fine  detail  made  by  the  crossing 
waves  in  the  shadows.  It  is  clear  that  if  the  object  is  capable 
of  giving  spectra  passing  out  with  much  obliquity,  they  can 
never  come  into  the  field  of  the  eyepiece  by  this  method  of 
observation;  and  the  eyepiece  can  never  focus  them,  as  it 
does  in  the  Fraunhofer  method^  in  which  case  the  field-glass 
brings  them  to  the  focus  of  the  eyepiece. 

It  may  be  said  that  the  Fraunhofer  diffraction  gives  nume- 
rous images  of  the  source  of  lioht  set  in  radiatino-  forms  which 
depend  on  the  shape  of  the  object,  while  that  of  Fresnel  com- 
monly gives  the  main  shape  of  the  object  embellished  with 
fine  detail  in  the  spaces  between  its  various  parts,  and  some- 
times curiously  inverted  in  its  leading  features. 

A  simpler  form  of  this  arrangement  demonstrates  a  leading 
idea  in  wave  theory  :  ])arallel  sunlight  falls  upon  a  convex 
lens,  while  the  diffracting  object  is  between  this  and  the 
screen  of  the  camera,  which  has  no  lens.  Fair  diffraction- 
effects  are  made  when  the  object  lies  in  the  converging  rays, 
and  they  are  better  when  it  is  moved  to  the  divergent  pencil, 
but  when  it  is  at  the  focus  the  plain  original  figure  is  repro- 
duced. At  the  focus  the  several  rays  that  started  from  one 
point  of  the  sun  have  again  all  reunited  ;  so  that  in  passing 
the  object,  although  there  are  many  separate  rays,  there  are 
no  two  rays  which  came  from  the  same  original  point ;  and 
it  is  only  such  as  these  which  can  produce  interference. 
Here  may  be  seen,  in  a  certain  sense,  an  object  and  real 
imaife  on  the  same  side  of  a  convex  lens. 
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Diffraction  in  a  Microscope. 

Some  notice  of  this  important  part  of  the  subject  is  neces- 
sary, although  it  may  not  be  supported  by  much  illustration 
or  experiment. 

It  is  well,  first  of  all,  to  be  clear  as  to  compound  pencils  of 
light  which  are  more  or  less  on  the  same  axes.  In  a  straight 
line  lie  A,  B,  C,  D,  E,  a  candle,  a  device  in  wire,  a  convex 
lens,  the  images  of  the  candle  and  the  wire  :  here  are  two 
pencils  much  intermingled  :  A  is  in  focus  at  D,  but  the  light 
here  is  also  impregnated  with  the  shadows  of  B,  which  are 
indefinite  and  unfocussed,  covering  a  larger  area  than  when 
focussed  atE  ;  and  at  this  point  there  is  also  the  indefinite 
unfocussed  light  of  A. 

Very  often  the  object  on  the  stage  of  a  microscope  diffuses 
the  illumination  and  becomes  a  new  source  of  light,  and  there 
is  no  need  to  consider  pencils  fron  the  original  source  of 
light.  But  here  we  will  take  the  case  of  a  microscope  with  a 
diffraction-grating  on  the  stage  and  a  small  opening  in  the 
diaphragm  below.  Light  passes  on  to  the  objective  from  the 
grating  as  if  from  several  small  apertures  ranged  side  by  side, 
in  pairs  of  corresponding  spectra  on  either  side  of  the  central 
point,  which  is  white.  The  objective  makes  images  of  these 
just  above  itself,  and  one  image  of  the  grating  farther  on  at 
the  top  of  the  tube.  If  the  eyepiece  is  removed,  the  eye  is 
able  to  focus  the  rays  diverging  from  these  images  and  to  see 
them  clearly.  But  the  eyepiece  when  in  its  })lace  could  not 
focus  such  diverging  pencils  :  their  light  spreads  out  and  fills 
the  field  of  the  eyepiece  with  general  illumination.  The  visi- 
bility of  the  detail  of  a  finely  divided  object  depends  upon 
shadows  thrown  by  oblique  rays.  In  the  case  of  a  grating 
these  oblique  rays  are  so  definitely  arranged  that  they  go 
either  to  the  fii'st,  second,  or  higher  spectra,  and  to  nothing 
between.  The  central  pencil  comes  through  the  grating  nor- 
mally in  parallel  rays,  and  carries  with  it  no  appreciable  im- 
pression of  the  detail ;  experiment  shows  that  on  placing  a  stop 
above  the  object-glass  to  cut  off  the  spectral  images,  the  lines 
of  the  grating  can  no  longer  be  seen,  although  there  is  still 
good  illumination.  Now  the  first  lot  of  oblique  rays,  while  on 
their  way  from  the  grating  to  its  focus  in  the  eyepiece,  take 
their  course  through  the  first  spectra  ;  but  they  are  un- 
focussed as  regards  the  grating  at  that  position  just  above 
the  objective,  covering  a  larger  area  than  the  spectra.  In 
theory  perhaps  it  is  conceivable  that  by  stopping  out  the 
spectra  alone,  and  not  this  larger  area,  there  might  be  a 
balance  of  rays  which  would  betray  the  shadows  at  the  eye- 
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piece.  In  practice,  however,  the  first  spectra  are  necessary, 
and  perhaps  often  sufficient,  to  show  the  detail :  sometimes 
the  higher  spectra  may  be  needed  to  add  breadth  to  the 
shadows.  In  tact,  from  ordinary  objects  rays  of  all  degrees  of 
obliquity  are  available  to  mark  the  shadows,  but  from  objects 
capable  of  ditfraction  there  is  no  degree  of  obliquity  less  than 
that  which  tends  towarils  the  first  spectrum,  and  the  aperture 
of  the  objective  must  not  be  too  narrow^  to  receive  these  rays. 

The  question  naturally  arises,  how  far  it  is  possible  to  know 
■whether  an  image  is  a  reproduction  of  the  general  form  of 
the  original  object  or  a  diffraction  modification  :  so  far  as  my 
experience  goes,  the  two  appearances  may  be  distinguished. 
Of  course  in  perfect  theory,  even  if  an  image  could  be  saved 
from  spherical  and  chromatic  aberration,  it  must  suffer 
something  from  the  waves :  the  image  of  a  star  in  a  telescope 
must  be  enlarged  on  this  account ;  but  there  is  a  great  differ- 
ence between  this  falsification  and  that  which  arises  when  the 
eyepiece  is  taken  out  of  focus.  Fig.  82  is  a  species  of  the 
diatom  Triceratiumfavns  :  it  appears  as  a  spotted  framework 
of  ill-defined  outlines  with  little  groups  in  the  spaces:  but  the 
microscope  can  be  adjusted  so  as  to  show  a  well-defined  honey- 
comb with  clear  hexagonal  spaces.  In  an  experiment  de- 
scribed above,  figures  known  to  be  circles  are  reproduced  in 
their  own  true  form  when  at  one  position  with  regard  to  a 
convex  lens,  and  more  elaborate  ili-focussed  forms  at  positions 
on  either  side  of  the  former  :  it  is  reasonable,  then,  to  apply 
this  test  to  distinguish  between  several  images  of  an  unknown 
original.  No  doubt  the  simpler  form,  which  is  taken  to  be 
the  true  one,  might  often  be  resolved  into  something  more 
complex  by  a  stronger  objective,  but  this  one  in  its  new 
conditions  would  again  be  simple  and  well-defined  amidst  its 
possible  diftVaction  derivatives. 

I  have  not  sufficient  familiarity  with  the  use  of  the  highest 
microscope  powers,  and  can  imagine  that  the  foregoing  tests 
are  not  easy,  if  indeed  possible,  to  apply  in  such  cases  ;  but 
I  suppose  that  with  ;^-inch  and  lower  powers  there  is  no  need 
for  uncertainty  as  to  the  practical  form  of  the  original  object. 

FresneFs  Diffraction  from  Geometrical  Figures. 

Some  interesting  details  can  be  observed  from  the  shadows 
about  other  figures  of  Bridge's  series.  It  may  bo  here  noted 
that  such  objects  may  be  made  by  drawing  rather  thick 
figures  in  ink  upon  a  card  about  1  foot  square  and  reducing 
by  photography  to  1  inch  square  :  the  negatives  so  produced 
give  the  desired  transparent  lines  on  a  dark  ground  :  it  will 
be  understood  that  a  circle  means  a  circular  line  of  light  in 
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distinction  to  a  circuliir  area.  The  ])lay  of  liglit-waves  in  a 
sliadow  gives  rise  to  infinite  paradox.  The  most  notorious 
is  Arago's  bright  spot  at  the  centre  of  the  shadow  of  a  cir- 
cuUir  disk,  with  which  he  astonished  Napoleon  Buonaparte: 
squares  and  triangles  turn  about  and  point  inwards  :  needles 
seem  to  be  split  down  with  the  light  and  the  two  ])arts  ])oint 
outwards,  the  thinner  needle  having  the  broader  central  cleft: 
lastly,  lines  inclined  to  one  another  have  the  effect  of  re- 
solving one  another  into  transverse  flakes. 

Simple  figures  may  be  drawn  to  give  a  partial  explanation 
of  these  curious  results. 

Fig-,  a. 


.s^acQcvcv-- 


Fig.  a  illustrates  the  ordinary  principle  of  Huygens,  that 
a  wave-front,  AB,  goes  on  as  a  similar  wave-front,  C,  if  it 
be  supposed  that  each  point  gives  rise  to  a  secondary  wave  : 
when  this  strikes  upon  an  obstacle,  DE,  the  waves  at  the 
edge,  being  isolated  and  not  supported  by  similar  waves  on 
the  one  side,  may  pass  forward  so  that  in  directions  F,  G,  H 
one  is  always  }y,  |^,  ^  of  a  wave-length  in  front  of  the  other, 
causing  irterference  or  darkness :  these  are  the  exterior 
shadows  :  also  there  can  be  imagined  the  action  of  waves 
from  D  and  E  about  a  position  K  which  gives  the  interior 
bands. 

Fi-.  b. 
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Fig.  h  shows  that  waves  from  A  and  B  must  always  reach  E 
in  the  same  ])hase,  so  at  the  centre  there  is  always  light ;  at  F, 
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if  the  difference  of  AF  and  BF=  3,  there  will  be  darkness. 

Now  if  CH  and  DH  are  more  nearly  parallel  than  AF  and 

BF  are,  then,  in  order  to  have  CH  — DH=  ^j  the  point  H 

must  be  farther  from  G  than  F  was  from  E,  so  the  smaller 
obstacle  CD  gives  the  larger  bright  centre  to  its  shadow. 
This  principle  has  many  consequences:  the  thinner  needle  has 
the  broader  bright  central  line,  or  as  a  needle  is  narrowing 
towards  its  point  the  central  line  will  be  opening  out :  at  the 
corner  of  a  square  or  triangle  there  will  be  wedges  of  light 
pointing  inwards.  The  enlargement  of  the  image  of  a  star 
at  the  focus  of  a  telescope  through  diffraction  is  less  in  a 
telescope  of  large  aperture,  because  the  waves  from  the 
borders  of  the  lens  reach  the  focus  at  a  greater  inclination  to 
one  another.  Again,  the  length  of  a  wave  of  yellow  light  is 
about  24  millionths  of  an  inch  ;  if  the  waves  from  A  and  B 
move  straight  towards  one  another  at  K,  then  the  diameter  of 
the  bright  spot  here  will  be  something  less  than  "000024  inch, 
too  small  to  be  seen,  from  which  it  appears  that  the  condition 
for  making  visible  these  phenomena  which  are  connected  with 
such  minute  quantities  is  that  AF,  BF  must  be  nearly- 
parallel:  the  object  must  be  narrow,  or  the  screen  for  receiving 
the  shadow  must  be  distant. 

The  following  notes  describe  the  original  figures  from  which 
the  photogra])hs  are  the  shadows  :  — 

14.  A  circle  with  four  triangular  areas. 

15.  A  circular  area  with  four  inscribed  dark  circles. 

16.  Four  circles  touching  one  another  ;  the  lines  of  the 
circles  are  gradually  made  thinner  towards  the  inner  part, 
but  they  are  complete  circles. 

19.  Two  ellipses,  each  through  the  focus  of  the  other  : 
Arago's  spot  at  the  common  part. 

20.  Three  pentagons  with  a  small  pentagonal  area  at  the 
common  centre. 

24  and  29.  A  square  with  four  external  squares  at  the 
comers  :  the  latter  is  the  shadow  taken  at  a  greater  distance 
from  the  object  ;  it  is  covered  with  fine  interference  detail. 

25  and  28.  A  square  with  inscribed  square  and  diagonals. 
23,  '1^,  27,  30.   Right-angled  triangles  put  together  in  sets 

of  four  at  an  acute  angle  :  tlie  detail  contains  a  nundier  of 
round  spots. 

31,  39,  40.  A  chessboard  in  various  states  :  here  again 
systems  of  spots  are  developed. 

33.  Rows  of  equilateral  triangles,  set  alternately  in  suc- 
cessive rows  :  spots  again. 
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35.  Three  equilateral  triangles  with  a  small  triangular  area 
at  the  common  centre. 

41.  Ten  semicircles  near  to  one  another  and  parallel  :  the 
feature  of  this  is  the  broken  shaggy  brushes  at  the  ends  of  the 
semicircles. 

43,  44,  45.  A  parabola  lying  within  another  one  of  smaller 
parameter  ;  the  lines  of  light  being  rather  thicker  about  the 
vertices.  In  44  each  vertex  has  opened,  turned  the  broken 
edge  back  and  taken  a  small  ball  into  the  open  mouth  :  the 
bands  about  the  axis,  which  is  not  drawn  in  the  original,  are 
diffraction  creations  :  the  inner  parabola  is  broken  into  flakes 
about  the  vertex  by  dark  cross  lines. 

42.  An  hyperbola  and  its  conjugate,  twice  repeated,  without 
asymptotes.     The  flaking  appearance  is  noticeable. 

46.  Two  ellipses,  side  by  side  :  as  a  larger  circle  gives  a 
smaller  central  spot,  the  curve  at  the  end  of  the  minor  axes 
gives  a  smaller  spot,  and  that  at  the  end  of  the  major  ones  a 
larger  spot :  the  result  is  the  broadening  white  line  in  the 
figure. 

47.  Five  diminishing  circles  with  internal  contact,  w'here 
the  lines  are  made  thinner  :  here  are  the  shaggy  offshoots 
similar  to  those  in  41. 

50.  Three  circles,  near,  not  quite  touching.  Arago  spots 
and  flaking. 

48.  49,  51.  Arago  spots  made  by  small  arcs  of  circles. 

52.  A  square  divided  into  4  small  squares,  in  each  of  these 
a  circle  inscribed,  not  quite  touching.  Not  to  mention  the 
small  detail,  this  figure  suffers  the  curious  inversion  of  ap- 
pearing as  4  circles  with  inscribed  squares. 

53.  Four  circles. 

54.  A  square  with  an  external  semicircle  on  each  side. 

55.  Five  small  circles  in  a  ring  touching  one  another. 

56.  Two  circles,  each  through  the  centre  of  the  other. 

57.  Two  unequal  circles,  near,  not  quite  touching  :  the 
larger  spot  in  the  smaller  circle,  and  the  flaking  disturbance 
of  the  larger  by  the  neighbourhood  of  the  smaller. 

60,  Q^.  Eight  small  circles  in  a  ring  touching  one  another: 
in  each  case  there  is  the  bright  spot  at  the  centre  of  each 
circle,  in  66  there  is  one  at  the  centre  of  the  whole  figure : 
the  formation  of  the  common  tangents  at  the  points  of  con- 
tact is  not  difficult  to  imagine. 

58.  59.  The  square  and  triangle  which  have  turned  about 
and  point  inwards :  their  sides  have  been  resolved  entirely 
into  transverse  flakes. 

^'2.  A  square  with  thicker  lines  of  light. 
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61.  Not  quite  a  square,  a  bright  square  area  with  an  in- 
scribed dark  circuhir  area. 

65.  A  pentagon  :  here,  as  in  several  of  the  figures  just 
above,  there  is  a  bright  spot  at  the  centre. 

FresneFs  Difraction  from  Simple  Objects. 

67.  The  inner  part  sliows  FresneFs  interference-h'nes  from 
a  bi-prisni,  with  Griiiialdi^s  fringes  at  the  sides. 

68,  69.  Narrow  shts  ;  GS,  with  the  broader  bands,  is  from 
the  narrower  sHt.  Both  shts  are  so  narrow  that  the  exterior 
bands,  through  interference  of  parts  of  the  same  wave  from 
one  side,  do  not  come  in  :  the  bands  are  given  by  waves  from 
the  two  edges.  It  may  be  remarked  that  in  exterior  bands 
there  is  more  indication  of  colour  than  in  interior  bands  : 
the  neighbourins  ravs  which  form  exterior  bands  can  travel 
almost  parallel  and  make  coarser  bands  with  more  chromatic 
dispersion.  In  the  case  of  light  passing  on  to  an  aperture, 
care  is  sometimes  necessary  to  note  which  of  the  two  effects 
is  predominant. 

70,  81.  The  eye  of  a  bodkin,  one  to  show  interior  bands, 
the  other  to  show  the  exterior  bands  :  it  is  not  easy  to  develop 
both  effects  at  once.  The  bands  within  the  eye  are  not  inter- 
ference of  waves  from  the  two  sides,  but  the  exterior  bands 
of  each  side :  it  happens  that  the  breadth  is  such  that  a  band 
from  one  side  is  superposed  on  one  from  the  other,  so  the 
central  line  is  dark. 

79.  Four  round  holes  of  increasing  size.  This  is  a  case  of 
exterior  bands  in  the  bright  spaces ;  the  centre  of  the  space 
may  be  white  or  not  according  to  the  breadth  of  the  hole  : 
also  the  rings  and  spots  are  brightly  coloured.  These  holes 
varied  from  ^  to  2  millim.  diameter.  If  a  hole  be  taken 
^  millim.  diameter,  the  phenomenon  changes  and  becomes 
analogous  to  68  and  69  :  concentric  spectra  are  formed  in 
the  shadow,  and  there  are  no  rings  in  the  projection  of  the 
aperture. 

71,  72  (PI.  III.).  The  points  and  eyes  of  ordinary  needles  : 
the  one  with  the  broadest  central  line  is  the  shadow  of  the 
smallest  needle  which  is  made  :  here  the  interior  and  exterior 
bands  both  appear. 

80.  A  quartz  fibre  about  *0005  inch  diameter. 

73.  Wire  gauze  :  each  wire  gives  in  shadow  6  dark  bands: 
the  spaces  give  sometimes  2,  sometimes  3  bands,  showing  an 
inequality  of  distance.  These  bands  are  the  exterior  bands 
from  the  sides  of  the  wire,  and  give  bright  colours.  The 
general  appearance  to  the  eye  is  that  of  a  (Scotch  tartan. 
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77,  78.  Perforated  zinc.  The  former  is  developed  to  show 
the  riiitrs  in  the  spaces  ;  these  are  coloured,  and  the  centre 
may  be  white  or  not  accordinor  to  the  size  of  the  holes  or 
their  distance  from  the  screen.  The  latter  figure  is  developed 
to  show  the  interior  bands  on  the  dark  parts  ;  they  naturally 
give  hexagonal  systems.  This  may  illustrate  the  markings 
in  Pleufosigma  an  ff  ill  at  ion,  which  are  regarded  as  diffrac- 
tion-bands made  by  the  rows  of  white  s{)ots  that  form  the 
real  structure  of  the  diatom ;  but,  in  truth,  this  case  can  be 
realized  without  the  aid  of  diffraction.  Where  there  are 
such  rows  of  spots,  there  must  be  the  lines  of  shadow  between 
them.  The  narrowest  dark  space  marked  over  with  dif- 
fraction lines  has  two  dark  bars  separated  by  a  bright  central 
line. 

74.  Arago's  experiment. — The  shadow  of  a  threepenny-piece, 
showing  the  bright  centre.  Here  ]>arallel  sunlight  was  thrown 
uncondensed  on  to  the  pinhole.  The  coin  was  about  18  feet 
from  this,  held  by  a  thin  wire,  and  the  screen  of  the  camera 
18  feet  beyond,  without  any  lens.  The  illumination  w^as  not 
uniform,  so  that  the  exterior  rings  are  partly  seen  :  if  a  lens 
is  used,  several  rings  may  be  seen  around  the  bright  centre, 
but  the  complete  shadow  is  too  large  for  the  field  of  view. 
According  to  Verdet,  Arago  employed  a  circular  disk  2  mm. 
in  diameter. 

75,  76.  Arago's  experiment. — Shot  fixed  on  glass;  3  millim., 
2  millim.,  1  millim.  diameter.  These  were  taken  with  the 
eye])iece  and  the  ordinary  arrangement.  In  theory  there  are 
concentric  rings  over  the  whole  shadow,  but  they  are  more 
difficult  to  see  than  the  bright  centre.  They  appear  in  fig.  76, 
and  in  a  strong  light  may  be  produced  with  the  larger  shot. 
It  should  be  noticed  in  fig.  75  (PI.  IV.)  and  fig.  76  how  large 
a  bright  centre  has  been  made  in  several  places  by  specks  of 
dust. 

Both  with  the  shot  and  the  threepenny-piece,  when  they  are 
most  accurately  arranged,  as  evidenced  by  the  regularity  of 
the  rings,  a  faint  dark  spot  may  be  seen  at  the  centre  of  the 
while  spot,  and  in  some  positions  of  the  disk  relatively  to 
the  eyepiece  this  opens  out  into  a  faint  dark  ring.  At  present, 
I  have  not  been  able  to  ascribe  with  certainty  a  reason  for 
this  secondary  effect,  but  I  think  it  arises  because  the  source 
of  light  is  not  a  mathematical  point. 

83  (PI.  IV.).  Conical  refraction;  external.  In  conclusion, 
I  ventiu'e  to  pass  the  strict  limits  of  the  subject  by  showing 
the  crowning  triumph  of  the  hypothesis  of  wave-propagation. 
Light  through  5  minute  pinholes  passing  in  a  special  direction 
through  a  crystal  of  arragonite  emerges  in  5  cones  of  light : 
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the  four  outer  circles  show  by  their  imperfection  the  develoj)- 
inent  of  the  circle  from  the  two  points  that  are  formed  by  a 
double-refracting  crj'stal. 
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VI.    On  some  Expei^iments  ivith  Carbon  Dioxide  in  the  Solid 
State.     By  Dr.  L.  Bleekrode*. 

"TV r HEN  working  of  late  with  very  low  temperatures  pro- 
T  T  duced  by  evaporating  solid  carbon  dioxide  I  met 
with  some  facts  which  are  perhnps  not  generally  known,  and 
may  I  think  prove  useful  for  lecture  experiments. 

1  obtained  the  .solid  substance  in  the  usual  way  from  its 
liquid  state,  now  so  ea.sily  to  be  had  in  large  quantities  in  the 
iron  bottles  prepared  for  industrial  purposes.  If  a  cloth 
bag  (first  used  by  Bianchi  in  1870)  is  tied  to  the  delivery- 
valve,  the  solid  may  be  readily  collected  inside,  and  this 
method  is  as  effective  and  more  simple  than  the  u.se  of  ebonite 
or  metal  boxes,  which  are  liable  to  have  their  parts  frozen 
together  and  then  cannot  be  quickly  emptied. 

Compressed  Carbon  Dioxide. — This  substance  on  being  ri;- 
moved  from  the  bag  presents  itself  in  a  very  divided  state  and 
therefore  eva])orates  com])aratively  quickly  ;  but  on  submitting 
it  in  suitable  moulds  of  wood  or  metal  to  high  pressure,  either 
by  hammering,  or  still  better  with  screw  and  lever  (as  for 
instance  the  arrangement  for  regelation  ex])eriments  with  ice), 
a  most  compact  substance  is  obtained,  in  the  form  of 
cylinders,  disks,  lenses,  cups,  &c.  that  can  much  longer  endure 
the  heating-effect  of  surrounding  air. 

Such  compressed  cylinders  were  described  by  Prof. 
Landolt  in  1884t;  he  obtained  them  by  hammering  the 
mass  together  ;  the  specific  gravity  of  the  car})on  dioxide  in 
that  condition  was  determined,  first  by  calculating  the 
volume  of  the  cylinder  from  the  geometrical  dimensions,  and 

*  Connnunicated  by  the  Author. 

t  Landolt,  Cheminche  Bericlde,  1884,  xvii.  p.  309. 
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then  ])y  ast'ortuiiiiiifij  its  weight  with  the  halance,  taking  care 
to  collect  the  gas,  which  evaporated  during  the  process,  in  a 
])otash  solution,  connected  with  a  delivery-tul)e  to  the  vessel 
containing  the  solid  substance,  the  whole  arrangement  of 
course  standing  on  one  of  the  scales  of  the  balance.  In  this 
way  the  s])ecilic  gravity  was  found  to  be  1'2  (in  the  liquid 
state,  at  12°"5  C.  it  is  0'88),  and  accordingly  the  larger  pieces 
of  the  dioxide  sink  in  water  ;  the  smaller  ones  remaining 
suspended  on  the  surface  owhig  to  the  evolving  gas.  I  myself 
found  in  diiferent  experiments  the  nmnber  1*3,  and  even  I'G  ; 
this  greally  de})ending  on  the  pressure  exerted,  which,  with 
my  apparatus,  could  be  made  very  high  ;  at  the  latter  density, 
the  cylinders  looked  semi-transparent.  The  great  advantage 
now  gained  lies  in  the  very  slow  evaporation.  Landolt  men- 
tions that  he  was  able  to  keep  a  cylinder  with  dimensions  of 
25  mm.  and  26"8  nun.,  having  a  weight  of  15'Go  grannnes, 
during  one  hour  and  a  half  ;  I  could  maintain  one,  at  a 
tcm[)erature  of  the  atmosphere  of  15°  C,  having  a  weight  of 
41  gi-ammes,  during  nearly  the  same  time  ;  but  he  was  even 
able  to  keep  a  cylinder  of  41  mm.  diameter  and  53  mm. 
high  during  five  hours.  The  surface,  as  is  to  be  expected,  soon 
becomes  covered  with  ice  needles  that  are  easily  nipped  otf', 
but  Landolt  is  of  o})inion  that  a  hydrate  is  also  formed. 

Production  of  Klectricitii. — It  has  been  remarked  by  more 
than  one  observer  that  a  strong  jet  of  carbon  dioxide,  obtained 
from  its  liquid,  on  expanding  in  the  atmosphere,  may  produce 
an  electric  charge  of  marked  intensity.  Riess  in  his  well- 
kno\^■n  book  on  frictional  electricity  mentions  that,  as  long 
ago  as  1852,  Joly  savv  electric  sparks  given  off  bj  an  iron 
bottle  which  was  filled  with  liquefied  gas  ;  and  also  Ducretet 
at  Paris  made  a  communication  in  1884,  on  the  appearance  of 
sparks,  when  he  caused  the  gas  to  esca])e  from  its  liquefied 
state  in  a  box  of  ebonite,  in  order  to  collect  the  solid  substance. 
More  recently  Hausknecht  *  published  the  same  observation, 
but  adds  the  imj)ortant  remark  that  it  is  necessary,  when 
powerful  effects  are  aimed  at,  to  use  a  gas  absolutely  free  from 
air,  and  therefore  that  pre})ared  by  chemical  means  is  better 
suited  for  these  experiments  than  that  obtained  from  natural 
sources,  as  manufactured  on  the  Rhine.  The  cloth  collecting- 
bags  show  an  intense  electric  charge,  emitting  a  violet  light 
inside,  and  he  got  sparks  of  even  20  centim.;  but  they  do  not 
a})}>ear  before  a  dense  layer  of  crust  of  solid  matter  has  been  de- 
])osited.  I  found  this  confirmed,  and  after  I  had  insulated  the 
iron  bottle  on  ])arafhn  su{)ports,  I  applied  a  delicate  gold-leaf 
electroscope,  and  ascertained,  when  gas  was  strongly  issuing, 
«   Chemische  Bcrichte,  1800,  xxiv.  p.  10^2. 
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tliiit  ill  ocncral  it  wiis  n('<i"ativoly  electrified.  The  (!;as  jet, 
esea]iinoj  tlirouoh  the  ba^",  ehar<Ted  the  elect rosicope  with  jiosi- 
tive  electricity  when  very  near  to  the  cloth, but  frequently,  when 
at  some  distance,  the  inj;trunient  indicated  a  negative  cliarge, 
when  struck  by  the  gas-current.  When  the  bag  was  inserted 
in  a  cylinder  ot"  narrow  copper  ganze  I  got  sj)arks  of  more  than 
2  centiui.  when  approaching  a  metallic  conductor.  A  year 
ago  Wesendonk  *  i)ublished  an  extensive  research  bearing  on 
the  (piestion  whether  electricityis  actually  generated  by  friction 
of  gases  again.<;t  metals,  already  treated  by  Faraday  f,  and  he 
came  to  the  conclusion  that  the  gaseous  state  does  not  develop 
electricity,  and  if  indeed  a  charge  manifests  itself  in  the 
electroscope,  it  is  due  to  the  fact  that  the  gas  contains  mois- 
ture or  particles  of  dust.  Experiments  were  made  with  air, 
oxygen,  and  carbon  dioxide  under  high  pressure,  and  he  state(l 
that  the  latter  gas  is  very  apt  to  develoi)  electricity,  because 
a([ueous  vapour  so  easily  condenses  from  the  surrounding  air 
about  the  expanding  current  of  gas  which  is  at  very  low 
temperature. 

It  seems  to  me  that  great  im])ortance  is  to  bo  ascribed  to 
the  minute  })artic!es  o['  solid  carbon  dioxide  that  certainly  are 
present  in  the  escaping  gas,  when  the  licjuid  substance  comes 
in  contact  with  the  apcture  and  issue-valve,  as  this  is  o[)ened. 
I  found,  what  1  have  not  seen  mentioned  anywhere  else,  that 
the  solid  carbon  dioxide  itself  is  a  substance  having  a  great 
propensity  to  become  electric,  as  the  following  experiments 
show. 

When  the  snow-like  solid  matter,  after  it  has  been  taken 
from  the  receiving-bag,  is  put  directly  on  the  plate  of  the 
electroscope,  a  strong  charge  of  negative  electricity  is  at  once 
a[)[)arent  ;  on  placing  this  instrument  under  the  receiver  of 
an  air-pump,  the  divergence  of  the  leaves  rather  diminishes 
when  the  air  is  rarefied,  and  it  increases  again  on  admitting 
air.  A  disk,  formed  by  strongly  compressing  carbon  dioxide 
as  indicated  before,  when  rubbinl  with  the  hands  or  pressed 
against  the  skin  becomes  negatively  electrified  and  attracts 
an  electric  pendulum  in  a  very  marked  way,  even  when  the 

*  ^Viedemann's  Annalcn,  1892,  xlvii.  p.  629. 

t  Faraday  exaiuined  air  and  vapdur  of  water  mixed  with  ditferent  sub- 
stancts,  and  expressed  the  opinion  that  when  pure  they  fail  to  produce 
electricity  ;  othe^^vise  ihey  communicate  a  positive  charjcre  to  the  electro- 
scope when  it  is  near  to  the  exit  valve,  the  gas  then  striking  violently 
against  the  knob  of  the  instrument.  At  some  distance  below  he  states 
tiiat  this  becomes  charged  negatively,  becauf-e  it  acts  only  as  a  receiver 
to  the  gas  already  electrified  on  esca])ing,  whilst  in  the  former  case 
the  knob  of  the  electroscope  is  itself  directly  electrified  by  the  Ci'llision 
of  the  gas  particles. 

G2 
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friction  lias  beon  teeljle.  Rubbino-  a<rainst  a  zinc  or  a  co])per 
plate  acts  in  the  same  way,  these  metals  showing  positive  elec- 
trification, and  the  solid  carbon  dioxide  gets  negatively  elec- 
trified ;  this  is  also  the  case  when  rubbed  with  cloth.  The 
readiness  with  which  this  substance  acquires  an  electric 
charge  is  the  more  remarkable,  as  the  surftice  of"  the  disk  or 
cylinder,  from  the  very  low  tem})erature,  is  soon  covered  with 
moisture  turning  to  ice  particles,  but  these  disappear  on 
moving  the  hands  over  the  surface.  A  more  complicated  case 
of  electrification  ensues  when  the  compact  disk  is  simply  laid 
down  on  the  plate  of  the  electroscope.  When  freshly  prepared 
immediately  after  the  contact,  the  leaves  diverge  to  an  extent 
corres})onding  to  a  difPerence  of  potential  of  at  least  200  volts, 
and  more  as  compared  with  that  effected  by  a  zinc-watesr-copi)er 
battery.  It  is  — E,  and  when  the  disk  of  carbon  dioxide  is  now 
removed  without  touching  the  metal,  the  leaves  first  collapse, 
and  diverge  again  directly,  and  now  indicate  +  E.  Sometimes, 
when  the  substance  has  already  been  exposed  to  the  atmo- 
sphere for  a  time,  no  charge  is  immediately  produced  on 
touching  the  clectrosco])e,  but  afterwards,  when  it  is  taken 
from  the  instrument,  this  still  shows  a  ])OsitiA^e  charge.  It  is 
not  at  once  evident  how'  to  account  for  the  production  of  the 
two  opposite  electricities  in  this  case*,  as  several  causes  may 
have  been  at  work.  It  appears  to  me  that  the  chief  part  is 
played  by  the  carbon  dioxide  escaping  in  the  state  of  gas 
between  the  disk  and  the  spot  where  it  is  in  contact  with  the 
])late  of  the  electroscope.  At  this  place  it  is  lifted  up  and 
down  somewhat  rapidly  by  the  gas  evolved,  and  it  gets  a 
negative  charge,  for  the  same  reason  as  when  rubbed  with 
the  hand  as  before  stated,  and  no  strong  motion  is  required, 
because  of  its  high  electric  properties,  as  I  have  remarked. 
The  +E  that  is  free  is  carried  away  with  the  current  of  gas, 
and  the  negative  charge  of  the  disk  may  induce  an  opposite 
one  in  the  metallic  plate,  on  which  it  is  lying,  and  recom- 
bination is  prevented,  because  a  fresh  layer  of  gas  is  present 
and  prevents  actual  contact  ;  the  positive  charge  of  course 
becomes  apparent  in  the  electroscope  as  soon  as  its  inducing 
electricity  is  removed  with  the  disk  of  carbon  dioxide.  That 
the  action  after  a  certain  time  is  much  lessened  may  perha])S 
be  due  to  the  fact  that  the  copper  plate  of  the  electroscoj)e 
after  prolonged  contact  has  become  too  cold  to  provoke  a  rapid 
evolution  of  gas,  or  perhaps  the  surface  of  the  carbon  dioxide, 
by  atmospheric  influence,  has  lost,  to  some  extent,  its  electric 

*  It  is  necessary,  to  avoid  errors,  to  make  the  disk  of  carbon  dioxide 
neutral  after  each  experiment:  this  may  easily  be  done  by  moving  it 
rapidly  to  and  fro  in  a  gas-flame. 


trjV/t  Carbon  Diod'ide  in  the  Solid  State.  85 

property.  And  the  effect  in  fjeneral  may  be  augmented  by  the 
friction  of  the  current  of  gas  against  the  surrounding  air  of  low 
temperature  anil  saturated  therefore  with  moisture. 

Production  of  Sound. — The  experiment  just  described, 
demonstrating  that  a  piece  of  strongly  compressed  carbon 
dioxide  on  mere  contact  with  a  copper  plate  niay  acquire  a 
sutHcient  electric  charge  to  attract  an  electric  pendulum,  and 
that  this  should  be  originated  by  little  impacts  from  the  metal, 
seems  to  obtain  fresh  evidence  from  another  curious  fact  I 
often  observed  on  putting  this  substance  in  contact  with  metals, 
and  which  consists  in  a  loud  sound  produced  for  some  time. 
On  further  investigation  it  was  soon  ascertained  that  this  is 
due  to  the  thermalconductivity  of  the  metal,  acting  l)y  increas- 
ing the  rapid  evaporation  of  the  solid  matter  in  different  points 
where  the  contact  was  best,  and  the  gas  evohed,  more  or  less 
prevented  from  easily  escaping  between  the  surfaces,  was 
alternately  compressed  and  expanded,  producing  a  vibratory 
9ondition  of  the  current  of  gas.  A  convenient  way  to  perform 
this  experiment  is  to  take  a  disk  or  cylinder  of  carbon  dioxide, 
very  highly  compressed,  and  to  lay  down  on  it  a  small  brass 
sphere  with  a  diameter  of  1  cm.  ;  if  the  whole  system  is  placed 
on  the  resonance  box  of  a  tuning-fork  (for  instance  that  of  Ut^ 
answers  very  well),  a  loud  sound  of  very  high  pitch  makes 
itself  at  once  audible  throughout  the  whole  room  ;  if  the 
metal  is  pressed  against  the  solid  substance,  it  may  even 
become  so  loud  as  to  be  painful  to  the  ear.  It  slowly  dies' 
out  as  the  metal  grows  too  cold  to  accelerate  the  evaporation 
in  an  effective  way,  but  the  sound  is  again  restored  when 
the  metal  is  heated  for  a  moment.  Things  may  be  reversed  : 
that  means,  a  cylinder  or,  still  better,  a  lens  of  plano-convex 
form  may  be  set  down  on  a  metal  surface,  and  if  this  consists 
of  a  thin  copper  disk  of  8  cm.  diameter  fixed  in  its  centre,  this 
emits  a  loud  sound,  resembling  the  ringing  of  a  bell.  It  is  easily 
perceived  that  the  tone  is  produced  at  the  place  of  contact  wheie 
the  metallic  sphere  touches  the  extremely  cold  carbon  dioxide ; 
a  little  cavity  is  formed  (as  the  metal  is  comparatively  very  hot), 
and  this  is  somewhat  closed  up  by  the  sphere  sinking  slowly 
down  ;  the  occluded  gas  gets  more  tension  till  it  can  lift  tho 
metal,  when  for  a  very  brief  moment  it  again  sinks  down, 
and  so  on  in  rapid  succession.  Of  course  the  same  state  of 
things  nearly  occurs  as  with  a  steam-jet  escaping  downwards 
from  a  conical  aperture,  closed  up  more  or  less  by  a  little 
sphere.  It  is  well  known,  when  high  pressure  is  used,  it  is 
not  blown  away,  but  remains  in  front  of  the  opening  in  a  very 
rapid  oscillating  condition,  and  there  is  also  a  dull  sound  often 
audible. 
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When  the  disk  of  carbon  dioxide  is  not  very  compact,  no 
sonnd  is  produced,  because  the  gas  can  escape  in  dift'ercnt 
Avajs  through  the  little  sj)accs  left,  otherwise  the  intensity  of 
the  sound  is  dependent  on  the  conductivity  for  heat  of  the 
substance  brought  in  contact. 

A  silver  coin,  when  touching  the  disk  with  the  flat  side, 
does  not  act,  because  it  is  uneven  and  little  interstices  are  left, 
otherwise  silver  emits  loud  sounds,  and  so  it  is  with  copjx'r, 
iron,  aluminium ;  lead  produces  a  dull  note  and  bismuth  none  at 
all,  as  being  a  very  bad  conductor  imless  it  has  been  h(nited,  ;ind 
then  it  sounds  only  for  a  moment.  The  carbon  rods  nsed  in 
electric  lam})s  renuiinc^d  silent,  and  also  wood,  but  (jUJirtz  and 
l^ock-salt  gave  an  audible  note  when  a  lens  of  compressed 
carbon  dioxide  was  applied  on  them  with  some  pressure. 
Very  beautiful  sounds,  of  the  character  of  those  produced 
with  the  Trevelyan  instrument,  were  heard  when  an  iron  rod 
was  resting  with  one  end  on  a  horizontal  cylinder  of  the 
com|)act  solid  substance  and  touching  with  the  other  a  glass 
plate. 

As  the  escaping  gas  is  the  determining  cause  in  all  these 
cases,  it  is  to  be  expected  that  other  substances,  when  capable 
of  rapid  evaporation,  on  touching  heated  metals  will  also 
emit  sound,  and  indeed  1  obtained  this  very  loud  when  a 
brass  sphere  brought  to  incandescence  was  firmly  ])uslied 
down  on  a  ])iece  of  mercury  bichloride  or  cam})hor,  and 
es])ecially  on  sal-ammoniac,  all  substances  subliming  at  a  red 
heat  ;  accordingly  dense  vapours  are  evolved,  when  the  metal 
came  in  contact,  and  sounded  on  perforating  them. 

Crystallization  of  Mercnri/. — Though  the  freezing  of  this 
liquid  metal  with  the  mixture  of  solid  carbon  dioxide  and 
sul[)huric  ether  is  easily  effected,  crj'stallization  is  not  apparent, 
as  the  metal  then  solidifies  too  quickly.  On  trying  the  pro- 
duction of  sound  with  this  liquid,  I  found  a  very  effective 
method  to  obtain  it  crystallized.  A  disk  of  slightly  com- 
pressed carbon  dioxide  with  a  cavity  was  used,  and  still  better 
was  a  little  cup,  4  centim.  high,  such  as  could  be  formed  in 
a  convenient  mould  of  wood,  and  this  1  filled  with  mercury, 
just  as  a  crucible.  A  low  and  distinct  sound  was  given  ofi", 
and  very  regular  nndulatious  appeared  on  the  bright  metal 
surface,  indicating  the  pulsations  provoked  by  the  escaping 
gas.  Though  the  mercury  does  not  actuall}^  touch  the  sides 
of  the  cup  (or  the  cavity  on  the  disk)  as  a  gas  layer  keeps  it 
away,  yet  its  heat  is  dispersed  by  radiation  towards  the 
extremely  cold  surrounding  matter,  and  gradually  the  vibra- 
tions cease.  If  at  this  moment  the  cuj)  is  em})tied  of  its 
still  liquid  contents,  it   is   seen    to    be    covered    inside  with 
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beautiful  and  sharply  defined  needles  of  solid  mercury, 
resemblintij  fern  leaves,  of  more  than  one  centim.  in  leufrth  ; 
the  whole  mass  is  coherent  and  forms  now  a  metal  cup,  of 
course  with  thin  walls,  that  may  easily  be  removed  from  its 
mould  of  solid  carbon  dioxide  and  maintains  itself  durin<!; 
some  minutes. 

Effect  of  Gas  and  Vacmun  Screens. — One  of  the  most  inter- 
esting experiments  demonstrated  by  Prof.  Dewar  at  his 
admirable  lectures  on  liquid  air,  seems  to  me  the  property 
of  a  very  high  vacuum  of  preventing  the  access  of  heat  from 
the  surrounding  medium  to  liquids  placed  inside.  Lecturers 
on  low  temperatures  will  not  likely  have  at  command  such 
splendiil  arrangements  as  Prof.  Dewar  could  dispose  of,  l)ut 
the  principle  of  this  fact  may  be  illustrated,  in  a  suitil)le 
way,  with  carbon  dioxide.  I  had  three  glass  tubes  of  15 
millim.  diameter  constructed,  and  of  equal  capacity,  and 
according  to  Prof.  Dewar's  device.  The  first.  A,  was  inside 
an  oblong  glass  bulb,  remaining  open,  and  consequently  filled 
with  air  that  could  be  exchanged,  when  desired,  for  another 
gas;  the  second,  B,  had  likewise  this  bulb,  but  rarefied  with  a 
mercurial  pump,  thus  forming  a  vacuum- jacket ;  the  third,  C, 
was  surrounded  by  two  such  concentric  vacuum-jackets. 
Placing  them  in  the  same  support,  next  to  one  another,  I  put 
in  each  the  same  amount  by  weight  of  a  mixture  of  carbon 
dioxide  with  sulphuric  ether;  it  is  then  soon  observed,  within 
the  quarter  of  an  hour,  that  A,  provided  with  the  air-jacket, 
is  covered  outside  with  a  la^-er  of  hoar  frost;  B  shows  only  a 
slight  deposit  of  condensed  aqueous  vapour  from  the  atmo- 
sphere; and  C  remains  transparent,  having  no  deposit  outside. 
Thus  the  influence  of  convection  and  radiation  with  regard  to 
a  vacuum  are  visible  even  at  great  distances  from  the  lecturer's 
table. 

With  the  first  vessel,  A,  I  carried  out  another  experiment 
I  founil  suggested  in  the  report  of  Prof.  Dewar's  lecture,  and 
bearing  on  the  pro[)erty  of  ditt'erent  gases  transmitting  heat, 
which  they  do  not  all  possess  to  the  same  extent.  In  one 
experiment  1  put  3  grammes  of  compressed  carbon  dioxide 
in  the  inner  tube  of  the  vessel  A,  when  air  was  in  the  bulb,  and 
collected  the  gas,  given  off  by  evaporation  at  the  ordinary  tem- 
perature, in  a  glass  jar  above  water.  I  noted  170  cub.  centim. 
in  five  minutes.  8up])lying  again  the  inner  tube  with  the  same 
amount  of  carbon  dioxide  and  replacing  the  air  by  hydrogen, 
I  could  collect  again  in  five  minutes  250  cub.  centim.  This 
increasing  proportion  shows  the  great  conductivity  and  con- 
vection that  hydrogen  j)Ossesses.  On  removing  the  hydrogen 
and    takin<j[  carbon  dioxide   in   gaseous  form   instead    of  it. 
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and  workint^  ulso  with  3  njranimes  of  solid  matter,  I  now 
collected  only  150  cub.  centim.,and  carbon  dioxide  in  gaseous 
condition  is  considered  a  bad  conductor  of  heat.  But  the 
difference  in  quantity  of  gas  evolved  depends  also  on  the 
power  for  convection,  which  will  not  be  equal  in  the  three 
cases  *. 

The  following  experiment,  which  is  somewhat  the  reverse 
of  the  former,  demonstrates   the   influence  of  convection   in 
incandescent  electric  lamps  in  a  striking  way.     Four  simil-ir 
lamps  (16  candle-power  and  same  voltage)   were  connected 
in  ])arallel  to  a  dynamo  ;  the  first  was    filled  with  gaseous 
carbon  dioxide^  the  second  with  common  coal-gas,  the  third 
with  hydrogen,   and   the  fourth  was  kept  in  normal  condi- 
tion, that  is  pi'ovided   with  its  vacuum   around  the    carl)on 
filament.     All  carried  a  little  piece  of  phosphorus  at  the  top 
of  the   glass  globe  on  the   outside,  and  now  admitting  the 
current  in  all   at   the   same  time,  it  is   observed    that    the 
phosphorus  is  set  on  tire  at  different  rates;  first  it  burns  on 
the  lamp  with  carbon  dioxide,  then  on  that  containing  coal- 
gas,  and   shortly  after  on  the  hydrogen   lamp,  but  on  the 
vacuum  lamp  it  remains  for  a  long  time  intact.    In  the  latter 
case  it  may  be  inferred  that  the  dark    heat-rays  are  very 
imperfectly  transmitted  by  the  vacuum,  whilst  convection  of 
course  must  also  be  very  reduced;  hence  the  glass  can  only 
receive  a   small  amount  of  heat,  and    as  in  Prof.    Dewar's 
experiment  the  vacuum   prevents  the   ready  access  of  heat 
to    the    extremely    cold    liquid,    in    the  incandescent    lamp, 
on  the  contrary,  it  is  an  obstacle  to  the  cooling  of  the  filament 
of  carbon.     It  can  therefore  attain  a  high  temperature  and 
convert  the  electric   energy  it  receives,  chiefly  into  radiant 
light.     As  for  the  other  lamps,  the  difference  in  heat  trans- 
ferred in  the  same  time  outside  may  find  its  explanation   in 
the  well-known  experiments  of  Grove  f  and  the  investigation 
of  Clausius;  yet  it  is  a  curious  fact  to  see  the  carbon  brightly 

*  Prof.  Kimdt  described,  as  long  ago  as  1877,  an  experiment  of  a  similar 
character,  employing  three  vessels  of  the  same  size,  enclosing  at  a 
distance  of  3  mm.  little  tubes  each  filled  with  the  same  volume  of 
sulphuric  ether.  The  vessels  were  filled  respectively  with  hydrogen,  air, 
and  carbon  dioxide  acting  as  jackets.  Putting  all  three  together  in 
boiling  water,  heat  is  transmitted  in  a  different  way,  as  appears  when  the 
ether  vapour  is  lighted,  and  the  fiame  of  hydrogen  is  seen  to  be  the 
longest,  that  of  the  carbon  dioxide  the  smallest,  but  convection  may  also 
influence. 

t  Grove  pubhshed  his  paper  on  this  subject  in  the  Phil.  Trans,  in 
1847,  and  he  determined  tlie  amount  of  heat  given  off  by  a  platinum  mre 
in  different  gases  to  a  surrounding  mass  of  water;  the  experiments  with 
the  lamps  are  in  accordance  with  his  results. 
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glowing  in  the  lamp  wherein  the  phosphorus  does  not  burn,  in 
the  lamp  with  carbon  ilioxiile  the  filament  becomes  only  dull 
red,  ancl  in  the  otheis  it  remains  obscure,  but  still  the  plios- 
j)horus  burns  there  after  a  minute. 

Though  the  thermal  conductive  power  interferes,  I  believe 
convection  to  play  an  imi)ortant  part  here,  and  I  venture  to 
predict  that,  if  the  incandescent  lamp,  whilst  glowing,  could 
be  intensely  cooled,  by  being  innnersed  in  liquid  oxygen 
or  licjuid  air,  that  Prof.  Dewar  has  so  readily  at  hand,  it 
■svould  at  once  attain  a  higher  illuminating  power*;  as 
convection  would  still  more  be  lessened,  the  remaining 
]>articles  of  air  and  mercury  vapour  would  have  their  motion 
almost  entirely  exhausted.  And  hence  it  may  be  concluded 
that  such  a  lamp  would  absorb  less  electric  energy  for  emitting 
the  same  amount  of  liglit,  w^hen  the  degree  of  rarefaction  is 
made  the  highest  possible. 

The  Hague,  April  1894. 


VII.  On  an  Approximate  Method  of  finding  tlie  Forces  acting 
in  Magnetic  Circuits.  Dij  Richard  Threlfall,  M.A.^ 
Professor  of  Physics,  Universitg  of  Sydney ;  assisted  by 
Florence  Martin,  Student  in  the  University  of  Sydney  t- 

DURING  the  last  three  years  I  have  had  occasion  to 
design  a  good  many  reciprocating  electromagnetic 
mechanisms,  and  have  frequently  felt  the  want  of  some 
simple  method  of  making  the  necessary  approximate  calcu- 
lations of  magnetic  forces. 

I  have  obtained  very  little  satisfaction  from  the  attempts  I 
have  made  to  calculate  tractions,  proceeding  bj'  the  method 
of  finding  poles  and  applying  the  law  of  inverse  squares. 

This  ill  success  led  me  to  investigate  the  applicability  of 
the  methods  established  by  Maxwell  in  the  chapter  "On 
Energy  and  Stress  in  the  Magnetic  Field"  ('Electricity  and 
Magnetism/  vol.  ii.  §§  641-644:),  with  the  following  results. 

§  1.  Theoretical  Considerations. 

The  problem  for  solution  in  its  sim})lest  form  is  as  follows: — 
"  Griven  an  iron  anchor-ring  tiniformly  wound  and  inter- 
rupted at  one  point  by  an  air-gap  of  any  given  dimensions — 

*  I  tried  this  effect  with  a  mixture  of  solid  carboa  dioxide  and  ether 
on  an  incandescent  lamp,  but  the  globe  becomes  covered  witli  frozen 
aqueous  vapour  and  the  mixture  itself  is  a  hindrance  to  judging  the 
brightness  acquired;  a  transparent  cold  liquid  therefore  is  far  more 
suitable. 

t  Communicated  by  the  Author. 
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to  calculate  the  forces  tending  to  draw  tLe  ends  of  the  iron 
ring  together  when   the  strength  of  current  flowing  in  the 
magnetizing  circuit  and  the  data  of  winding  are  given. 
§  2.  The  position  established  by  Maxwell  is  as  follows:  — 

(1)  The  laws  of  nuignetic  force  are  such  that  magnetic 
forces  niay  be  regarded  as  the  expression  of  a  state  of  stress 
in  the  magnetic  mecUuni. 

(2)  The  medium  is  stable  under  such  a  distribution  of 
stresses. 

(3)  A  series  of  expressions  may  be  found  for  the  stresses 
at  any  point  in  the  magnetic  field. 

§  3.  Maxwell's  investigation  does  not  explicitly  include  the 
case  of  a  body  with  inconstant  permeability;  but  I  cannot  find 
that  this  in  any  way  vitiates  the  argument.  Professor  J.  J. 
Thomson  shows  ('  Applications  of  Dynamics  to  Physics  and 
Chemistry,'  §  33)    that  MaxwelPs  results  may  be  considered 

as  being  derived  from  the  existence  of  a  term  ^r—  HB  in  the 

^  87r 

Lagrangian  function  for  unit  volume  of  a  magnetic  field.  If 
the  permeability  is  a  function  of  the  induction,  however,  in 

any  part  of  the  field,  the  more  general  ex})ression   —  fHJB 

must  be  substituted  for  the  above  and  the  results  modified 
accordingly.  I  have  not  succeeded  in  doing  this.  It  appears, 
therefore,  that  Maxwell's  system  as  a]i})lied  to  iron  does  not 
cover  all  the  ground,  because  a  modification  must  be  intro- 
duced on  account  of  the  inconstancy  of  the  permeability,  and 
also  on  account  of  the  Villari  effect  as  shown  by  Professor 
Thompson.  There  may  also  be  other  undiscovered  additions 
to  make. 

§  4.  A  great  step  is  necessary  to  pass  from  Maxwell's 
position — that  magnetic  forces  may  be  regarded  as  the  ex- 
pression of  stresses  in  the  field — to  the  position  that  magnetic 
forces  are  such  an  exj)ression.  There  is  all  the  difference  that 
exists  between  a  th(!ory  and  a  fact. 

Everything,  however,  tends  to  show  that  the  fact  is  that 
the  theory  is  probably  true  so  far  as  it  goes,  and  we  will 
therefore  provisionally  adopt  it,  and  see  first  what  additional 
hypotheses  are  necessary.  It  is  obvious  at  once  that  the 
stresses  are  "  stresses  in  a  medium,"  while  the  forces  are 
mechanical  forces  acting  on  matter.  We  must  therefore 
consider  that  the  medium  is  "  attached  "  to  matter  so  as  to 
allow  the  stresses  to  ap})ear  as  forces.  Now  the  stresses  in 
the  medium  de])end  on  the  nature  of  the  matter  which  is 
permeated   by   the   medium.      Thus  in   the  cut  anchor-ring 
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referred  to  above  (§  1),  the  stresses  in  the  medium  in  the  air- 
gap  are  not  at  all  the  same  as  the  stresses  in  the  medium  in 
the  iron.  In  our  entire  ionoranee  of  the  connexion  existini; 
between  the  medium  and  matter,  it  is  not  to  nie  at  all  clear 
that,  in  calculating  the  magnetic  forces  tending  to  close  the 
ring,  we  ought  to  consider  the  stresses  in  oether  in  air,  and 
those  alone.  It  is  }it  all  events  conceivable  that  the  nature 
of  the  connexion  between  the  medium  and  the  iron  may  be 
modified  in  some  manner  bv  the  internal  stresses  in  the  irou. 
Also  the  ordinary  laws  of  magnetic  and  electromagnetic 
action  leceived  their  experimental  demonstration  at  low  in- 
ductions ;  and  we  have  no  right  to  say,  without  experimental 
evidence,  that  some  ierms  not  contemplated  by  Maxwell 
migiit  not  begin  to  produce  effects  on  the  stresses  in  air  at 
high  inductions.  In  the  parallel  case  in  iron  such  stresses  do 
in  fact  occur. 

I  therefore  attribute  great  importance  to  the  experimental 
verification  of  the  results  deduced  from  Maxwell's  theory  as 
applied  to  the  traction  between  iron  bars  in  general,  and 
especially  at  high  inductions. 

§  5.  Kayerhnental  position. — The  simplest  case  is  that  of 
the  traction  between  two  plane  faces  of  iron,  the  faces  being 
either  the  terminals  of  otherwise  closed  iron  circuits,  or  of 
very  long  bars. 

The  case  of  the  ring  has  been  implicitly  investigated  by 
Bidwell  (Phil.  Trans.  188(3)  ;  and  the  case  of  short  bars  by 
Bosanquet  explicitly  (Phil.  Mag.  1880,  vol.  xxii.).  The 
latter  is  the  only  investigation  1  know  of  in  which  simul- 
taneous observations  of  Induction  and  Tractive  force  were 
made.     In  both  cases  Maxwell's  theory  leads  to  the  expression 

87r 

for  the  force  in  air  between  two  o{)posing  plane  faces  of  iron, 
infinitesimally  se{)arated,  A  being  the  area  of  the  faces  and 
B  the  (uniform)  induction-density. 

The  net  result  of  Bosanq net's  work  was  to  show  : — 

(1)  When  B  is  below  5UO0  the  Tractions  observed  are 
generally  much  too  large. 

(2)  The  formula  does  not  hold  when  the  air-gap  is  appre- 
ciable. 

(3)  It  holds  within  about  5  per  cent,  up  to  very  high 
inductions. 

It  is  obvious,  therefore,  that  there  is  room  for  more  work 
on  the  subject. 

§  (j.   For  the  reasons  given  I  felt  very  strongly  that  it  was 
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necessary  to  establish  tlie  truth,  or  rather  tlie  approximate 
exactness,  of  the;  theory  in  tlie  simple  case  studied  by  Bosan- 
(juet  before  goin^  on  to  apply  it  to  other  and  more  compli- 
cated cases. 

Consequently  I  investigated  the  following  matters  : — 

(1)  Influence  of  length  of  bars. 

(2)  Influence  of  kind  and  size  of  pole-pieces. 

(3)  Influence  of  imj)erfections  in  the  ballistic  method. 

(4)  Cause  of  Bosanquet's  failure  to  obtain  agreement  with 
theory  at  low  inductions. 

(5)  Cause  of  similar  failure  (?)  with  an  appreciable  air-gap. 
§  7.    Method  of  Exj^erw tenting. — I   wound   a    number   of 

solenoids  on  brass  tubes,  placed  the  iron  bars  to  be  investi- 
gated axially  in  these  solenoids,  observing  the  usual  pre- 
cautions, and  measured  the  force  (by  calibrated  spring- 
balances)  requisite  to  pull  the  bars  apart,  the  force  being 
applied  scrupulously  parallel  to  the  axis  of  the  bars  by  means 
of  links,  ])ulleys,  and  strings.  Great  attention  was  paid  to 
the  state  of  the  cut  surfaces.  I  tried  surfaces  of  all  kinds. 
(rt)  Merely  filed  by  watchmaker's  finishing  files, 
(J))   Ground  on  flat  whetstones  to  a  surface-plate. 

(c)  Scraped  to  a  surface-plate. 

(d)  Ground  by  emery  wheels. 

(<?)  Turned  flat — to  a  surface-plate.  This  takes  a  little 
skill. 

(/)  0[)tically  ground  by  emery  and  diamond-dust  and 
finished  with  putty-powder. 

This  requires  a  note.  Of  course  the  bars  must  be  provided 
Avith  shoes  of  many  times  their  diameter  to  make  the  process 
a  success,  and  these  shoes  must  be  of  similar  material  to  the 
bars.  In  order  to  save  circumlocution  I  may  state  that  both 
I  and  my  assistant  Mr.  Cook  are  fairly  expert  at  this  kind 
of  work,  and  we  met  with  no  real  difficulty.  The  use  of 
diamond-dust  instead  of  emery  saves  a  little  time,  but  makes 
it  more  difficult  to  get  a  good  result.  I  obtained  two  sets  of 
bars  with  properly  ground  faces.  One  of  these  sets  was  of 
hard  iron,  and  was  not  so  good  as  Brashear's  celebrated  test- 
])lates,  on  account  of  a  sHght  convexity  on  the  part  of  one 
surface  and  a  corresponding  concavity  on  the  part  of  the 
other.  The  other  pair  of  bars  were  of  soft  Swedish  iron  well 
annealed  ;  they  were  less  than  1  centim.  in  diameter,  and 
about  60  centim.  long.  The  surfaces  were  as  good  as  the 
test  ])lates,  i.  e.  perfect  according  to  the  present  state  of  the 
art.  I  have  little  doubt  that  they  are  as  good  soft  iron  sur- 
faces as  have  ever  been  prepared.  This  means  that  there  was 
no  inequality  comparable  with  a  wave-length  of  sodium-light 
on  either  surface. 
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The  bars  were  kept  straight  and  aligned  by  well-fitting 
glass,  or  brass,  or  fibre  tubes  at  the  plane  of  contact.  The 
fit  was  always  just  so  good  that  no  correction  for  friction  was 
necessary.  The  magnetizing  current  was  measured  by  a 
Siemens  dynamometer,  which  was  compared  with  suitable 
members  of  a  chain  of  Kelvin  balances.  It  was  found  that 
in  this  instrument  the  readings  were  correct  within  the  limits 
of  accuracy  of  reading.  The  current  was  supplied  by  j-torage- 
cells. 

The  induction-coils  were  wound  on  brass  bobbins  with 
proper  precautions.  The  bobbins  were  of  different  diameters, 
and  were  compared  ballistically,  and  found  to  give  identical 
results ;  hence  it  was  concluded  that  they  were  all  free  from 
leakage  errors. 

The  balHstic  galvanometer  was  a  fine  instrument,  specially 
made  for  this  kind  of  work.  It  was  calibrated  by  turning 
over  a  large  coil  which  was  splendidly  wound,  and  which  has 
been  checked  in  many  w"ays.  I  made  use  of  the  values  for 
the  vertical  force  obtained  about  nine  mouths  ago  by  ]\Ir.  Fair, 
from  a  long  series  of  experiments  in  my  laboratory  under  the 
best  and  most  careful  conditions,  and  v.ith  the  Kew  apparatus. 
In  all  cases  the  induction-throw  on  the  galvanometer  was 
checked  by  reversal  of  the  galvanometer-corrections,  excej)t 
when  experiment  showed  that  nothing  was  gained  by  such 
reversals,  the  instrument  being  in  another  part  of  the  labora- 
tory to  the  magnetic  system.  In  all  cases  large  resistances 
from  a  box  of  coils,  constructed  and  calibrated  by  myself 
from  Cambridge  standards,  were  inserted  in  the  cii'cuit  so  as 
to  give  the  best  range  for  the  galvanometer. 

§  8.  Hesults  of  Experimenting. — The  general  result  was  that 
I  got  rather  worse  agreement  than  was  noted  by  Bosanquet, 
especially  at  low  inductions.  I  therefore  set  myself  to  find 
out  the  reason  of  this.  I  am  ashamed  to  say  how  long  it  took 
me  to  clear  up  the  ditficulty.  I  investigated  the  following 
possible  causes. 

(1)  Imperfection  of  galvanometer  law.  This  was  got  over 
by  adjusting  resistances  till  the  same  deflexion  was  obtained 
both  on  turning  over  the  earth-inductor  and  on  maiinetizino- 
the  iron. 

(2)  Effects  due  to  residual  state  of  the  iron.  These  were 
got  rid  of  by  demagnetizing  the  iron  by  an  alternator  and  slide- 
resistance,  and  observing  magnetizations  with  the  current  in 
both  directions,  and  also  on  reversal.  By  comparing  the 
three  sets  of  deflexions  I  assured  myself  that  the  discrepancy 
was  not  due  to  any  error  of  this  kind.  A  similar  procedure 
when  taking  the  tractions  led  to  a  like  result. 
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(3)  r>y  u;^in<;  imliiction-coils  of  different  diameters  1 
assured  myself  that  I  was  really  measuring  the  operative 
inductions. 

(4)  The  state  of  the  surface  of  the  bars  is  an  im[)ortant 
matter.  If  the  ends  are  rough,  of  course  the  contact  is  at; 
points.  This  leads  to  a  concentration  of  induction  at  these 
places,  and  is  a  very  constant  source  of  error.  My  best  bars, 
however,  gave  just  as  anomalous  results  as  my  roughest  ones, 
so  that  the  deviation  could  not  be  attributed  to  this  cause. 

(o)  Finally  I  tried,  without  much  confidence,  the  effect  of 
a  small  indirectness  of  ])ull.  This  was  done  by  winding  two 
wide  solenoids  and  leaving  sufficient  space  between  their  ends 
to  see  what  was  going  on  at  the  point  of  junction  ;  a  gas- 
flame  was  put  on  the  side  of  the  junction,  remote  from  the 
observer. 

•  It  was  then  found  that  one  side  of  the  bar  wdiich  was  being 
pulled  off  invariably  remained  in  contact  after  the  other  side 
had  slightly  separated — when  this  was  prevented  by  slightly 
guiding  the  spring-balance  by  hand,  the  agreement  was  as 
good  as  at  higher  inductions.  The  explanation  is  now  obvious. 
If  the  bars  separate  slightly  just  at  one  side,  two  things  happen. 
(1)  The  total  reluctance  of  the  circuit  increases.  (2)  The 
induction  concentrates  at  the  parts  in  contact.  At  low  induc- 
tions the  effect  of  (2)  overpowers  that  of  (1).  At  high  induc- 
tions, when  the  })ermeability  of  the  iron  becomes  less,  the 
induction  is  less  free  to  distribute  itself,  and  also  the  traction 
of  the  bars  being  greater,  the  phenomenon  does  not  begin  to 
manifest  itself  till  rupture  is  just  about  to  be  produced,  or  it 
[)roduces  a  very  much  smaller  percentage  error.  Of  course 
all  this  might  have  been  foreseen,  but  one's  experience  with 
strong  magnets — in  which  case  it  is  notorious  that  it  is  much 
more  difficult  to  pull  off'  an  armature  straight  than  sidewavs — 
misled  me. 

On  examining  other  bars  which  had  given  similar  results 
at  low  inductions,  I  found  I  could  similarly  diminish  or  increase 
the  apparent  traction  by  varying  very  slightly  the  direction 
of  ])ull.  Thus  with  a  pair  of  flat-ended  bars  and  an  induction 
of  about  3000  C.Gr.S.  the  calculated  pull  was  one  pound 
seven  ounces  ;  but  the  observed  pull  w^as  always  over  two 
pounds,  and  in  some  experiments  about  three-  pounds.  On 
guiding  the  bars  so  that  no  wedge-shaped  gap  appeared,  the 
traction  could  be  got  down  to  about  one  pound  eight  ounces. 
1  do  not  think  it  is  possible  to  get  much  closer  than  this,  for 
if  proper  arrangements  are  made  to  absolutely  ensure  a  really 
true  and  rigid  separation,  friction  would  inevitably  come  in 
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to  introduce  errors.  My  results  at  hioher  inductions  were 
so  similar  to  Bosanquet's  that  they  are  not  worth  rejjrodueino-. 

§  iK  With  regard  to  the  formula  not  applying  with  non- 
magnetic gaps  of  sensible  dimensions  parallel  to  the  lines  of 
induction — as  when  Bosanquet  separated  the  bars  by  wood 
and  paper — the  explanation  is  obvious.  The  lines  of  induction 
no  longer  leave  the  surfaces  normally,  and  the  conditions 
postulated  by  the  formula  are  not  in  existence. 

§  10.  Resulting  position  of  the  Theory. 

When  the  bars  are  in  contact,  the  stress  theory,  and  what 
I  will  call  the  magnetic  tluid  theory,  lead  to  the  same  result. 
Which  is  true  certainlv  within  about  five  per  cent.,  and  may 
be  exactly  true. 

In  any  case,  measui"ing  tractions  is  not  the  way  to  get 
accuracy,  though  I  have  no  doubt  that  rather  better  results 
could  be  got  by  going  into  the  matter  more  elaborately  than 
was  done  either  by  Bosanquet  or  myself. 

In  what  follows  I  shall  suppose  that  the  theory  is  true,  and 
that  the  real  cause  of  magnetic  forces  is  to  be  sought  in  some 
condition  of  the  icther  mechanism  which  receives  a  suthcient 
statistical  definition  from  the  Induction  Diagram. 

§  11.  The  eftect  of  varying  the  kind  of  iron  employed  should 
be  the  same  as  varying  the  induction-density — at  least  in  so 
far  as  the  phenomenon  can  be  considered  to  depend  on  perme- 
ability. I  used  induction-densities  of  from  2000  to  18,000, 
but  could  not  detect  any  effect — when  the  cause  of  error 
referred  to  above  was  eliminated.  I  also  used  all  kinds  of 
iron,  from  annealed  Swedish  iron  to  ordinary  cast  iron.  I 
varied  the  lengths  of  the  bars  from  GO  cm.  to  6  cm. — and 
the  diameter  from  about  2  cm.  to  about  '6  cm. 

In  no  case  could  I  detect  any  deviation  from  the  predicted 
traction  which  could  not  be  explained  by  unavoidable  experi- 
mental errors.  With  short  bars  and  high  inductions  necessi- 
tating the  use  of  very  strong  fields,  some  induction  is  included 
bv  the  testing-coil  which  does  not  help  the  traction  and  which 
tends  to  make  the  calculated  traction  appear  too  large. 
When  this  source  of  error  was  eliminated,  no  greater  dis- 
crepancies were  observed  with  short  bars  than  with  long 
ones. 

§  12.  I  conclude  therefore 

(1)  The  traction  produced  by  a  given  tube  of  induction 
when  runnintr  out  of  air  into  iron  and  crossing  the  surl'acc! 
normally  is  indej)endent  of  the  nature  of  the  iron,  or  of  its 
form.  I  had  a  difficulty  in  bringing  myself  to  believe  this, 
but  the  conclusion  seems  inevitable. 
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CoroJIary  (\).  The  niaonetic  forces  are  independent  of  the 
stresses  in  a?tlier  inside  the  iron. 

CoroUari/  (2).  ^Setting  asich^  Professor  J.  J.  Thomson's 
stresses,  the  scther  stress  in  air  is  less  than  that  in  iron — • 
assuming  that  Maxwell's  "  magnetic  material  "  sufficiently 
represents  iron.     The  difference  of  tensions  is 

B'^       1 

^— /  (BH-iH2), 


or 


(B-H)^ 


This  is  an  unbalanced  stress  ;  and  if  the  lines  of  induction 
in  the  iron  give  rise  to  forces  similar  to  those  produced  in 
air,  this  must  mean  that  the  boundary  tends  to  be  pulled  off 
the  iron.  Taking  Professor  Thomson^s  stresses  into  account, 
this  effect  may  easily  be  reversed  in  any  actual  case. 

Referring  to  Professor  Thomson's  investigation  (Physics 
and  Chemistrj'),  I  cannot  avoid  the  impression  that  there  still 
remains  a  set  of  stresses  depending  on  the  variation  of  elastic 
constants  with  tem})erature.  This  would  further  complicate 
matters. 

§  13.  Each  tube  of  induction  is  therefore  a  tube  of  force 
within  the  usual  definition ;  but  it  does  not  follow  that  the 
only  forces  are  those  represented  by  the  tubes  of  induction. 
If  the  tubes  leave  the  iron  surface  normally,  then  the  pressural 
forces  are  tancrential  and  we  iiet  the  formula  we  have  been 
using  ;  and  similarly  if  the  tubes  of  induction  are  tangential 
{i.  e.  when  the  infinitesimal  air-gap  separates  similar  poles), 
the  pressures  operate  alone,  and  we  have  a  repulsion  equal  to 
the  former  attraction  as  in  the  elementary  theory.  If  the 
tubes  of  induction  leave  the  iron  at  any  angle  to  the  surface 
between  0  and  7r/2,  we  must  consider  the  effect  of  the  pressural 
forces. 

To  calculate  these  effects  it  is  convenient  and  perha])s 
correct  to  assume  that  just  as  the  internal  stresses  of  llie  iron 
do  not  affect  the  forces  which  are  the  expression  of  the  external 
aether  tensions,  so  they  do  not  affect  the  forces  corresponding 
to  the  hydrostatic  ])ressures.  If,  therefore,  we  consider  a  line 
of  force  running  out  of  iron  into  air  and  making  an  angle  d 
with  the  normal,  we  can  estimate  the  direction  and  magnitude 
of  the  magnetic  forces  at  once,  thus  : — 

Let  AB  be  the  trace  of  a  plane  boundary  between  air  and 
iron,  and  ON  a  normal  drawn  outwards  into  air.  Let  OP  be 
a  vector  in  the  plane  of  the  paper  representing  the  tensioual 
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force  per  unit  area  at  a  point  about  0.  Draw  OQ  perpen- 
dicular to  OP  and  in  the  plane  of  the  paper.  Then  the 
pressural  forces  lie  in  a  semicircle  of  which  OQ  is  a  radius, 
and  whose  plane  contains  OQ.  Since  the  pressures  are 
symmetrical  with  respect  to  OQ,  OQ  is  their  resultant,  and 


by  the  theory  this  is  equal  to  OP — so  tliat  OQ  is  the  vector 
representing  the  pressures.  A  force  represented  by  OM  equal 
and  parallel  to  PQ  is  therefore  the  resultant  force,  and  clearly 
in  this  case  is  a  repulsion  whose  magnitude  along  the  normal 
produced  is 


OP.  ^2 cos  (^- A 


an  expression  which  gives  no  normal  component  at  all  when 
^  =  7r/4.  The  force  is  therefore  an  attraction  or  repulsion 
according  as  6  is  less  or  greater  than  7r/4 — and  a  shear  at  this 
point.  I  tried  to  observe  this,  but  could  not  get  the  lines  to 
leave  the  surface  at  the  exact  angle.  However,  the  above 
way  of  looking  at  the  matter  is  convenient  when  filings  are 
used  to  trace  the  direction  of  the  induction.  This  expression 
has  been  pointed  out  to  me  by  Mr.  Pollock  as  identical  with 
that  given  by  Maxwell's  general  formula  in  §  643  for  the 
special  case  here  considered. 

It  is  now  evident  why  it  was  that  Bosanquet  got  results 
differing  from  those  calculated  from  the  formula  for  normal 
inductions,  because,  as  filings  show,  a  very  small  gap  is 
sufficient  to  produce  a  marked  spreading  of  the  field. 

§  14.  By  observing  the  distribution  of  filings  about  different 
air-gaps,  it  appeared  probable  to  me  that  the  following  pro- 
position   might   be   true — as    referring   to   bars    of   different 
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diameters  : — "  With  similar  pole-faces  and  the  same  perme- 
ability and  induction-density,  the  induction  (or  filing)  diagrams 
are  similar  when  the  length  of  the  air-gap  is  the  same  fraction 
of  a  standard  dimension  of  the  pole- faces.'' 

If  this  bo  true,  it  ibllows  as  a  consequence  that  with 
similar  air-gaps  at  similar  induction-densities,  the  traction  is 
the  sajne  fraction  of  the  traction  with  the  poles  in  contact, 
whatever  be  the  actual  dimensions  of  the  poles. 

The  greater  part  of  the  experimental  work  I  have  to  offer 
refers  to  this  point,  for,  if  established,  we  clearly  have  a  method 
which  will  enormously  facilitate  the  calculation  of  magnetic 
forces. 

§  15.  The  observations  made  on  this  subject  are  sufficiently 
detailed  in  the  Tables  I.  to  XIII.,  and  the  results  will  be  under- 
stood by  looking  at  the  curve. 

The  tractions  were  measured  by  spring  balances  as  before, 
measured  pieces  of  brass  being  ins(>rted  between  the  pole-faces. 
In  a  series  of  observations  the  induction  was  kept  constant  by 
varying  the  magnetomotive  force. 

The  observations  were  taken  just  as  in  the  previous  case. 
A  little  care  is  necessary  in  defining  what  is  meant  by  the 
total  induction.  If  the  bars  are  long  and  thin,  then  of  course 
the  solenoidal  condition  is  fulfilled  pretty  closely,  and  there 
is  no  ambiguity  ;  but  with  large  air  or  brass  gaps — say, 
amounting  to  two  diameters  of  the  bars — the  lines  begin  to 
leave  the  iron  just  in  front  of  the  middle  point  of  each  bar 
(at  all  events  when  the  bars  are  about  50  diameters  long). 
The  "  total  induction  '^  therefore  has  no  very  exact  meaning 
with  respect  to  the  iron,  unless  it  be  specified  where  it  is  to 
be  measured. 

At  the  time  the  experiments  were  made,  I  did  not  (as  I 
now  consider)  sufficiently  attend  to  this  point,  though  I  used 
a  testing-coil  of  about  four  times  the  diameters  of  the  bars, 
and  kept  the  coil  just  to  one  side  of  the  gap  when  the  latter 
was  large.  It  is  probable,  therefore,  that  I  have  considerably 
overestimated  the  tractions  with  the  larger  air-gaps,  for  the 
induction  must  have  been  greater  than  I  took  it  to  be.  I  have 
decided  not  to  re-investigate  this  point,  for  the  curve  is  of  use 
in  giving  approximate  ideas  of  tractions  only;  and  no  one,  after 
looking  at  it,  would  design  a  mechanism  with  air-gaps  as  long 
as  those  which  are  probably  inaccurate.  I  have  made  a  little 
allowance  for  this  (most  unscientifically  of  course)  in  drawing 
the  curve.  In  fact  my  suspicions  were  first  aroused  by 
examining  the  part  of  the  curve  corresponding  to  the  larger 
air-gaps. 

It  will  be  seen  that  I  examined  a  good  many  cases,  and  the 
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results  show  that  when  the  uon-magnetic  field  is  of  sensible* 
tlinu'iisions,  the  tlifi^ereuces  in  the  pernieahility  of  the  sanijjles 
examined  do  not  lead  to  any  very  ahnonnal  results.  The 
curve  is  drawn  by  reduction  for  a  bar  one  centimetre  in 
diameter ;  and  the  air-gaps,  which  must  be  expressed  in 
diameters,  appear  therefore  in  centimetres.  The  ordinates 
give  the  values  of  the  tractions  at  corresponding  points  in 
terms  of  the  calculated  tractions  when  the  surfaces  are  in 
contact. 

One  set  of  observations  refers  to  square  bars.  In  order  to 
utilize  the  results,  I  assumed  that  the  field  would  be  distributed 
very  much  as  if  the  bar  were  round  and  of  a  diameter  ecjual 
to  the  mean  of  the  diameters  of  the  inscribed  and  circum- 
scribed circles. 

To  use  the  curve  it  is  onlj-  necessary  to  express  the  length 
of  the  air-gap  as  a  fraction  of  the  diameter  of  the  pole- 
face,  and  refer  to  the  table  to  find  the  proper  factor  to 
multiply  the  traction  with  the  bars  in  contact  at  the  proposed 
induction. 

It  will  be  seen  that  the  factor  is  practically  the  same  for  all 
inductions — hence  one  curve  only  is  given. 

§  16.  In  general  it  is  more  convenient  to  take  the  magneto- 
motive force  as  given  ;  and  in  this  case  the  induction  cannot 
be  estimated  without  a  knowledge  of  the  reluctance  of  the 
circuit.  Now  methods  of  building  up  the  characteristic  curve 
of  the  magnet  have  been  given  when  the  air-gaps  are  narrow 
by  Drs.  J.  and  E.  Hopkinson  and  others;  but  I  thought  that 
I  might  possibly  be  able  to  extend  the  method  of  similar 
systems  so  as  to  include  air-gap  reluctances.  In  similar 
induction  systems  at  constant  induction-density,  the  reluc- 
tances of  the  gaps  should  be,  roughly,  inversely  as  the  linear 
dimensions.  I  examined  three  sets  of  bars  to  see  how  near 
such  an  approximation  really  was,  but  it  will  be  noticed  that 
the  results  would  not  reduce  so  as  to  give  a  single  curve  by 
any  such  simple  process.  The  curves  are  therefore  kept 
separate  ;  they  cover  bars  of  from  about  one  to  three  centim. 
in  diameter.  The  induction  was  in  these  cases  correctly 
measured  at  the  centres  of  the  bars.  It  was  necessary  to  use 
the  ampere-balances  to  get  a  sufficiently  accurate  knowledge 
of  the  magnetizing  currents.  The  results  are  contained  in 
Tables  XIV.  to  XVI.,  and  are  also  plotted  for  the  mean  of 
all  inductions.  The  reluctance  of  the  iron  and  air  circuits 
was  measured  before  the  bars  were  cut  and  plotted  against 
inductions.  It  was  assumed  that  by  using  bars  of  the  length 
employed,  the  air  reluctance  (other  than  that  at  the  gap) 
would  not  be  materially  clianged  by  pushing  the  bars  up  to 
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2  diameters  apart.  The  proper  reluctance  for  the  iron  and 
air  circuits  was  taken  from  the  curve  in  finding  the  reluctance 
of  the  air-gap. 

Except  with  the  largest  bar,  there  is  no  definite  indication 
of  the  reluctance  depending  on  the  induction-density.  In 
this  case  separate  curves  might  have  been  drawn,  but  I  did 
not  think  it  worth  while  to  introduce  a  fresh  sheet  of  curves. 

I  am  not  sure  that  a  real  reduction  in  air-gap  reluctance  at 
about  '2  diameter  has  not  been  smoothed  out  ;  but  as  the 
observations  are  marked  on  the  curves,  any  one  will  be  able 
to  form  his  own  opinion. 

It  will  be  noticed  that  the  curvature  becomes  very  great 
when  the  air-gap  amounts  to  about  1*5  diameter.  It  is, 
perhaps,  not  too  much  to  say  that  the  reluctance  increases 
very  fast  as  the  gap  increases  to  '2  diameter,  after  which  it 
increases  more  slowly  up  to  about  1  diameter,  and  then 
remains  roughly  constant. 

§  17.  I  do  not  know  whether  a  unit  of  reluctance  has  yet 
been  adopted.  It  has  been  necessary  for  me  to  use  one, 
however,  and  I  take  as  unit  reluctance  that  reluctance 
through  which  unit  magnetomotive  force  produces  unit 
induction.  By  unit  magnetomotive  force  I  mean  that 
magnetomotive  force  whose  C.G.S.  value   is  unity — i.  e.,  that 

produced  by  j-  C.G.S.  turns.     If  the  permeability  of  air  be 

taken  as  unity,  then  one  cubic  centimetre  of  air  has  unit 
reluctance  on  this  system.  There  are,  of  course,  other  ways 
of  defining  unit  reluctance  ;  but  this  is,  I  think,  the  only  one 
that  gets  rid  of  the  47r  and  leads  to  an  easily  realizable 
material  standard. 

§  18.  The  reluctance  curves  and  traction  curves  are  not 
unlike  each  other  in  general  form,  and  enable  us  to  draw 
some  practically  valuable  conclusions  as  to  the  design  of 
magnets  intended  to  operate  over  air-gaps.  For  instance, 
with  a  given  total  induction  the  force  at  contact  is  inversely 
as  the  area,  but  the  traction  curve  shows  that  this  principle 
must  not  be  pushed  too  far  when  we  consider  traction  over 
an  air-gap.  Thus,  I  am  told  (though  I  do  not  believe  it) 
that  rock-drills  will  not  work  with  a  shorter  stroke  than  five 
inches  ;  the  traction  curve  shows  at  once  that  for  a  given 
induction  (a  case  which  does  not  practically  occur  in  every 
instance)  it  is  possible  to  make  the  pole-pieces  too  small,  if 
we  wish  to  get  the  maximum  work  done  during  the  stroke. 
This  is  independent  of  considerations  arising  when  magneto- 
motive force,  and  not  induction,  is  given. 
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Fig.  2. 
Reluctance  of  Air-gaps. 


•1-2  2-4        2(; 


Ordinates :  Reluctances  x  10\ 
Abscissae  :  Air-gaps  in  diameters. 
Lettering  as  in  General  Table  XVII. 
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§  19.  We  can  make  a  comparison  between  the  work  done 
by  a  rino-  magnet  when  it  is  divi(h^d  at  one  point  with  the 
work  done  wlion  the  rino;  is  divided  at  two  points.  The 
reluctance  data  sliow  that  thonoli  the  mean  air-gap  reluctance 
may  bo  larger  than  that  of  the  iron,  it  is  not  very  greatly  so 
in  any  practical  case,  and  we  can  therefore  obtain  no  informa- 
tion by  su]:)posing  that  one  is  much  greater  or  less  than  the 
other  ;  but  must  proceed  by  actual  trial  from  the  curves  to 
find  out  which  is  the  most  efficient  arrangement. 

§  20.  In  the  case  of  a  mechanism  re])resented  by  a  ring 
divided  at  one  point  only,  we  must  remember  that  the  closure 
of  the  induction  curves  involves  a  "  sliding  "  magnetic  contact, 
and  if  friction  on  the  bearings  is  to  be  avoided  this  practically 
ties  us  down  to  iron  of  symm(!trical  form. 

§  21.  Incidentally  I  had  occasion  to  observe  the  change  of 
reluctance  caused  by  cutting  a  bar,  and  then  grinding  and 
polishing  the  ends.  This  was  not  done  quite  so  well  as  in 
our  most  successful  attempts.  The  reluctance  corresponded 
to  a  separation  of  the  bars  by  about  20  wave-lengths  of  sodium 
light,  but  I  am  certain  that  the  bars  could  not  have  been  half  so 
far  apart  as  this,  so  the  surfiice  reluctance  is  still  unaccounted 
for. 

Sydney,  1.3tli  .Inly,  1893. 


VIII.    On  a  new  Harmonic  Analyser. 
By  Prof.  0.  Henrici,  F.R.S.* 

§  1.  A  CCORDING  to  the  theory  of  Fourier's  Series  any 
X\.  function  y  oi  x  can,  under  certain  restrictions,  be 
expanded  in  a  series  progressing  according  to  cosines  and 
sines  of  multiples  of  x. 

This  function  may  be  represented  graphically  by  a  curve, 
X  and  y  being  taken  as  rectangular  co-ordinates,  or  it  may 
be  defined  by  aid  of  such  a  curve. 

Anyhow,  we  shall  suppose  tliis  curve  given,  and  also  that 
it  extends  from  x=-0  to  x  =  c  (fig.  1).  For  this  interval  the 
curve  may  be  drawn  perfectly  arbitrary  as  long  as  it  gives 
for  every  x  one  single  finite  value  of?/.  This  implies  that  if 
a  point  moves  along  the  curve  the  corresponding  value  of  x 
always  increases.  The  curve  may,  however,  be  discontinuous, 
so  that  for  a  particular  value  of  x  the  ordinate  changes 
suddenly  from  a  value  y-^  to  a  value  y2,  as  from   C  to  C  in 

*  Commuuicated  by  the  Physical  Society :  read  March  9,  1894. 


iieio  Harmonic  Analyser. 


Ill 


ficT.  2.  There  may  be  any  finite  number  of  such  discontinuities. 
For  our  purposes  it  is  necessary  to  make  the  curve  con- 
tinuous bv  joinin  or  the  two  points  C  and   C  by  a  straight 


Fiff.  1. 


line.  If  the  curve  represents  a  periodic  phenomenon  with 
period  c,  then  the  ordinate  for  a;  =  c  will,  as  a  rule,  equal  the 
initial  ordinate  for  .r  =  0  (as  in  fig.  1).  The  curve  when 
repeated  along  the  axis  of  x  will  therefore  be  continuous. 


Fig.  2. 


Otherwise  there  will  be  a  discontinuity  as  at  B  in  fig.  2.  In 
this  case  also  the  curve  has  to  be  continued  from  its  end  point 
B'  along  the  last  ordinate  to  a  ])oint  B"  which  has  the  same 
ordinate  as  the  initial  [)oint  A',  so  that  the  line  A'  B"  is 
parallel  to  the  axis  of  .r. 

We  can  now  express  the  ecpiation  to  the  curve  in  the  form 


1  n 
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of  a  Fourier  Series, 

y = ^  Aq  -f  Ai  cos  ^  +  Ag  cos  2^  +  . . .  +  A„  cos  iid+  ... 
+  Bi  sin^+Bg  sin  2^+   .  .  .  +  B^  sinn^+  .  .  . 

where  u  = . 

c 

The  absohite  term  ^A^  equals  the  mean  ordinate  of  the 

curve,  and  can  therefore  be  determined  by  any  planimeter. 

It  is  the  object  of  the  Harmonic  Analyser  to  determine  the 

other  coefficients.     Their  well-known  values  are 

1    r-'^  1   r^" 

-   I   v  cos  ndcW;    B„=  -  I  y  sin  n0d0. 

TT  Jo  TT  Jo 

The  Analyser  is  therefore  an  integrator. 

If  the  paper  with  the  curve  be  wrapped  round  a  cylinder, 
the  ordinate  y  falling  on  the  generating  lines  or  edges,  the 
axis  of  X  along  a  circumference,  then  the  curve  will  run  back 
in  itself  and  form  one  continuous  line,  provided  the  circum- 
ference of  the  cylinder  equals  the  base  c.  That  edge  which 
passes  through  the  initial  point  A'  of  the  original  curve  may 
be  called  the  zero-edge. 

Suppose  the  cylinder  to  lie  horizontal  with  the  zero-edge 
at  the  top,  then  our  angle  6  will  be  the  angle  through  which 
the  cylinder  has  to  be  turned  in  order  to  bring  that  point  P 
to  the  top  which  corresponds  to  any  given  x.  Each  edge 
contains  one  point  on  the  curve,  excepting  in  case  of  a  dis- 
continuity where  a  finite  length  of  the  edge  belongs  to  the 
curve. 

§  2.  The  first  instrument  of  this  kind  was  constructed  by 
Lord  Kelvin  (Proceedings  Roy.  Soc.  vol.  xxiv.,  1876).  Since 
then  several  others  have  been  devised.  With  regard  to  these 
I  may  refer  to  my  article  "  Ueber  Instrumente  zur  harmon- 
ischen  Analyse  ^'  in  the  Catalogue  prepared  by  Prof.  W.  Dyck 
of  Munich  for  the  Mathematical  Exhibition  which  was  held 
last  summer  in  Munich,  and  also  to  the  descriptions  in  the 
Catalogue  of  the  various  instruments  exhibited. 

These  instruments  differ  essentially  either  in  the  manner  in 
which  the  trigonometrical  factor  is  introduced,  or  in  the 
arrangement  by  which  the  actual  integration  is  performed. 
Lord  Kelvin  uses  for  the  latter  purpose  his  brother's  disk- 
globe  and  cylinder  integrator,  whilst  a  simple  harmonic 
motion  introduces  the  trigonometrical  factor.  Sommerfeld 
and  Wiechert  *  of  Konigsberg  make  the  cylinder  on  which 

♦  See  above  Catalogue,  p.  274. 
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the  curve  is  drawn  rotate  about  an  axis  perpendicular  to  that 
of  the  c^dinder,  and  thus  avoid  the  simple  harmonic  motion, 
which  is  always  a  drawback,  as  it  introduces  a  great  deal  of 
friction.  Both  instruments  are  also  large  and  heavy,  practi- 
cally fixtures  in  the  room  where  they  are  used. 

§3.  Clil^'ord  has  given  a  beautiful  graphical  representation 
of  Fourier's  Series,  which  I  knew  more  full}^  from  personal 
communication  than  from  the  short  paper  published  in 
vol.  v.  of  the  Proceedings  of  the  Lond.  Math.  Soc. 

His  result  may  be  stated  thus  : — "  If  the  curve  to  be 
analysed  be  stretched  out  in  the  direction  of  the  x  io  n  times 
its  base  without  altering  the  y,  and  then  wrapped  round  a 
cylinder  with  circumference  c  so  that  it  goes  n  times  round, 
then  the  orthogonal  projection  of  this  curve  on  that  meridian 
plane  which  passes  through  the  zero-point  of  the  curve  will 
enclose  an  area  which  is  proportional  to  the  coefficient  B„. 
In  the  same  way  A„  is  got  by  aid  of  a  plane  perpendicular  to 
the  first." 

It  was  this  theorem  which  led  me  to  the  construction  of  an 
Harmonic  Analyser.  It  can  easily  be  put  in  the  following 
form.  Suppose  the  cylinder  placed  with  its  axis  horizontal 
and  the  tangent  plane  to  its  upper  edge  drawn.  This  edge 
cuts  the  curve  in  n  points.  Let  P  be  one  of  them.  If  now 
the  cylinder  be  turned,  and  if  at  the  same  time  the  tangent 
plane  be  moved  in  its  own  plane  in  a  direction  perpendicniar 
to  the  edge  of  contact,  the  point  P  will  trace  a  curve  on  it. 
This  plane  will  be  the  same  as  Clifford's  curve  in  case  the 
motion  of  the  tangent  plane  is  simply  harmonic,  completing 
one  period  for  each  rotation  of  the  cylinder.  The  curve  will 
be  completed  after  n  rotations  of  the  cylinder. 

The  same  curve  will  be  traced  if  the  original,  unstretched, 
curve  is  wrapped  (once)  round  the  cylinder,  whilst  the  tangent 
plane  completes  n  periods  of  its  simple  harmonic  motions  for 
one  revolution  of  the  cylinder. 

We  thus  get  in  a  fixed  plane  a  curve  w^hose  area  equals,  in 
some  unit,  the  coefficients  A„  or  B„,  and  this  area  can  be 
determined  by  an  ordinary  planimeter.  The  curve,  of  course, 
need  not  be  drawn  out,  as  long  as  the  tracer  of  the  plani- 
meter is  always  at  the  point  P  it  will  describe  the  curve. 

This  can  easily  be  realized.  A  flat  board,  wdiose  upper 
surface  forms  a  platform  on  which  the  planimeter  can  rest, 
is  placed  by  the  side  of  the  cylinder  so  that  its  upper  sur- 
face lies  in  the  tangent  plane.  A  straight-edge  is  fixed 
above  the  upper  edge  of  the  cylinder.  The  tracer  of  the 
planimeter  is  pressed  against  it  and  made  to  follow  the  point 
P  on  the  curve.     After  a  complete  revolution  of  the  cylinder, 

Phil.  Mag.  S.  5.  Yol.  38.  No.  230.  July  1894.  I 
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the  planimeter  w\\\  register  a  number  proportional  to  the 
coefficient  A„  or  B„. 

I  had  an  instrument  of  this  kind  made  earlj  in  1889,  but 
it  did  not  turn  out  quite  as  simple  as  its  theory.  It  gives,  of 
course,  only  one  coefficient  at  a  time,  though  it  would  not  be 
difficult  to  construct  it  to  give  more  terms  if  it  were  not  for 
the  mechanism  required  to  produce  the  simple  harmonic 
motion.  This  always  introduces  a  certain  amount  of  friction 
if  it  is  to  work  accurately.  I  therefore  tried  to  do  away  with 
this,  and  obtained  my  object  in  the  manner  now  to  be 
described. 

§  4.  If  the  definite  integrals  which  determine  the  coefficients 
A„  and  B„  be  integrated  by  parts,  we  get  for  the  former 

277         p27r 

mr  A„=  [?/  sin  nd]     —       sin  nO  dy, 

0      Jo 

the  limits  relating  to  6. 

If  the  original  curve  is  continuous,  the  integrated  part 
vanishes.  This  is  not  the  case  if  there  is  a  discontinuity,  at 
least  not  if  6  is  retained  as  the  independent  variable. 

To  prove  that  in  this  case  also  the  integrated  part  can  be 
neglected,  let  us  consider  the  curve  in  fig.  2.  Let  &  be  the 
value  of  6  for  which  the  discontinuity  C  C  occurs,  and  let 
yi  be  the  ordinate  of  C,  and  1/2'  that  of  C^ 

The  integral  with  regard  to  6  has  to  be  broken  up  into 
two,  the  first  going  from  0  to  6',  the  second  from  &  to  'lir. 
The  integrated  part,  therefore,  gives 

3//  sin  n6'  —  2/2  i^iii  "^'j 

and  this,  in  general,  does  not  vanish. 

The  remaining  integral  has  to  be  taken  for  the  two  parts 
of  the  curve  from  A'  to  C  and  from  ( )'  to  B',  if  the  curve  is 
not  made  continuous.  But  if  the  curve  is  made  continuous, 
we  have  also  to  take  the  integral  for  the  intervals  from  C  to  C, 
and  from  B'  to  B".  For  these  dd  vanishes,  but  not  dy.  This 
gives  in  addition  the  integrals 

—  I    sin  n 6  dy=—  sin  n& I    dy=—  sin  nd'  (y.J  —yi)  ; 

hence  just  the  terms  obtained  before  from  the  integrated 
part. 

The  second  integral  for  the  interval  B'  B"  vanishes  because 
it  is  multiplied  by  sin  2mr.  In  case  of  the  coefficient  B„  this 
is  not  the  case,  but  then  the  integrated  part  also  contains 
more  terms  which  equal  it.     Hence  : — 
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If  the  integration  is  performed  tcith  regard  to  y  we  get 

n  A „  =  —  I  sin  nd  di/,       nB„  =  -   I  cos  n6  dy, 

both  taken  over  the  ichole  continuous  curve  from  A'  to  B".  If 
the  integration  be  continued  from  B"  to  A'  on  the  lino  parallel 
to  the  axis  of  .r  nothing  is  added  to  the  integral,  because  here 
dij  vanishes. 

For  the  Analysers  now  to  be  described  this  extension  of 
the  integration  should  always  be  made  in  order  to  eliminate 
certain  errors  of  the  instrument. 

These  new  integrals  are  of  a  very  different  form  from  the 
old  ones,  and  require  accordingly  a  different  mechanism.  As 
the  tracer  of  the  instrument  follows  the  curve,  each  dy  has  to 
be  multii)lied  by  sin  n6  or  cos  nO.  In  other  words,  wo  have 
to  decompose  the  dij  for  each  element  of  the  curve  into  two 
components  at  right  angles  to  each  other,  of  which  the  one 
makes  an  angle  6  with  the  axis  of  x,  and  then  add  all  com- 
ponents of  each  kind  to  get  An  and  B„. 

Originally  I  did  this  by  aid  of  a  pair  of  registering-wheels 
such  as  are  used  in  Amsler's  well-known  planimeter,  the  axes 
of  the  two  being  at  right  angles.  If  such  a  wheel  moves 
along  a  straight  line  of  length  y>,  making  an  angle  nd  with  its 
own  axis,  it  will  register  not  p  but  p  cos  nd,  whilst  the  second 
wheel  at  right  angles  to  it  gives  p  sin  nd. 

A  model  of  this  instrument  was  made  in  1889. 

The  curve  is  wrapped  round  a  horizontal  cylinder.  Parallel 
to  this  a  carriage  runs  on  a  rail  carrying  the  tracer  which 
moves  along  the  upper  edge  of  the  cylinder.  It  also  carries 
a  vertical  spindle  which  has  the  two  registering-wheels  at- 
tached to  it.  These  roll  on  a  horizontal  platform.  If,  now, 
this  spindle  is  made  to  turn  through  an  angle  7i9  when  the 
cylinder  has  turned  through  an  angle  6,  and  if  the  tracer  is 
made  to  follow  the  curve,  then  the  two  registering-wheels 
will  give  the  coefficients  A^i  and  B„.  For  the  details  of  the 
construction  I  must  refer  to  Prof.  Dyck's  Catalogue,  p.  213. 

§  5.  The  next  improvement  is  due  to  Mr.  A.  Sharp,  of 
the  Teaching  Staff  in  the  Guilds'  Central  Technical  College. 
Having  used  my  model,  he  brought  me  a  design  in  which  the 
principles  explained  were  realized  in  a  different  manner. 
Among  the  alterations  introduced  one  struck  me  as  being  of 
importance.  It  consisted  in  an  inversion  of  the  motion,  the 
curve  being  drawn  on  the  drawing-board  and  the  instrument 
made  to  move  over  it  whilst  the  registering- wheels  rolled  on 
the  paper. 

It  seemed  to  me  that  we  had  now  all  the  elements  needed 
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for  a  really  good  instrument,  and  only  wanted  a  practised 
instrument-maker  to  realize  it.  I  therefore  called  in  1892 
on  Coradi  in  Zurich,  well  known  for  his  ])laninieters  and  inte- 
grators. He  set  to  work  at  once  and  sent  me  in  a  short  time 
a  drawing  of  his  construction,  and  it  is  due  to  his  skill  that 
the  instrument  has,  at  last,  reached  a  high  degree  of  perfec- 
tion. One  Analyser  has  been  made  for  the  Guilds'  Central 
Technical  College,  which  I  shall  describe.  But  I  must 
mention  at  once  that  Herr  Coradi  has  since  greatly  im- 
proved it,  so  much  so  that  it  is  now  one  of  the  most  perfect 
integrators  made. 

§  6.  Fig.  3  shows  an  instrument  of  Coradi''s  second  design. 
This  will  help  to  explain  the  first. 

There  is  first  of  all  a  solid  frame  whose  base  is  a  long 
rectangle.  It  rests  with  three  wheels  on  the  drawing-board. 
One  of  these,  D,  in  the  middle  of  the  front,  serves  merely  as 
a  support.  The  other  two,  E,  E,  are  fixed  to  the  ends  of  a 
long  axle  which  runs  along  the  back  of  the  frame.  This  may 
be  called  the  "  shaft."  It  is  placed  parallel  to  the  axis  of  .r. 
The  instrument  can,  therefore,  roll  over  the  paper  in  the 
direction  of  the  ordinates  y. 

If  thus  moved  through  a  distance  c///,  the  shaft  will  turn 
through  an  angle  proportional  to  dy.  The  shaft  carries  any 
required  number  of  short  "  cylinders.^'  In  the  figure  there 
is  one  marked  C  situated  in  the  middle  of  the  shaft. 

AboA'e  each  of  these  cylinders  is  a  vertical  "  spindle  "  S, 
whose  geometrical  axis  cuts  that  of  the  shaft.  In  the  new 
instrument  each  spindle  carries  one  or  two  disks,  II3,  II4,  in 
fig.  3  ;  but  in  the  old  construction  one  crown  wheel  with  its 
teeth  pointing  upwards,  by  aid  of  which  the  spindle  is  turned. 
At  the  lower  end  the  integrating  apparatus  proper  is 
attached,  which  is  quite  difi'erent  in  the  two  designs.  But 
before  explaining  this  let  me  describe  how  the  spindle  is 
turned. 

Along  the  front  of  the  frame  runs  a  carriage  W,  to  which 
the  tracer  F  is  fixed.  This  can  be  moved  through  a  distance 
equal  to  the  base  c  to  which  the  curve  is  drawn.  To  the 
carriage  a  silver  wire  is  also  attached,  which  in  the  new 
design  is  stretched  along  the  front  of  the  frame  and  then  by 
aid  of  guide-pulleys  /,  /  over  one  of  the  disks  H  on  top  of  the 
spindle  S  (see  fig.  3).  By  giving  the  disk  H  a  suitable 
diameter  the  spindle  can  be  made  to  turn  n  times  round, 
whilst  the  tracer  describes  the  whole  base.  In  the  old  instru- 
ment the  wire  only  drives  an  extra  spindle  in  the  middle  of 
the  frame,  which  by  aid  of  wheelwork  drives  all  the  working 
spindles.     If  the  tracer  on  following  the  curve  has  reached  a 
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point  P,  then  the  spindle  will  have  turned  through  an  angle 
nO,  where  0  corresponds  to  the  a;  of  P. 

If,  now,  the  spindle  had  at  its  lower  end  two  registering- 
wheels  at  right  angles  to  each  other  rolling  on  the  drawing- 
paper,  wo  should  have  in  princi})le  my  old  model  (§4)  with 
{Sharp's  inversion.  Instead  of  this  Coradi  gave  each  spindle  one 
registering-wheel  and  made  this  roll  on  the  cylinder  C.  This 
requires  for  each  registering-wheel  a  separate  spindle,  hence 
two  for  each  pair  of  coefficients  An  and  Bn-  It  substitutes, 
however,  the  rolling  on  a  smooth  surface  for  that  on  the  rough 
surface  of  the  paper.  The  instrument  made  according  to 
this  design  for  the  Guilds'  Central  Technical  College  has  five 
such  pairs,  so  that  on  going  once  over  the  curve  the  first  five 
pairs  A„  and  B„  are  obtained.  The  extra  spindle  which  is 
driven  by  the  silver  wire  contains,  however,  three  extra  disks, 
making  ibur  in  all.  If  the  wire  is  stretched  over  the  top  disk 
we  get,  as  stated,  the  coefficients  for  n=l,  2,  3,  4,  5.  The 
second  pulley  has  half  the  diameter,  iso  that  the  spindles  turn 
twice  as  fast  if  the  wire  is  stretched  round  it.  Thus  in  going 
over  the  curve  a  second  time  we  get  the  new^  coefficients  for 
n  =  6,  8,  10.  The  remaining  two  disks  give  similarly  the 
coefficients  for  n  =  7  and  9  respectively.  Hence  on  going 
four  times  over  the  curve  we  get  ten  pairs  of  coefficients,  in 
most  cases  the  five  pairs  obtained  at  once  will  be  amply 
sufficient. 

For  the  details  of  the  construction  I  must  again  refer  to 
Prof.  Dyck's  Catalogue  {Naclitrag,  p.  34)  and  only  mention 
a  few  points.  The  axis  of  a  registering-wheel  lies  in  the 
diameter  of  a  horizontal  ring  which  is  attached  to  the  lower 
end  of  the  spindle  by  aid  of  an  elastic  vertical  steel  plate. 
This  presses  the  wheel  against  the  cylinder,  securing  contact. 
On  testing  the  instrument  it  was  found  that  this  plate  was 
liable  to  slight  torsion  which  affected  the  readings.  It 
showed  a  number  of  other  drawbacks  of  more  or  less  im- 
portance. One  is  that  the  registering-wheel  not  only  rolls 
but  also  slips.  This  slipping  is  absent  in  the  Analyser  of 
Lord  Kelvin,  who  has  dwelt  strongly  on  the  importance  of 
avoiding  it. 

There  was  also  a  serious  difficulty  in  taking  the  readings. 
The  instrument  registers  up  to  20  centim.  If  the  zero-point 
has  passed  the  index  which  gives  the  reading,  20  centim. 
have  to  be  added  or  subtracted.  Every  one  who  has  used  a 
planimeter  is  accustomed  to  this,  and  knows  how  to  take 
account  of  it,  for  he  can  either  estimate  the  area  sufficiently 
to  see  which  correction  is  necessary,  or  he  can  go  rapidly 
over  the  curve  again,  watching  the  zero-point.  Neither 
method  is  possible  with   an  Analyser  which  gives  a  large 
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number  of  readings  at  once.     The  new  instrument  is  there- 
fore constructed  to  record  up  to  200  centim. 

§  7.  Last  summer  at  the  Munich  Exhibition  Herr  Coradi 
submitted  a  new  arrangement  to  me  to  obviate  some  of  the 
imperfections  of  the  instrument  described,  and  this  he  has 
since  carried  out  with  an  ingenuity  which  1  cannot  enough 
admire.  He  has  practically  got  rid  of  all  the  imperfections  of 
the  old  Analyser,  and  has  now  produced  an  instrument  which,  I 
fancy,  leaves  nothing  to  be  desired.  He  himself  says  it  is 
the  best  instrument  of  any  kind  he  has  yet  made.  The 
chief  alteration  is  this,  that  he  interposes  between  the  register- 
ing-wheel at  the  lower  end  of  the  spindle  and  the  cylinder  a 
perfectly  free  glass  sphere. 

Fisr.  4. 


The  "  spindle  "  has  now  firmly  attached  to  its  lower  end  a 
square  frame  K  L  M  N  (comp.  figs.  3  and  4)  by  aid  of  two 
solid  rods  K  and  M,  instead  of  carrying  the  ring  connected 
by  aid  of  an  elastic  spring.  This  frame  holds  two  registering- 
wheels  R^  and  1X\  whose  axes  K  L  and  L  M  are  at  right 
angles.  Between  these  lies  the  glass  sphere  Gr,  resting  with 
its  lowest  point  on  the  cylinder  belonging  to  the  spindle.  A 
third  wheel  r  at  N  is  by  aid  of  a  spring  pressed  against  the 
sphere  to  secure  contact  between  the  latter  and  the  registering- 
wheels.  If,  now,  the  tracer  follows  the  curve  this  frame  will 
turn  with  the  spindle,  the  three  wheels  will  carry  the  sphere 
with  it,  which  will  turn  pivot-like  on  its  lowest  point.  If,  as 
in  fig.  4,  the  plane  of  one  wheel  R^  makes  with  the  axis  of  x 
an  angle  nd,  and  if  in  this  ])Osition  the  tracer,  and  with  it  the 
whole  instrument,  is  moved  through  the  distance  dy,  the 
"  shaft "  will  turn  proportionally  to  dy.  This  will  set  the 
sphere  turning  about  its  horizontal  diameter  xx  parallel  to  the 


120  On  a  new  Harmonic  Analyser. 

shafi,  and  this  motion  will  be  communicated  to  each  of  the 
registerino-wheels.  It  will  be  seen  at  once,  if  q  denotes  the 
radius  of  th(;  sphere,  the  point  of  contact  of  the  sphere  and 
the  wheel  11^  is  at  a  distance  g  sin  nd  from  the  axis  of  the 
sphere,  that  therefore  the  turning  communicated  to  this  wheel 
will  be  proportional  to  </// sin  nO.  Similarly  the  other  wheel 
will  turn  proportionally  to  cJy  cos  7i6.  If  the  tracer  moves 
through  the  whole  curve^  these  two  wheels  will  therefore 
register  numbers  proportional  to  A„and  B„.  The  dimensions 
are  so  chosen  that  the  readings  give  nAn  and  n^n  in  centi- 
metres. 

It  will  be  seen  that  now  one  spindle  does  the  work  of  two 
in  the  old  instrument.  There  is,  further,  no  slipping  of  any 
kind  in  the  integrating  apparatus. 

Another  improvement  is  that  the  wheelwork  for  turning 
the  spindles  is  done  away  with.  Each  spindle  is  turned 
directly  by  the  silver  wire,  and  thus  any  slackness  in  the 
wheels  is  done  away  with. 

It  has  also  been  possible  to  introduce  an  arrangement  to 
set  all  spindles  to  zero  after  the  wire  has  been  tightened. 

Lastly,  the  readings  are  taken  with  much  greater  ease  as 
the  registering  apparatus  is  Avell  exposed  to  the  eye. 

In  order  that  the  instrument  may  work  accurately  it  is 
necessary  that  the  point  of  contact  of  the  sphere  with  its  cylinder 
should  lie  in  the  geometrical  axis  of  the  spindle.  But  it  is 
practically  impossible  to  secure  this.  This  point  will  there- 
fore describe  a  small  circle  on  the  cylinder  and  this  will  turn 
the  sphere  about  some  horizontal  diameter,  and  therefore  also 
the  registering-wheels.  It  is  of  importance  to  eliminate  the 
error  thus  introduced.  This  is  done  by  bringing  the  tracer 
back  to  the  starting-point  A  on  the  curve  by  moving  it  from 
B  to  A  (figs.  1,  2)  parallel  to  the  axis  of  ^.  The  sphere  will 
hereby  repeat  the  motion  which  produced  the  error,  but  in 
the  opposite  sense,  and  therefore  completely  cancel  it. 

§  8.  The  first  instrument  of  this  kind  has  been  made  for 
Prof.  Klein  at  Gottingen.  It  contains  one  spindle,  as  in 
fig.  3.  Going  once  over  the  curves  it  gives  therefore  one  pair 
of  coefficients.  To  get  more,  disks  of  different  diameter 
have  to  be  used  to  drive  the  spindle.  Of  these  six  are  pro- 
vided. Since  then  two  further  instruments  have  been  finished; 
one  with  five  spindles,  which  goes  to  Moscow,  the  other,  with 
three  spindles,  for  Prof,  Weber  in  Ziirich.  The  experience 
Gained  in  the  making  of  the  Gottinoen  instrument  has 
enabled  Coradi  to  introduce  a  number  of  small  improvements, 
with  the  result  that  the  carriage  runs  in  the  Moscow  instru- 
ment, where  it  has  to  drive  five  spindles,  as  easily  as  in  the 
one  for  Gottingen  with  onlj^  one  spindle. 
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He  lias  also  introduced  a  celluloid  ring  below  the  sphere, 
which  on  being  raised  presses  the  sphere  against  a  similar 
ring  above,  thus  preventing  any  damage  to  the  integrating 
apparatus  when  the  instrument  is  not  being  used. 

Note. — At  the  request  of  Herr  Coradi  I  add  the  statement 
that  the  idea  of  the  new  integrating  apparatus,  consisting  of  a 
sphere  with  two  recording-wheels  at  right  angles  to  each 
other,  is  not  his  own,  but  is  due  to  Herr  Max  Kuntzel,  of 
Charlottenhof,  near  Konigshlitte  in  Silesia.  Herr  Kuntzel 
invented  the  arrangement  for  an  instrument  designed  to 
determine  the  coordinates  of  the  vertices  of  a  polygon,  and 
submitted  his  desion  to  Herr  Coradi  for  the  construction  of 
such  an  instrument. 


IX.  Harmonic  Analyser,  giving  Direct  Readings  of  the  Am- 
plitude and  Epoch  of  the  various  constituent  Simple  Harmonic 
Terms.  By  Archibald  Sharp,  B.Sc,  Wh.Sc,  A.M.I.  C.E.* 

LET  the  curve  (fig.  1)  be  that  represented  by  the  equation 
y—f[x),  the   scale    of    abscissae    being  such  that    the 
period  is  -Iir.      Suppose   a  wheel   W  to  roll  on  the   paper 


'=-/G.  / 


(fig.  2),  and  to  be  connected  with  a  tracing-point  P  (fig,  1) 
in  such  a  manner  that  as  P  moves  uniformly  in  the  direction 

*  Communicated  by  the  Physical  Society :  read  April  13,  1894. 
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OX  the  axis  of  the  wheel  W  turns  uniformly  in  a  horizontal 
plane,  and  the  distance  rolled  through  by  the  wheel  during 
any  short  interval  is  equal  to  the  corresponding  displacement 
of  the  tracer  P  in  the  direction  OY.  If  the  axis  of  the  rolling 
wheel  W  makes  one  complete  turn  while  the  tracing- point  P 
moves  over  one  comj)lete  period  of  the  curve  (fig.  1),  the 
point  of  contact  of  the  rolling  wheel  will  describe  a  curve 
(V//II  (fig.  2). 

Let  OY'  (fig.  2)  be  the  initial  direction  of  the  plane  of  the 
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rolling  wheel,  i.  e.  corresponding  to  zero  abscissa  of  the  tracer 
(fig.  1).  Let  P  be  any  point  on  the  curve  fig.  l,p  the  cor- 
responding point  on  the  curve  fig.  2.  Let  P'  and  p  be  two 
corresponding  points  infinitely  close  to  P  and  j)  respectively. 
Li  fig.  1  draw  P'Pi  and  PPj  parallel  to  OY  and  OX  respec- 
tively, and  in  fig.  2  draw  p'q  and  pq  respectively  at  right 
angles  and  parallel  to  OY'. 
Then 

jyp'  =  V,V'  =  dy, 

P''J~PP'  ^^^^  A'=sin  ocdy, 
pq  =pp'  cos  .r  =  cos  xdy. 

Draw  RR'   perpendicular  to   OY'    (fig.    2),   R   being  the 
position  oip  corresponding  to  a;  =  2'7r.     Then 

UK  =  lp' (J  =y^  sin. i-di/, 

Jo 
0R'=  —  S^)(/=  —  I  cos  xdj/. 
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In  the  Fourier  expansion 

y  =/(.r)  =  A^  +  A,  sin  .r  +  Ao  sin  2.i-  +  . .  +  A,^  sin  nx  +    ")/,>. 
+  Bi  cos  X  +  B2  cos  2.r  +  . .  +  B^^  cos  h^  + . ,  J 

Ai=  -  1     V  sin  xdx=  -  Icos  xdi/= OK'  | 

Bi  =  —  1     V  cos  xclx=  -  Isin  xdij=-  —  -  R,R'  1 

Also/(j;)  may  be  expanded  in  the  form 

Ao+Cisin  (.f  — ai)  +  C2sin  {2x—a2)  +  .  .  C,^  sin  {nx  —  aj,     (3) 

A^,  B  ,  C„,  and  a^  being  connected  by  the  relations 

xi       n     •  (5       ....      (4a) 

—  B  =  (J  sm  a   J  '  ^     ^ 


n  n 

or 


,        b[ m 

From  (2)  and  (46)  it  is  evident  that  OR  (fig.  2)  is  equal  to 
ttO,,  and  the  angle  Y'OR  is  equal  to  a^. 

If  now  the  axis  of  the  rolling  wheel  W  makes  n  turns 
while  the  tracer  P  moves  over  one  complete  period  of  the 
curve  (fig.  1),  the  correspondmg  values  of  OR  and  the  angle 
Y'OR  will  be  wttC^  and  a,^  respectively. 

Various  arrangements  of  mechanism  are  suggested  for 
connecting  the  rolling  wheel  with  the  tracer  so  as  to  satisfy 
the  above  conditions  ;  the  following  seems  the  most  suitable, 
as  it  can  be  adapted  for  an  instrument  to  give  more  than  one 
simple  harmonic  constituent  term  for  one  tracing  of  the 
curve. 

The  motion  of  the  rolling  wheel  relative  to  the  paper  is 
compounded  of  two  simple  movements  : — (a)  a  pure  rolling, 
the  distance  rolled  being  equal  to  di/  the  element  described 
by  the  tracer  P;  {b)  a  motion  of  rotation,  the  point  of  contact 
of  the  wheel  with  the  paper  being  the  centre  of  rotation,  and 
the  angle  turned  through  from  the  initial  line  being  propor- 
tional to  X  the  abscissa  of  P.  The  relative  motion  will, 
therefore,  be  the  same  if  the  wheel  be  rolled  along  a  straight 
line  fixed  in  the  instrument,  while  the  paper  is  made  to  turn, 
the  centre  of  rotation  of  the  paper  being  the  point  of  contact 
of  the  wheel  with  it  which  is  continually  varying  in  position. 
Fig.  1  represents  diagrammatically  the  mechanism.    The  curve 
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to  be  analysed  is  drawn  on  a  flat  sheet  of  paper  and  placed 
on  a  drawing-board.  The  carriage  FF,  which  forms  the  base 
of  the  instrument,  is  supported  by  an  axle  with  two  equal 
wheels  lo^  and  a  third  wheel  w  which  roll  on  the  paper,  the 
direction  of  motion  of  the  carriage  being  OX.  A  disk  di 
mounted  on  a  vertical  spindle  is  driven  by  a  pair  of  bevel 
wheels  by  the  axle  to^  lOi.  A  long  key  on  the  upper  surface 
of  this  disk  fits  into  a  groove  on  the  under  surface  of  a  disk 
t?2,  which  is  thus  free  to  move  in  a  straight  line  relative  to 
disk  di.  A  groove  on  the  upper  surface  of  disk  ^/j  ^^  right 
angles  to  that  on  its  lower  surface  has  a  key  from  the  lower 
surface  of  disk  d^  resting  in  it.  Thus  the  disk  d^  always 
turns  with  disk  rfj,  although  any  point  on  disk  d^  may  be 
made  the  centre  of  rotation  ;  the  three  disks  being  kinema- 
tically  equivalent  to  Oldham's  coupling  for  the  transmission 
of  motion  between  two  parallel  shafts.  The  keys  and  grooves 
would  be  replaced,  in  an  actual  instrument,  by  wheels  and 
rails,  in  order  to  diminish  frictional  resistance. 

The  tracing-point  P  is  mounted  on  a  smaller  carriage  /, 
wdiich  is  free  to  rim  in  the  direction  OY  relative  to  the  main 
carriage  F.  This  smaller  carriage  carries  also  the  rolling 
wheel  W  which  rolls  on  the  disk  <^3.  The  rolling  wheel  W 
should  be  spherical  in  form,  and  of  as  small  diameter  as 
possible,  so  that  its  surface  of  contact  with  the  paper  on  disk 
f/3  approximates  to  a  point.  The  friction  between  wheel  W 
and  disk  d^  is  great  enough  to  prevent  any  relative  sliding. 
As  the  tracer  P  moves  over  the  curve  (fig.  1)  the  point  of 
the  wheel  W  will  describe  on  the  disk  d^  the  curve  Opp'R 
(fig.  2).  To  ensure  that,  as  the  tracer  P  is  moved  in  the 
direction  OY,  the  wheel  W  will  roll  on  the  disk  d^  the  same 
distance  and  not  displace  it  relative  to  disk  d^,  a  wheel  W  of 
the  same  diameter  as  W  is  mounted  on  the  same  spindle 
and  rolls  on  a  fixed  portion  of  the  carriage  FF.  If  W  be 
compelled  to  roll,  W  must  roll  on  the  disk  d^  an  equal 
amount. 

The  actual  shape  of  the  curve  O^y/R  (fig.  2)  is  of  no  im- 
portance, the  initial  and  final  points  being  all  that  are  required. 
A  needle  or  pencil  n  may  therefore  be  carried  at  any  con- 
venient part  of  the  carriage  /,  and  the  initial  and  final  posi- 
tions 0  and  R  marked  by  it.  The  direction  of  the  initial 
line  OR  will  be  recorded  on  the  disk  d^  by  making  two  marks 
with  the  needle  n  as  the   tracer  P  moves  along  the  line  OY 

(fig-  !)• 

The   gearing   must  be   such  that  the  disk   d^  turns  once 

while  the  tracer  P  describes  one  com[)lete  period  of  the  curve. 

If  now  pairs  of  equal   wheels  u'.2  ir<,,  w^  M'3, ...  of  diameters 
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■|,  i^,  . . .  of  u'l,  be  made  to  roll  on  flat  rails  lying  on  the  paper, 
the  values  of  Cj,  ag,  C3,  0:3, ..  .  are  obtained  in  succession,  one 
pair  of  coefficients  for  each  tracing  of  the  curve. 

This  instrument  has  the  advantage  over  any  Harmonic 
Analyser  previously  designed  that  it  gives  directly  the  quan- 
tities— amplitude  and  epoch — of  each  simple  harmonic  term 
which  are  required  ;  all  other  instruments,  as  far  as  I  am 
aware,  giving  the  coefficients  A^^  and  B^^,  from  which  C,^  and 
«„-are  calculated. 

It  is  remarkable  that  no  adjustments  have  to  be  made 
before  using  the  instrument,  the  initial  position  of  the  disk  d^ 
having  no  influence  on  the  curve  0/>p'R  described  on  it. 
There  is  no  part  of  the  instrument  which  demands  excessive 
accuracy  of  construction.  The  accuracy  and  delicacy  of  the 
instrument  depends  on  the  accuracy  with  which  the  line  OR 
and  angle  Y'OR  can  be  measured,  and  will  be  quite  as  great 
as  that  with  which  the  original  curve  fig.  1  is  drawn. 

In  some  cases  there  will  be  a  danger  that  the  disk  ^3  may 
not  be  large  enough  to  contain  the  complete  curve  Opp'R 
(fig.  2).  If  the  rolling  wheel  W  is  about  to  roll  off  the 
disk,  a  mark  should  be  made  with  the  needle  n,  and  keeping 
the  tracer  P  in  the  same  position,  the  disk  (^3  should  be  moved 
by  hand  into  any  other  convenient  position  relative  to  diskc/j, 
a  new  mark  made  with  the  needle,  and  the  movement  of  the 
tracer  P  may  then  be  proceeded  with.  The  final  line  OR 
can  then  be  easily  built  up  from  its  separate  parts. 

Since  writing  the  above  I  have  designed  an  inversion  of 
the  mechanism  described  above  giving  a  simple  compact 
instrument,  which  I  may  have  the  pleasure  of  describing 
later  on. 


X,  Remarks  on  Prof.  Henrici's  Paper  made  by  Prof. 
Perry,  F.R.S.,  in  ic/nch  he  describes  a  Simple  MacJiine 
which  may  be  used  to  develop  any  Arbitrary  Function  in 
Series  of  Functions  of  any  Normal  Forms  ^. 

I  CONGRATULATE  Prof.  Henrici,  first  upon  his  success 
in  these  Analysers,  with  which  I  shall  presently  form  a 
practical  acquaintance  when  the  latest  of  them  yet  constructed 
reaches  me  from  Zurich,  second  on  the  admirably  clear  way 
in  which  he  described  them  to  us. 

I  have  had  no  experience  with  the  hatchet,  that  simplest 
of  all  planimeters;  but  with  regard  to  the  Robertson-Hyne 

*  Commimicated  by  the  Physical  Society :  read  April  13,  1894. 
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instrument,  which  comes  to  us  from  America,  and  which  in  the 
size  here  exhibited  is  well  suited  to  Indicator-diagram  work, 
I  can  say  that  some  of  my  students  instituted  a  careful 
comparison  between  it  and  the  Amsler  which  they  use  for 
Indicator  diagrams,  and  they  found  that  the  average  error 
with  it  was  about  one  third  of  that  with  the  Amsler. 

We  know  that  in  mathematical  jdiysics  generally  the 
development  of  an  arbitrary  function  in  a  Fourier's  Series  is 
often  of  great  importance  ;  but  I  wish  to  say  that  this  subject 
is  becoming  of  greater  and  greater  importance  to  the  practical 
man — the  engineer. 

Thus  in  alternating-electric-current  work,  all  the  disturbing, 
distracting,  dangerous  troubles  are  considerably  increased  when 
the  currents  are  not  simple  harmonic  functions  of  the  time. 
With  two-phase  or  three-phase  currents,  if  the  amplitudes  are 
not  equal,  the  rotating  magnetic  field  neither  remains  of 
constant  strength  nor  has  it  constant  angular  velocity ;  and  if 
there  are  overtones  we  have  extra  fields  of  changing 
magnitude,  which  rotate  irregularly  at  two  or  more  times 
the  speed  of  the  fundamental. 

I  have  lung  thought  that  mechanical  engineers  need  such 
instruments  as  Prof.  Henrici  has  designed,  if  only  to 
familiarize  them  with  the  ideas  of  Fourier.  It  has  for  some 
time  been  my  habit,  when  studying  with  students  any  kind  of 
reciprocating  motion  of  a  piece  of  machinery,  to  resolve  the 
motion  into  its  fundamental  harmonic  motion  and  overtones. 
For  example,  if  one  is  studying  the  forces  causing  the  motion, 
one  ought  to  keep  in  mind  that  the  reciprocating  motion 
which  (speaking  rather  vaguely)  requires  the  smallest  forces 
or  moments  of  forces  to  produce  it,  is  the  simple  harmonic 
motion.  The  accelerating  forces  due  to  an  octave  are  four 
times  as  great  as  for  a  fundamental  of  the  same  amplitude. 
The  motion  of  the  piston  of  a  steam-engine  is,  with  sufficient 
exactness  for  practical  calculations,  a  fundamental  of  amplitude 

r  and  an  octave  of  amplitude  j^,  where  r  is  the  length  of  the 

crank  and  I  the  length  of  connecting-rod. 

A  special  graphical  method  of  study  may  be  discovered  and 
employed  for  any  special  motion  ;  but  for  applicability  to 
reciprocating  motions  in  general  I  know  of  nothing  to 
compare  with  the  method  of  study  which  is  based  on  finding 
the  fundamental  motion  and  one  or  more  overtones. 

Again,  the  difference  between  one  kind  of  slide-valve 
motion  and  another  may  be  exceedingly  great,  practically, 
and  yet  the  theories  found  in  books  show  no  diff"erence  at  all. 
Indeed,  the  complete  mathematical  methods  of  study  are  too 
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troublesonio,  but  the  matlieniatics  of  link  motions  and  radial 
valve-gears  become  very  simple  when  we  consider,  not  merely 
the  fundamental  simple  harmonic  motion,  which  is  all  that  is 
usually  stutlied,  but  the  octave,  which  is  found  to  help  or  hurt 
in  the  various  forms. 

I  was  first  attracted  to  this  subject  when  studying  the 
beautiful  but  little-known  valve-motion  invented  long  ago  by 
Sir  F.  Bramwell,  in  which  the  only  overtone  is  three  times 
the  fundamental. 

Given  any  function  completely,  we  can  by  a  numerical 
method,  and  with  as  much  accuracy  as  we  please,  develop  it 
in  Fourier's  Series.  In  the  '  Electrician  '  of  Feb.  5th,  18J>2,  I 
published  the  numerical  work  of  one  example  calculating  from 
23  ordinates.  In  the  sheet  which  I  here  exhibit  one  of  my 
students,  Mr.  Fox,  has  done  the  same  work  by  a  graphical 
method.  Probably  he  is  the  very  first  to  carry  out  the  idea 
of  the  late  Prof.  Clifford  by  descriptive  geometry*.  That  is, 
we  have  imagined  the  curve  to  be  wrapped  round  the  cylinder, 
and  it  was  surprising  to  find  how  rapidly  its  projections  could  be 
drawn  upon  the  two  planes  and  their  areas  obtained  by  the 
planimcter.  We  then  imagined  the  curve  to  be  wrapped 
twice  round  and  the  projections  drawn  and  their  areas  taken. 
I  wish  I  had  time  to  dwell  upon  the  interesting  problems  that 
arose  during  the  work,  for  example  as  to  whether  the  area  was 
to  be  taken  as  positive  or  negative.  However  manv  loops 
such  a  figure  may  possess,  the  well-known  rule  for  autotomic 
plane  circuits  (Thomson  andTait's  '  Elements,'  §445)  is  really 
attended  to  by  the  pianimeter.      The  direction  of  motion  of 

*  Note  added  May  2i)th. — The  descriptive  geometry  method  is  fairly 
quick,  and  may  be  made  as  accurate  as  one  pleases,  but  of  course  it 
cannot  compare  in  quickness  with  the  Ilenrici  Analyser. 

It  is  obvious  that  by  properly  shaping  one's  cylinder,  wrapping  the 
curve  round  it,  and  then  tinding  the  area  of  it,  projected  on  a  plane 
parallel  to  the  axis,  one  may  develop  an  arbitrary  function  in  a  series  of 
any  normal  forms.     Thus  if  Q(.r)  is  any  tabulated  function  of  r,  and  i/  is 

the  arbitrary  function  of  .r,  and  we  wish  to  find  the  integral  y  t/  .  Q,(x)  .  d.v, 

the  shape  of  the  curve  which  must  be  used  instead  of  a  circle  in  the 
Clifford  construction  is  easy  to  find.  It  must  be  such  that  the  cosine  of 
the  angle  which  the  short  length  d.v  of  the  curve  makes  Avith  the  trace  of 
the  plane  on  which  the  projection  is  to  take  place  shall  be  proportional 
to  Q,(.r),  and  several  easy  methods  of  drawing  the  curve  or  a  series  of 
such  curves  may  be  found.  Once  found,  there  is  no  more  difficultv  in 
developing  any  new  arbitrary  function  in  any  series  of  normal  forms 
than  Mr.  Fox  found  with  his  Fourier  Series.  A  series  of  curves  will  be 
needed  for  a  development  in  Zonal  Harmonics,  but  only  one  curve  will 
be  needed  for  the  Zeroth  Bessels.  These  curves,  or  shapes  of  sections  of 
cylinders,  I  am  now  proceeding  to  draw  on  a  sufficiently  large  scale  for 
exact  work. 
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the  tracer  must  be  that  in  which  .^■  increases  on  the  real  curve. 
1  here  give  the  results  : — 

The  values  of  the  arbitrary  function  to  be  analysed  were 
really  calculated  from 

?/  =  10  +  5  sin  (^.f  +  30°Vsin  {^^v-GO°\ 

The  result  obtained  numerically  and  published  in  the 
*  Electrician/  using  23  ordinates,  was 

7/  =  9-966  + 5-039  sin  (^.r  +  29°-9V  1-053  sin  r^^-55°-3Y 

The  result  now  obtained  graphically  is 

3/ =  10-01 +  5-0096  sin  ('^.t-  + 30^-38  V 1-0099  sin  ("— a7-59°-22\ 

It  is  curious  that  Prof.  Henrici  should  have  based  the 
construction  of  his  first  or  1889  instrument  on  the  beautiful 
idea  of  the  late  Prof.  Clifford,  and  not  on  what  I  call  the 
Henrici  principle.  He  gives  the  Henrici  principle  to  explain 
the  later  instruments,  and  does  not  seem  to  see  that  his  first 
instrument  is  the  most  beautiful  example  of  its  application. 
I  take  the  Henrici  principle  to  be  that  \t/  .  sin  0.  d6=\cos  6 .dy^ 
the  integrations  being  for  a  whole  period.  Well,  in  his  first 
instrument,  whilst  its  tracer  moves  through  the  distance  dy^ 
the  ordinarily  fixed  part  of  the  planimeter  now  has  a  dis- 
placement cos  6,  and, this  is  the  same  as  if  in  the  ordinary  use 
of  the  instrument  a  curve  is  being  traced  whose  ordinate 
is  cos  6. 

It  is  only  on  the  assumption  that  the  Henrici  principle 
applies  to  his  first  instrument,  that  1  venture  to  say  that  the 
following  analyser  is  on  the  Henrici  principle.  We  have  at 
present  to  develop  functions  in  sines  and  cosines,  spherical 
harmonics  and  Bessel  functions,  because  we  know  that  when 
we  have  effected  such  developments  we  can  convert  them  at 
once  into  the  solutions  of  certain  physical  problems.  As 
time  goes  on  we  shall  require  developments  in  many  other 
normal  forms.  I  propose  to  describe  a  machine  which  will 
effect  any  such  development.     I  mean,  that  my  machine  will 

evaluate  the  integral  I  f{x)  .Q{x)  .dx,   where   y=f{x)  is  an 

arbitrary  function  of  x  and   Q(^)  is  any  tabulated  function. 
Following    Henrici,   we   convert  the   required  integral   into 


[7(^).H(.r:)]-jH(^)../^, 
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wlicre  H(.v)  is  the  integral  of  Q[x)  and  may  bo  tabulated  as 
Q(.r)  is  tabulated.  Now  in  many  cases  tbe  part  between  the 
square  brackets  is  zero,  but  this  is  of  little  consequence  in 
comjxirison  with  the  fact  that  the  part  JH(.z')  .  (/_y  may  be 
evaluated  by  a  machine  somewhat  like  Prof.  Henrici's  first 
or  1889  instrument.  I  have  worked  with  this  1880  instru- 
ment, and  I  am  not  disposed  to  think  it  so  inaccurate  as 
its  inventor  thinks  it.  Its  defects  are  really  defects  of 
mechanical  construction  ;  for  example,  the  amplitude  of  the 
simple  harmonic  motion  of  its  table  is  very  much  too  small. 

I  have  already  })ut  my  machine  in  hand  and  hoped  to 
exhibit  it  here  to-day  in  working  order,  but  unfortunately  the 
Easter  holidays  have  prevented  it  being  finished  in  time.  It 
is  arranged  to  develop  an  arbitrary  function  in  Bessels  of 
the  zeroth  order,  or  rather  Fourier  cylindric  functions. 
Thus  it  is  required  to  determine  the  constants  A^,  A2,  &c.,  in 

where  jXi,  fio,  &c.  are  the  successive  roots  of  some  such  equation 

as  Jo(yu,a)=0, (2) 

or  /i,aJx(yu,a)  —  \Jo(//.a)  =0, (8) 

where  \  has  a  given  value. 
It  is  well  known  that 

where  ^l=2/a^  [Ji(a*«^)]*j  if  A*i5  /^2j  ^c-  are  the  roots  of  (2), 
and 

'M  =  2fMy(\^  +  fj,\a'')[Jo(fi,a)y\  if  fM„  /x,,  &c.   are  the 
roots  of  (3). 

In  every  case  the  practical  difl!iculty  consists  in  finding  the 
integral.  I  exhibit  to  the  Society  an  easy  example  of  such 
an  analysis  worked  out  numerically  (I  suppose  that  such  a 
thing  has  never  been  done  before)  by  two  of  mv  students, 
Mr.  H.  F.  Hunt  and  Mr.  W.  Fennell. 

It  will  be  seen  that  the  work  is  rather  tedious.  It  was 
made  more  tedious  by  their  having  found  it  necessary  to 
calculate  numbers  and  tabulate  them  in  "a  handy  form, 
interpolating  between  the  numbers  given  in  Lommel  by 
the  use  of  his  formula.  Before  this  work  was  finished  we 
discovered  Dr.  MeissePs  elaborate  tables,  from  which  the 
remainder  of  our  handy  four-figure  tables  is  merely  copied. 
These  handy  tables  of  Jo(>?;)  and  Ji(<r)  are  at  the  service  of 
the    Society;    they  would    occupy  just   four    pages    of   the 

Fhil.  Mag.  S.  5.  Vol.  38.  No.  230.  July  1894.  K 
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Journal.  We  have  found  them  of  practical  value,  but  I  do 
not  know  whether  they  are  of  such  general  value  that  they 
ought  to  be  j)riuted. 

It  is  well  known  that  I    .rJo(.t')  .  dx  =  xS]{x),  and  hence  if 
Jo 

we  write  ^(r)  for  fi7'Ji{fxr),  and  y  for  our  arbitrary  function 
/(r),  the  required  integral  i    rf{r)  .  Ju(^r)  .dr  is 

The  part  between  the  square  brackets  is  usually  0,  but 
however  that  may  be,  we  see  that  we  can  evaluate  the 
integral  by  the  machine.  A  curve  is  drawn  representing 
f{r)  from  7'  =  0  to  r=a  on  a  sheet  of  paper  which  is  wrapped 
round  a  roller,  a  need  not  be  equal  to  the  whole  circum- 
ference of  the  roller  and  the  scale  of  ?'  is  unimportant.  Of 
course  the  ordinate  ?/  or/(r)  lies  parallel  to  the  axis  of  the 
roller.  It  is  the  measurement  of  y  in  inches  which  my 
instrument  analysss,  as  my  planimeter  is  graduated  in  square 
inches.  A  table  whose  u])per  surface  is  in  a  ])lane  tangential 
to  the  roller  carries  the  usually  fixed  part  and  rolling  v.'heel 
of  an  Amsler  planimeter.  On  turning  through  an  angle  6  a 
handle  which  drives  a  shaft  on  which  a  properly  shaped  cam 
is  keyed,  the  table  is  displaced  in  its  own  plane  towards  the 
roller,  through  the  distance  .r  Ji(^),  &  being  proportional  to 
w,  and  at  the  same  time  the  roller  is  driven  so  that  the  paper 
moves  circumferentially  through  a  distance  proportional  to  x. 
For  this  particular  kind  of  problem  a  few  different  but 
definite  trains  of  gearing  might  be  used  to  connect  the 
handle  and  the  roller,  but  for  general  purposes  I  would 
prefer  variable  friction  gearing  to  give  any  relative  speeds 
that  may  be  necessary.  In  my  model  now  being  constructed 
I  am  using  two  disks,  one  of  which  rests  on  the  other  at  a 
point  which  may  be  altered,  radially.  As  in  Prof.  Henrici's 
instrument,  the  tracing-point  of  the  planimeter  is  held  against 
a  straight  edge,  so  that  it  can  only  move  along  the  tangent- 
line  of  roller  and  table  whilst  following  the  curve  on  the 
roller. 

If  /Lt  is  a  root  of  Jo(//.a)=0  as  in  the  well-known  drum- 
head problem,  a  being  the  radius  of  the  drum-head, — -in  the 
first  operation  to  find  A^,  the  gearing  must  be  adjusted  so 
that  when  the  whole  curve  on  the  roller  passes  under  the 
tracing-point  of  the  planimeter,  a  graduated  circle  on  the 
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shaft  turned  by  tlie  handle  indicates  that  it  has  turncMl 
through  an  angh  proi)ortional  to  2*405,  which  is  the  tirst 
vahie  of  .?•  wliich  satisfies  Jy(.i-)=0. 

It  is  advisable  to  have  a  pointer  and  a  scale  to  indicate 
exactly  the  dis})lacement  of  the  table,  so  as  to  test  the 
accuracy  with  which  the  cam  performs  its  duties.  Of  course, 
when  the  gradnated-circle  indication  is  2"-105,  the  displace- 
ment of  the  table  is  to  be  2--J05  Ji(2-405)  or  —1*249  inches. 
The  area  recorded  on  the  planimeter  in  square  inches 
juust  now  be  multiplied  by  2(2-405)7a*[Ji(2-405)]2,  and  the 
answer  is  Ai. 

To  find  Ao :  change  the  gearing  so  that  when  the  whole 
roller-curve  passes  under  the  tracing-point  of  the  planimeter, 
the  graduated  circle  indicates  5*5201,  and  check  the  error  of 
the  cam  by  noting  that  the  displacement  indication  ought 
now  to  be  5"5201  Jj (5*5201)  or  1*878  inches.  The  area 
recorded  by  the  planimeter  in  square  inches  must  now 
be  multiplied  by  2(5*5201) V[Ji(3"5201)]^  If  variable 
frictional  gearing  is  used,  it  is  important  that  the  roller 
should  be  placed  on  roller  bearings  of  small  resistance. 

To  develop  an  arbitrary  function  in  Bessels  of  any  other 
order,  or  in  Fourier's  ISeries,  or  in  zonal  harmonics,  or  in 
series  of  functions  of  any  other  normal  forms,  we  have  only 
to  re|)lace  the  cam  by  one  of  another  shape;  so  that  this  one 
simple  machine  is  suited  to  quite  general  analytical  use. 


XI.  On  the  Effect  of  Sphericity  in  Calculating  the  Position 
of  a  Level  of  no  Straiti  tcithin  a  Solid  Earth,  and  on  the 
Contraction  Theory  of  Mountains.  By  Rev.  0.  FiSHER, 
M.A.,  F.G.S."^ 

I  HAVE  been  permitted  to  reply  to  Professor  Blake's 
criticism  u])on  my  investigations  concerning  the  relative 
structure  of  the  continental  and  suboceanic  crust f,  and  I  now 
hope  to  do  the  same  to  his  objections  to  the  calculation  of 
the  depth  of  the  "  level  of  no  strain  '^  % — ^  subject  which  he 
admits  to  be  important. 

Mr.  Blake  says  that  he  is  surprised  that  the  superficial 
position  of  the  level  of  no  strain  at  no  more  than  four  miles 
from  the  surface  "  should  not  be  regarded  as  a  reductio  ad 
ahsurdum  that  the  method  or  premisses  which  lead  to  it  must 
be  wrong,  both  a  priori,  that  any  critical  change  in  condition 

*  Communicated  bv  the  Author. 

t  Phil.  Mag.  vol.  xxxvii.  p.  375,  April  1894. 

J  *  Annals  of  Biitiah  Geology,'  1892,  p.  iv. 
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could  bo  (loiiionstral)le  at  so  insifrnificant  a  depth,  and  a  poste- 
riori, considering  ihc,  magnitude  of  the  actually  observed 
features  of  the  earth^s  surface/' 

As  regai-ds  the  a  priori  objection,  that  it  is  improbable  that 
any  critical  change  in  condition  should  be  demonstrable  at 
the  small  depth  of  from  two  to  four  miles,  it  may  be  replied 
that  no  claim  is  made  that  such  a  change  in  condition  exists 
at  that  depth  in  the  actual  earth.  But  what  has  been  demon- 
strated is,  that,  if  the  earth  had  cooled  as  a  solid  globe,  a  level 
of  no  strain  would  be  found  in  that  position.  In  that  case, 
however,  the  surface-features  would  not  have  resembled  in 
size  and  arrangement  those  which  we  see.  ( Consequently  we 
do  regard  the  improbability  of  a  critical  change  at  so  small  a 
depth  to  be  a  rednctio  ad  ahsurdum,  and  conclude  that  one 
of  the  premisses,  viz.  that  of  solidity,  is  wrong.  The  a  poste- 
riori objection  involves  a  petitio  principii ;  for  it  assumes  that 
the  observed  features  are  due  to  contraction  through  cooling, 
which  is  the  very  question  that  is  being  brought  to  the 
proof. 

But  it  is  in  the  method  of  investigation  rather  than  in  the 
premisses  that  Mr.  Blake  appears  to  think  a  mistake  has  been 
made;  for  he  contends  that  the  use  of  the  '^linear'"*  equa- 
tions for  the  conduction  of  heat  in  the  calculation  of  the 
position  of  the  level  of  no  strain,  as  was  done  by  Mr.  Davison 
and  Professor  Darwin  f,  and  also  by  me,  is  inconsistent  with 
the  introduction  of  the  radius  of  the  earth  already  assumed 
infinite.  The  objection  is  p>rimd  facie  plausible,  and  it  had 
occurred  to  me  ;  but  seeing  that  the  changes  of  temperature 
involved  occurred  only  near  the  surface,  1  did  not  think  it 
necessary  to  take  sphericity  into  account  as  regarded  the 
temperature  gradient ;  and  what  follows  will  show  that  I  was 
justified.  Using  for  convenience  of  reference  the  same 
symbols  as  in  my  book  | : — 

r  =  the  radius  of  the  earth  considered  spherical,  20,902,404 
feet,  3958" 78  miles  ; 

t  =  the  time  since  the  globe  solidified  ; 

V=  the  temperature  of  solidification  ; 

.r  =  the  distance  of  a  spherical  shell  from  the  surface  ; 

z  =  distance  of  the  same  from  the  centre  ; 

V  =  the  temperature  of  that  shell  when  sphericity  is 
neglected — as  was  done  in  the  work  referred  to  ; 

*  Mr.  Bl.ake  thus  refers  to  the  equation  for  the  couductiou  of  heat  in 
one  diuieusion. 

t  Phil.  Trans.  Roy.  See.  vol.  clxxviii.,  1887. 

i  '  Phy.sics  of  the  Earth's  Crust,'  chap,  viii.,  "  On  the  Cooling  of  a  Solid 
Earth,"  2ud  ed.,  1880,  p.  04. 
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ti  =  the  like  when  sphericity  is  taken  account  of ; 

€  =  the  coefficient  of  linear  contraction  of  those  portions  of 

the  ^lobe  which  have  sensiblj-  cooled  ; 
K  ^  the  conductivity  measured  in  terms  of  the  capacity  of 
rock  for  heat  ; 
then  the  differential  equation  for  the  diffusion  of    heat  in 
the  sphere  will  be 

d{zu)  ^  J^{.u) 


dt  dz'    ' 

Professor  R.  S.  Woodward,  U.S.A.,  gives  the  solution  of 
this,  which  is  suitable  to  the  case  of  a  sphere  initially  at  a 
uniform  temperature  throughout,  and  cooling  into  a  medium 
such  that  its  surface  is  maintained  at  a  constant  temperature 
considered  to  be  zero.     The  solution  is  ^ 

zu=: Z e  smmr-, 

TT      n=i      n  r 

This  solution  meets  the  objections  raised  by  Professor  Blake 
to  Lord  Kelvin's  solution,  in  which  the  radius  was  assumed 
infinite. 

Prof.  Woodward,  with  great  ingenuity,  transforms  the  above 
expression  into  one  or  other  of  two  rapidly  converging  series, 
in  either  of  which  he  says  the  first  term  is  sufficient  in  the 
case  of  the  earth,  if  the  time  since  the  commencement  of  the 
cooling  is  less  than  100,000,000,000  years.  The  second  of 
these  series  (no.  20)  written  in  our  symbols  is 

^j  rY       (  ^  2         f   V'4«<       -a^j  2         r  V4Ki  2  7  0        ")    J. 

M  =  V 4  1 ^  e    '^  dfj, ;=  e-i^Mii  —  SLC.  [  t 

v'4k< 

_  The  first  term  of  this  series  being  sufficient,  if  wo  differen- 
tiate it  with  respect  to  t  we  get 

du  y       r         a;  ' 


^     4k< 


dt  x^Trr  —  x  t^4,Kt 

*  *  Annals  of  Mathematics,'  vol.  iii.  June  1887. 

t  The  convergency  of  this  series  is  evidently  due  to  the  rapidity  with 

which  the  definite  integral    I    t-f^"  dfi  approximates  to  the  limiting  value 

_  ^0 

i  Vtt  as  the  upper  limit  increases.  When  that  is  no  greater  than  2-17, 
the  first  SIX  places  of  decimals  are  the  same  as  for  the  limit,  and  when 
it  is  4  the  first  ten. 
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This  differs  from  the  expression  for  the  corresponding  time 
nite  {dridt)  in  the  case  when  sphericity  is  neglected  by  being 
miikiplied  by  the  factor  r/(> — x).  Hence  tlie  fall  of  tem- 
perature at  a  given  depth  goes  on  slightly  more  rapidly  in 
the  case  of  the  sphen^,  as  might  be  expected. 

Again,  differentiating  with  respect  to  x,  we  have 

X- 

clu  _     r     y  _2_       1      ^~i7< 
da:      r  —  x      /s/tt  v^-l/cf 


r,  V    (    1 -^  -—    I  €      ii^tdx     ). 

^'  —  X)       \  sjir  V'l«Uo  / 


Putting  x  =  Q,  wo  get  for  the  temperature  gradient  at  the 
surface 


whence 


J 


/ —        2         1 

^^'^^  =77^  |~T 

N^  r 


When    sphericity   is   neglected,   or   r   infinite,   we    have 

2    V 

k/AkI  —  —7=-  ~5  ?  =  ^  of  Lord  Kelvin's  problem   of  secular 

cooling,  and  as  in  my  '  Physics  &c.'  Hence  the  time  which 
elapses  before  a  given  surface-temperature  gradient  is  ac- 
quired is  somewhat  shorter  when  sphericity  is  taken  account 
of,  as  might  also  have  been  expected. 

Lord  Kelvin  assumed  the  high  value  of  7000°  F.  for  V, 
the  tem})erature  of  sohdifi cation,  probably  to  allow  for  its 
possible  increment  in  the  lower  shells  owing  to  the  pressure. 
With  this  value  a  =  402,832  feet.  But,  when  sphericity  is 
taken  account  of,  \jAKt  becomes  396,073  feet,  which  makes 
it  1  mile  and  1497  feet  less. 

The  equation  which  gives  x,  the  depth  of  the  level  of  no 
strain,  is  * — 


3^       f*"/         ^^du   J         , 
-. r-„  I   (7'  —  x)~r-  dx-=e[r—x 


,  du 
^~dt' 


If  we  substitute   the   value  just  found  for  dnjdt,  and  take 
s/ AkI  for  the  unit  of  length,  this  may  be  reduced  to  the 

*  '  Physics,  &c.,'  p.  95. 
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followinfT  equation  : — 

( /•  -  x)  {'2{r-  .v)x  -  3)  +  3e^'  T  e~'"dx  =  0. 

If  we  make  x  zero,  the  first  side  of  this  becomes  negative. 

If  we  give  x  such  a  vahie  as  will  make  the  first  term 
vanish,  it  becomes  positive.  This  value  is  ^{r—  v^r"^  — 6),  or 
to  our  present  unit  is  0'028.  Hence  the  value  of  x  which 
gives  the  level  of  no  strain  lies  between  0  and  0*028,  so  that 
x^  is  small,  and  x^  and  higher  powers  may  be  neglected. 
We  may  therefore  put 

\    €      dx=  I    e      dx—  I    e     dx^ 

The  equation  then  becomes 

{r-x)[2{r-x)x-^)  +  Z{l+x'){^^-x)  =  0\ 
whence,  neglecting  a-^//-^. 

Or,  restoring  the  unit  ^/4:Kt, 

_?,  (VAJa  _s/^  {\Ktf     ^(Mtf\ 
'^~2\       r  2         7-2     "^4      1^    )' 

This  differs  from  the  expression  when  sphericity  is  not 
considered,  in  the  small  terms.  With  the  values  1/51°  F.  per 
foot  for  the  gradient  at  the  surface,  and  7000°  F.  for  the 
temperature  of  solidification,  the  depth  of  the  level  of  no 
strain  was  found  to  be  11,252  feet"^.  But  the  depth  when 
sphericity  is  tfiken  account  of  in  the  cooling  will  be  11,071 
feet  ;  so  that  the  level  of  no  strain  is  brought  nearer  to  the 
surface  by  181  feet  by  this  consideration.  The  resulting 
difference,  however,  comes  out  so  small  as  amply  to  justify 
sphericity  being  neglected,  as  was  done  by  Professor  Darwin 
and  myself. 

It  is  obvious  that  the  corrugations  formed  by  compression 

*  '  rhysics  &c.,'  2nd  edit.  p.  98. 
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will  consequently  be  sliglatly  diminished  instead  of  being 
increased  by  the  more  accurate  hypothesis  of  sphericity. 

The  present  investioation  is  a  sufficient  reply  to  Professor 
Blake's  objection  that  "  English  writers  have  hitherto  adopted 
Lord  Kelvin's  assuni])tion  that  the  earth  may  bo  regarded  as 
of  infinite  radius,  and  have  thus  followed  him  in  using  linear 
equations  for  the  conduction  of  heat.  But  when  later  writers 
go  further,  and  at  the  same  time  introduce  the  radius  of  the 
earth,  already  assumed  infinite,  into  the  calculation,  they  are 
obviously  inconsistent,  and  it  may  well  be  that  the  w-hole 
of  the  results  are  derived  from  this  inconsistency  itself." 
Plausible  as  this  criticism  at  first  sight  appears,  I  have  now 
shown  that  it  is  altogether  unimportant,  seeing  that  the 
position  of  the  level  of  no  strain  is  not  ap})reciably  altered 
when  the  inconsistency  complained  of  is  avoided.  At  the 
same  time,  such  alteration  as  its  removal  introduces  tends 
in  the  opposite  direction  to  that  which  Mr.  Blake  appears  to 
expect,  bringing,  as  it  does,  the  level  of  no  strain  nearer  to 
the  surface,  and  therefore  making  the  resulting  elevatory 
corrugations  smaller  than  before.  It  may  be  as  well  to 
remind  the  reader  that  the  depth  of  the  level  of  no  strain 
in  a  solid  globe  does  not  follow  the  same  law  as  the  radial 
contraction.  The  former  varies  as  the  time,  and  therefore 
the  rate  at  which  it  descends  is  constant.  The  latter  varies 
as  the  square  root  of  the  time,  so  that  the  rate  at  which  the 
surface  sinks  diminishes  as  the  time  increases. 

Professor  Blake  concludes  his  critique  with  a  formidable 
list  of  difficulties  to  be  overcome  before  "  we  can  really  face 
the  problem  of  a  level  of  no  strain.''  If  it  is  required  to 
find  what  its  situation  would  be  with  accuracy,  even  within  a 
mile  or  so,  no  doubt  we  are  not,  and  probably  even  our 
remote  descendants  will  never  be,  in  a  position  to  do  so. 
But  this  is  obscuring  the  real  issue.  The  reference  to  "  the 
positive  teachings  of  geological  facts ''  is  beside  the  question. 
In  this  connexion  these  merely  tell  us  that  the  superficial 
strata  have  again  and  again  been  ridged  up  by  lateral  pressure. 
But  some  minds  will  not  rest  satisfied  with  this  "  positive 
teaching"  without  seeking  the  cause  of  this  phenomenon. 
That  it  is  due  to  the  contraction  of  the  globe  through  cooling 
is  an  hypothesis  seemingly  sim])le  and  by  prescriptive  right 
orthodox,  but  not  necessarily  true  ;  while  the  arrangement 
of  the  axes  of  elevation  in  lines  followdng  undeviating  direc- 
tions for  immense  distances,  instead  of  forming  a  network  of 
polygons,  by  no  means  favours  it.  But  the  discovery  of  a  level 
of  no  strain  afibrds  perha[)S  the  strongest  argument  against  this 
theory,  more  especially  if  the  earth  is  assumed  to  be  solid,  as 
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in  the  precodinij;  calculations.  And  it  does  not  seem  probable 
that  a  bettor  knowledire  of  the  varyin^j;  conductivity  of  rocks, 
or  of  their  contractihility  on  cooling,  would  give  such  altered 
values  to  the  constants  of  the  problem  as  to  bring  up  the 
calculated  amount  of  elevations  so  as  to  approach  the  actual. 
Dr.  Murray  estimates  the  mean  elevation  of  the  land  of  the 
globe  at  1947  feet  above  the  sea,  and  the  mean  depth  of  the 
ocean  at  12,450  feet*,  whereas,  according  to  my  estimate, 
the  mean  height  of  the  elevations  which  would  be  caused  by 
the  compression  of  a  solid  earth,  initially  supposed  at  7000°  F., 
would  be  only  G^  feet  !■ 

If  we  make  the  supposition  that  the  crust  rests  on  a  liquid 
substratum,  we  shall  still  have  a  level  of  no  strain  J,  and 
although  the  amount  of  the  corrugations  formed  will  in  this 
case  be  somewhat  great^^r,  it  will  still  fall  far  short  of  that 
which  the  "  positive  teachings  of  geology  '■*  require  us  to 
account  for. 


XII.  An  Improved  Form  of  Littroio  Spectroscope. 
By  F.  L.  0.  Wadsworth§. 

[Plate  ^'I.] 

IT  is  rather  remarkable  that  in  the  development  of  the 
prismatic  spectroscope  there  have  been  no  important 
modifications  in  the  general  design  of  the  instrument  as  first 
used  by  Newton,  progress  having  been  marked  mainly  in 
the  mechanical  improvements  of  the  various  parts.  Various 
modifications  have,  it  is  true,  been  proposed  from  time  to 
time,  but  none  of  them  has  stood  the  test  of  usage,  except 
perhaps  the  form  which  was  first  proposed  by  Littrow  in 
1862  II,  and  has  since  been  modified  and  improved  bv  Younf 
and  Lockyerif,  Browning**,  Grubbff,  Bracket  J  J,  and 
others. 

"  In  this  form,  as  is  well  known,  the  rays  from  the  slit,  after 
being  rendered  parallel  by  a  colHmating-lens,  pass  through 
the  prism  or  train  of  prisms  and  fall  normally  upon  a  plane 

*  '  Scottish  Geofrraphical  Majrazine,'  June  1888,  vol.  iv. 

t  '  Physics,  &c.,'  '2nd  ed.  p.  lOo. 

X  'Physics,  &c.,'  Appendix,  chap,  xxviii. 

§   Communicated  by  the  Author. 

II   American  Journal  of  Science,  2nd  series,  vol.  xxxv. 

%  Scht'llen,  Spectralanalyse,  vol.  i.  p.  231. 

**  Ibid.  p.  237. 

tt  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxi.  p.  36. 

\\  American  Journal  of  Science,  3rd  series,  vol.  xxiv.  p.  60. 
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reflector,  and  after  reflexion  retraverse  the  train  in  the  oppo- 
site direction,  and  are  bront^lit  to  a  focus  by  the  same  lens 
which  acts  as  a  collimator.  To  observe  conveniently  an 
image  of  the  spectrum,  a  small  right-angled  prism  covering 
one  half  the  field  is  placed  near  the  slit. 

In  certain  respects  tbe  advantages  of  this  form  over  the 
ordinary  one  are  unquestionably  great  ;  for  not  only  does  it 
allow  all  parts  of  the  instrument,  save  the  prisms  and  plane 
reflector,  to  be  fixed  in  position,  but  it  also  involves  the  use 
of  only  one  lens,  a  consideration  of  some  importance  in  the 
case  of  lai'ge  instruments.  Unfortunately  in  this,  its  original 
form,  it  has  two  very  practical  disadvantages : — 1st,  the 
general  illumination  of  the  field  of  view  by  reflexion  of  a 
portion  of  the  light  from  the  slit  from  the  surface  of  the  lens ; 
and,  2nd,  the  close  proximity  of  the  observing  eyepiece  to  the 
slit.  Both  of  these  difliculties  are  avoided  in  the  modified 
forms  already  referred  to,  in  which  the  collimator  covers  only 
the  lower  half  of  the  prism,  the  plane  reflector  being  replaced 
by  a  right-angled  prism,  which  is  so  placed  as  to  return  the 
ray  after  two  internal  reflexions  through  the  upper  half  of 
the  prism.  The  observing  telescope  is  consequently  entirely 
above  and  distinct  from  the  collimator,  and  can  be  placed  at 
any  angle  with  the  latter  (usually  it  is  placed  at  right  angles) 
by  the  use  of  another  reflector. 

This  arrangement,  while  entirely  avoiding  both  of  the 
difficulties  mentioned,  introduces  others  of  a  different  cha- 
racter. In  the  first  place  the  cost  is  considerably  increased  ; 
for  two  objectives  are  required,  one  for  the  collimator,  the 
other  for  the  observing  telescope  ;  the  prisms  for  a  given 
aperture  of  telescope  must  be  twice  as  large  as  before  ;  and, 
finally,  two  right-angled  prisms  both  of  large  size,  one  having 
the  same  aperture  as  the  telescope,  the  other  an  aperture 
about  1^  times  greater,  are  required.  This  makes  the  instru- 
ment more  expensive  even  than  one  of  the  ordinary  form  of 
the  same  dispersion. 

Again,  the  increase  in  the  number  of  optical  surfaces 
involved  diminishes  very  considerably  both  the  brightness 
and  the  distinctness  of  the  spectral  image,  and  increases  the 
number  of  adjustments  required  for  accurate  spectrometric 
work. 

For  all  these  reasons  it  is  not  surprising  that  these  instru- 
ments have  failed  to  displace  to  any  extent  the  standard  form; 
for  the  only  advantage  which  they  possess  over  that  form  is 
their  somewhat  greater  compactness  and  rigidity,  both  tele- 
scopes being  fixed  in  position.  But  the  simplicity  of  design 
and    cheaj)ness    of  construction,  which  were    distinguishing 
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characteristics  of  the  original  Littrow  form,  have  been  entirely 
lost  in  the  attempt  to  overcome  the  difhculties  already  men- 
tioned in  reffard  to  the  illumination  of  the  field  and  the 
Hiconvenient  position  ot  the  eyepiece. 

More  recently  Prof.  Bracket*  has,  without  essentially 
altering  the  original  design  of  the  instrument,  overcome  the 
first  and  principal  difficulty,  by  making  the  combined  colli- 
mator and  observing  lens  with  faces  of  such  curvature  as  to 
reduce  the  quantity  of  light  reflected  to  the  observing  eye- 
piece to  a  minimum. 

It  recently  occurred  to  me,  in  connexion  with  an  attempt 
to  photograph  the  spectrum  with  a  spectroscope  of  this  Ibrm, 
that  the  ditliculty  could  be  completely  overcome  by  the  use 
of  a  concave  mirror  in  place  of  the  lens,  and  a  trial  of  an 
instrument  so  constructed  showed  that  it  possessed  other 
advantages  also. 

The  following  brief  description  of  this  form  of  instrument, 
which  is,  I  believe,  new,  may  therefore  be  of  interest.  Fig.  2 
(PI.  VI.)  is  a  plan  view,  the  top  plate  of  the  containing  box 
being  removed  to  show  the  parts  clearly,  and  tig.  1  is  a  side 
view.  A  small  right-angled  prism  a  receives  the  light  from 
the  slit  s,  and  reflects  it  to  a  concave  mirror  b  which  acts  as  a 
collimator.  From  b  the  collimated  beam  is  reflected  to  the 
prism  c,  behind  which  is  the  plane  mirror  cl,  which  returns 
the  rays  again  through  the  prism  to  the  concave  mirror,  by 
which  they  are  finally  brought  to  a  focus  at  the  observing 
eyepiece  /',  which  is  placed  just  above  the  plane  of  the  slit 
and  near  the  edge  of  the  prism.  A  blackened  screen  L  is 
placed  between  the  prism  and  the  eyepiece  to  cut  off  the  light 
reflected  from  the  faces  of  the  former.  A  second  screen,  L, 
is  placed  between  the  eye  and  the  slit,  or  else  the  beam  of 
light  is  brought  to  the  latter  through  a  tube  or  box,  as  indi- 
cated  by  the  dotted  lines.  Diaphragms  m,  n  are  also  placed 
in  front  of  the  eyepiece  to  cut  oft'  any  general  light  diflused 
from  the  walls  of  the  enclosing  box,  which  are  of  course 
carefully  blackened. 

It  will  be  readily  seen  that  with  this  arrangement  of  appa- 
ratus, the  only  light  which  can  reach  the  eyepiece  besides  that 
which  forms  the  spectral  image  is  that  which  is  dift'used  by 
the  reflecting  surface  of  the  mirror.  If  this  mirror  is  pro- 
perly silvered  t  the  general  illumination  due  to  this  cause 
will  be  insignificant,  and  the  field  of  view  will  be  quite  as 

*  Loc.  cit, 

t  In  order  to  secure  a  non-diffusive  coat  of  silver,  it  is  necessary  to  so 
manage  the  silvering  bath  that  the  deposited  film  is  bright  as  it  comes 
from  the  solution  and  requires  no  subsequent  polishing  j  for  no  matter 
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dark  as  in  the  ordinary  form  of  spectroscope.  This  con- 
struction, therefore,  overcomes  the  main  ohjection  to  the 
Littrow  form,  and  enables  all  the  advantages  of  that  form  to 
be  realized,  while  it  also  possesses,  as  I  shall  proceed  to  point 
out,  certain  advantages  of  its  own  in  the  way  of  greater 
compactness,  better  definition,  and,  finally,  greater  cheapness 
of  construction. 

As  all  parts  of  the  instrument  save  the  concave  mirror 
are  close  together,  they  may  all  be  placed  on  a  small  base, 
which  even  for  the  largest  instrument  need  not  be  more  than 
8  or  10  in.  in  diameter,  as  there  are  no  heavy  rotating  or 
overhanging  parts,  as  in  the  other  forms  of  spectroscope. 

The  concave  miri-or  itself  may  then  be  placed  on  a  sepa- 
rate stand  and  connected  with  the  rest  of  the  apparatus  when 
the  instrument  is  in  use,  by  means  of  a  paper  tube  or  light 
wooden  frame  covered  with  black  cloth.  Great  focal  lengths 
may  thus  be  easily  employed  without  increasing  the  cost  or 
bulkiness  of  the  instrument,  with  a  corresponding  gain  in 
brightness  and  in  definition.  Better  definition  also  results 
from  the  fact  that  the  number  of  optical  surfaces  ccmcerned 
is  less  than  in  any  other  form  of  the  same  dispersive  power. 
Thus  in  the  ordinary  Littrow  form  (one  prism)  with  an 
achromatic  lens  there  are  8  optical  surfaces,  and  the  ray 
meets  6  of  these  twice,  making  14  reflexions  or  refractions 
between  the  slit  and  eyepiece.  In  the  ordinary  form  of 
equivalent  dispersion  (two-prism)  spectroscope  there  are  12 
surfaces  and  12  refractions,  while  in  the  concave-mirror  form 
there  are  only  5  surfaces  and  8  refractions  or  reflexions. 
Moreover,  there  is  no  change  of  focus  for  difierent  parts  of 
the  spectrum,  an  advantage  of  some  moment  when  ])hoto- 
graphs  are  being  taken,  and  although  the  concave  mirror  is 
astigmatic  when  used  as  here  shown,  this  astigmatism  is  no 
disadvantage   when  viewing  the  image  of  a  slit,  and   may 


how  great  care  is  taken,  minute  scratches  are  sure  to  be  nia.de  by  the 
polisiiing  pad. 

To  obtain  such  a  coat  it  is  necessary:— 1st,  that  great  care  be  taken 
in  cleaning  the  glass  surface ;  2nd,  that  pure  chemicals  be  used  for  the 
silvering  solution ;  3rd,  that  the  temperature  of  the  depositing  bath 
be  the  same  as  that  of  the  mirror,  and  preferably  below  70  degrees  in 
order  that  the  deposit  may  proceed  slowly  and  uniformly.  I  have 
obtained  good  results  with  both  the  Eochello-salts  process  and  the 
Brashear  process ;  but  for  this  purpose  prefer  the  latter,  as  it  gives  a 
very  hard  film  which  may  be  vigorously  rubbed  with  a  pad  of  absorbent 
cotton  while  still  wet.  The  former  process,  however,  is,  I  think,  prefer- 
able for  '*  half  silvering,"  i.  e.  for  obtaining  a  very  even  semitrausparent 
film. 


Improved  Form  of  Littroio  Spectroscope.  141 

indeed,  in  some  cases,  be  a  real  advantage,  as  pointed  out  by- 
Ames  in  his  paper  on  the  concave  grating*.  The  amount  of 
astigmatism  is  exceedingly  small  in  an  instrument  of  the 
dimensions  and  construction  here  shown,  as  the  angle  between 
the  incident  and  reflected  rav  and  the  geometrical  axis  is  less 
than  one  degree. 

In  the  tirst  trial  instrument  Avhich  was  constructed  after 
this  plan,  the  focal  length  of  the  mirror  was  about  175  centim. 
and  its  aperture  a  little  less  than  6  centim.  The  prism  was 
of  white  flint  of  about  the  same  aperture,  with  a  dispersion 
of  oj  degrees  from  A  to  H.  Although  the  apparatus  was 
mostly  made  of  wood,  and  the  adjustments  were  in  conse- 
quence rather  rough  and  unsatisfactory,  the  results  obtained 
were  even  better  than  I  had  anticipated.  The  whole  spectrum 
from  the  extreme  violet  to  the  extreme  red  was  very  bright 
and  clean,  with  the  lines  very  sharply  defined.  With  an  eye- 
piece having  a  magnifying-power  of  70  and  a  slit-width  of 
•01  njillim.  (at  which  width  the  spectrum  was  almost  too 
bright  for  comfort),  l)oth  the  Ni  line  and  the  lines  at  581)2 
between  the  D's  could  be  seen,  and  the  doubles  in  the  tail  of 
A  were  clearly  distinguishable  f. 

The  freedom  from  diU'used  light  may  be  judged  from  the 
fact  that  the  a  and  A  lines  were  both  clearly  seen  without  the 
aid  of  a  colour-screen,  while  with  this  the  lines  below  A  at 
wave-length  8300  could  be  seen  distinctly  without  taking 
any  unusual  precautions.  Better  evidence  of  this  point  is 
aftbrded  by  photographs  of  the  lower  end  of  the  spectrum, 
which  have  been  taken  on  an  ordinary  Cramer  Isochromatic 
plate,  whose  maximum  of  sensitiveness  lay  in  the  yellowish 
green.  If  any  considerable  amount  of  diffused  light  had  been 
present  the  plates  would  have  been  hopelessly  fogged  by  it, 
as  the  time  of  exposure  was  in  some  cases  nearly  an  hour. 
The  linear  expansion  of  the  spectrum  was  so  small  (-I'D  centim. 
from  A  to  D)  that  some  of  the  detail  nnIucIi  was  present  was 
masked  by  reason  of  the  coarseness  of  the  grain  of  the  j)late, 
and  a  second  mirror  having  a  focal  length  nearly  three  times 
as  great  (470  centim.)  w'as  therefore  substituted. 

*  "  Concave  Grating  in  Theory  and  Practice,"  Phil.  Mag.  vol.  xxvii. 
p.  369. 

t  If  we  define  the  purity  of  the  spectrum  by  the  relation  P  = R 

{Enct/c.  Brit.  Art.  Spectroscopy),  where  D  is  the  width  of  the  slit,  0  the 
angular  value  of  the  collimator  aperture,  as  viewed  from  the  slit,  we  have, 
in  this  case,  for  yellow  light  P  =  00711,  viz.  a  purity  of  nearly  70  per 
cent,  of  the  theoretical  resolviug-power  of  tliu  ])nsm  was  obtained,  ^^'ith 
the  longer-focus  collimator  a  purity  of  nearly  80  per  cent,  was  reached. 
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With  this  new  mirror  tlic  advantages  of  this  form  of  in- 
struiiu^iit  were  s(ill  more  aj)])arent,  and  the  results  obtained 
leave  httle  to  be  desired.  With  it  photographs  of  different 
portions  of  the  spectrum,  extending  from  the  violet  to  the 
red,  have  been  obtained,  which  show  an  amount  of  sharpness 
and  detail  which  is,  I  think,  considerably  greater  than  has 
heretofore  been  obtained  with  a  single  prism  of  the  material 
and  aperture  of  the  one  here  used. 

Two  other  modifications  of  the  form  which  have  suggested 
themselves  during  the  course  of  these  experiments  are  shown 
in  figs.  3  &  4. 

In  the  first  of  these  the  collimator  is  placed  in  the  position 
occupied  by  the  plane  mirror,  and  the  rays  pass  directly  from 
the  slit  through  the  prism  without  collimation.  The  slit  and 
spectral  image  are  therefore  situated  at  the  two  principal 
conjugate  foci  of  the  mirror.  In  this  form,  which  has  been 
given  only  a  preliminary  trial,  the  definition  is,  as  might  have 
been  expected,  decidedly  inferior  to  that  in  the  form  of  the 
instrument  just  described.  The  advantage  which  this  form 
offers  is  simply  its  great  simplicity  and  cheapness,  the  number 
of  optical  surfaces  involved  being  only  4.  In  the  second 
form  (which  is  not  properly  a  modification  of  the  Littrow 
form  at  all,  as  the  rays  traverse  each  prism  only  once)  separate 
concave  mirrors  or  lenses  are  used  for  the  collimator  and  for 
the  view-telescope.  The  arrangement  is  shown  in  fig.  4.  A 
fixed  coUimating  telescope  with  slit  at  s  and  collimator  at  a 
sends  the  beam  through  a  prism  to  a  plane  mirror  m,  by 
which  it  is  reflected  to  a  second  prism  p  placed  by  the  side 
of  the  first ;  after  passage  through  which  it  falls  upon  the 
objective  of  the  view-telescope  T,  which  is  also  fixed  in  posi- 
tion, at  an  angle  with  the  first  equal  to  the  angle  between 
the  incideht  and  reflected  rays  on  the  mirror  m.  The  prism- 
table  on  which  the  two  prisms  are  mounted  is  connected  with 
the  arm  which  carries  the  mirror  m  by  a  minimnm-deviation 
attachment,  as  in  the  previous  forms.  A  little  consideration 
will  show  that  the  central  ray  in  the  field  of  the  T  will  ahvays 
remain  at  minimum  deviation  as  the  arm  carrying  the  mirror 
7)1  is  revolved.  This  form  has  not  been  actually  tried,  but 
would  seem  to  offer  certain  advantages  when  it  is  desirable 
for  any  reason  to  use  separate  telescopes  for  collimating  and 
observino-. 

o 

Astro-Miysical  Laboratory, 
Smithsonian  Institution, "Washington,  D.C. 
March  1894. 
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XIII.    Geometrical  Interpretation  of  log  U^. 
By  Alexander  Macfarlane. 

To  the  Editors  of  the  Philosophical  Magazine. 

Gentlemen, 

IN  the  notice  of  Dr.  ]\Io]enbrock's  Anwendung  der  Qiia- 
ternionen  auf  der  Geonietrie,  your  reviewer  says,  "  It 
"NvoulJ  probably  baffle  even  a  Hamilton  to  give  a  geometrical 
interpretation  of  logUy"  (Phil.  Mag.  vol.  xxxvii.  p.  333). 
As  this  matter  has  been  treated  of  in  several  of  my  papers,  I 
send  you  the  interpretation  required. 

The  general  quaternion  <j  may  be  analysed  into  the  pro- 
duct of  a  ratio  and  a  versor ;  by  Uf/  is  meant  the  versor. 
Let  a  denote  the  axis  of  the  versor  and  A  its  amount  in 

radians,   then  Ug  =  a^  and  log  U^^Aa';    but   loga'  =  a2, 

TT 

therefore  logU'^^Aa"^.  A  more  correct  definition  of  A  is 
the  ratio  of  twice  the  area  of  the  sector  to  the  square  of  the 
initial  radius ;  for  that  definition  applies  also  to  a  hyperbolic 
versor. 

The  geometrical  meaning  of  the  above  expression  will 
become  evident  on  considering  the  more  general  versor  given 
by  an  equiangular  spiral.  Let  a  quinion  be  denoted  by  q', 
and  let  it  be  defined  to  be  such  that 

IT 

log  Uy'  =  Aa"'  =  A  cos  10^ K  sin  ic  .a'^; 

we  then  find  that  A  sin  to  .  a2  is  the  logarithm  of  the  angle 
and  A  cos  xo  the  logarithm  of  the  radius  of  an  equiangular 
spiral  of  axis  «  and  constant  angle  lo,  the  initial  radius  being 
unity.  Thus  w  is  the  constant  angle  between  the  radius- 
vector  and  the  tangent,  or  rather  the  difference  of  the  angle 
from  the  initial  radius  to  the  tangent  and  that  from  the 
initial  radius  to  the  radius-vector.  In  the  case  of  the  circle 
this  difference  angle  is  a  quadrant:  this  is  the  explanation  of 
the  quadrantal  versor  in  log  U^y.  In  the  s])iral  the  quantity 
A  is  the  magnitude  of  the  complex  logarithm,  and  a""  gives 
the  components  of  the  logarithm.  The  expansion  depends  on 
the  scalar  component  of  the  logarithm,  while  the  rotation 
depends  on  the  vector  component.  In  the  case  of  the  circle, 
that  is  of  U^,  the  scalar  logarithm  vanishes. 

For  further  elucidation  of  this  matter  consider  a  hyperbolic 
quaternion.     Let  p  denote  such  a  quaternion ;  when  the  nmlti- 

pher  is  removed  we  have  Vpj  —  a}^  and  therefore  log  \]p  =  iAoC\ 
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Here  A  is  the  ratio  of  twice  the  area  of  the  hyperbolic  sector 

to  the  square  of  the  initial  radius,  and  as  is  the  constant  sum 
of  the  anole  from  the  initial  radius  to  the  tanf^ent  and  that 
from  the  initial  radius  to  the  radius-vector.  This  leads  us  to 
consider  the  hyperbolic  analogue  of  the  equiangular  spiral. 
Let  p'  denote  the  corresponding  hyperbolic  quiniou ;  then 

log  Up'=/A.  a"'  =  iA  (cos  t«  +  sin  t:;  .az). 

Here  to  denotes  the  constant  sum  of  the  angle  between  the 
initial  vector  and  the  radius-vector  and  the  angle  between 
the  initial  vector  and  the  tangent.  The  scalar  term  ?A  cos  w 
is  the  logarithm  of  the  radius-vector,  while  the  vector  term 

/A  sin  IV  .  a^  is  the  logarithm  of  the  hyperbolic  angle.  Here 
e  is  the  scalar  V  —  1;  hi  the  papers  on  "  The  Principles  of 
Elliptic  and  Hyperbolic  Analysis,"  and  on  "  The  Definitions  of 
the  Trigonometric  Functions,"  I  have  shown  that  a  quantity 
which  is  the  sum  of  a  scalar  independent  of  i  and  another 
scalar  dependent  on  i  is  represented  along  one  straight  line. 

University  of  Texas,  AlEXANDEK  MaCFAKLANE. 

Austin,  Texas,  U.S.A., 
May  10,  1894. 


XIV.   On  a  Fundamental  Question  in  Electro- Optics. 

To  the  Editors  of  the  Philosophical  Magazine. 
Gentlemen, 

WILL  you  kindly  afford  me  space  for  a  few  remarks  in 
connexion  with  Professor  Quincke's  letter,  which 
appeared  in  the  May  number  of  this  Magazine.  The  object 
of  that  letter  w^as  to  draw  attention  to  the  fact  that,  in  my 
paper  on  Electro-Optics  which  appeared  in  the  April  number, 
I  made  no  mention  of  a  |)aper  of  Professor  Quincke's,  pub- 
lished eleven  years  ago,  which  gives  an  account  of  experi- 
ments by  him  on  the  same  subject  and  by  similar  methods.  1 
think  1  should  preface  what  I  have  to  say  on  this  matter 
with  an  expression  of  regret  for  my  forgetfulness. 

I  was  well  aware  of  the  existence  of  that  paper.  I  received 
a  copy  from  the  author,  and  perused  it  I  think  immediately 
on  receipt.  With  regard  to  the  electro-optic  effects  there 
described,  as  given  by  an  interference-refractor,  it  was  evident 
to  me  then,  as  it  is  now,  that  they  were  in  their  nature  and 
immediate  origin  essentially  different  from  those  pure  double 
refractions  that  are  given  regularly  by  the  common  polari- 
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scope  and  compensator  as  effects  of  electrostatic  stress.  Thoy 
were  evident!}-  produced  by  mechanical  disturbance  of  the 
dielectric  ;  and  effects  of  that  kind  are  of  no  interest  in  electro- 
optics,  except  as  hindrances  to  exact  observation.  It  may  be 
easily  understood,  therefore,  that  I  omitted  all  reference  to 
Professor  Quincke's  experiments  in  my  paper,  not  from  any 
positive  intention,  but  because  they  did  not  occur  to  me  as 
contributing;  in  anv  deoree  to  the  solution  or  illustration  of 
the  question  that  I  had  in  hand. 

In  this  connexion  1  may  notice  an  old  set  of  experiments 
of  my  o"\vn  upon  the  same  question,  which  did  not  occur  to 
me  as  worth  mentionino;  in  my  paper,  though  they  had  given 
a  clear  and  striking^  exhibition  of  the  double  refraction.  The 
dielectric  was  carbon  disulphide,  the  electro-optic  field  was  a 
very  obtuse  and  very  thin  prism  which  extended  from  end  to 
end  of  a  large  plate-cell,  and  the  light  (monochromatic  and 
unpolarized)  entered  and  left  the  cell  respectively  through  the 
collimator  and  the  telescope  of  an  ordinary  spectroscope,  the 
slit  being  parallel  to  the  lines  of  force.  As  the  mechanically 
compressed  prisms  of  glass  acted  in  Fresnel's  well-known 
experiment,  so  the  electrically  strained  prism  of  CS,  acted 
here.  At  high  potentials  the  telescope  gave  two  parallel 
images  of  the  slit,  clearly,  though  not  very  widely,  separated 
from  each  other,  and  polarized  in  planes  parallel  and  perpen- 
dicular to  the  lines  of  force  ;  but  the  mechanical  disturbance 
of  the  dielectric  rendered  this  result  useless  for  my  purpose, 
as  it  kept  the  double  image  of  the  slit  moving  incessantly  and 
very  irregularly,  so  that  no  probable  inference  could  be  drawn 
as  to  the  absolute  retardations  of  the  two  component  rays.  1 
hope  to  have  something  more  to  say  about  this  method  and  its 
results  hereafter. 

There  are  two  statements  in  Professor  Quincke's  letter  which 
require  some  qualification.  The  first  is,  that  his  methods 
were  identical  with  those  followed  by  myself.  This  applies 
truly  to  the  kind  of  instrumental  means  employed,  and  to  the 
general  conception  of  the  arrangements,  means  and  methods 
of  great  delicacy,  for  which  we  are  indebted  to  Professor 
Jamin,  by  whom  indeed  they  were  put  among  the  common- 
places of  the  higher  ex])erimental  optics.  But  the  method 
described  in  my  pa[)cr  includes  something  more  :  it  deals 
with  the  chief  difficulty  of  the  subject  Ijy  detaching  the  double 
refraction  from  the  irregular  and  ever  present  effects  of 
mechanical  disturbance  ;  and  it  brings  out  in  this  way  the 
fact — clearly  enough,  perhaps,  for  a  first  and  imperfect  proof — 
that  electric  stress  acts  exclusively  on  the  (Fresnel's)  vibra- 
tion which  is  directed  along  the  line  of  force. 

Fhil.  Mag.  S.  5.  Vol.  38.  Xo.  230.  July  1894.  L 
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The  second  statement  is  that  Professor  Quincke's  results 
■were  different  from  mine,  that  he  observed  sometimes  an 
increase,  sometimes  a  diminution,  of  the  velocity  of  light 
■whose  plane  of  ])olarizntion  is  parallel  to  the  lines  of  force. 
Our  results  are  not  really  inconsistent.  The  phenomena  were 
different  because  the  ])liysical  actions  examined  were  different, 
perhaps  as  widely  difierent  as  conduction  and  convection  in  the 
somewhat  similar  experimental  question  of  the  conduction  of 
heat  in  fluids.  John  Kerr. 

Glasgow,  18th  June,  1894. 

XY.  Notices  respecting  New  Boohs. 

Electromagnetic  Tlieory.     By  Oliveb  Heatisipe. 
("  The  Electrician  '*'  Printing  and  Publishing  Company.) 

^HIS  work  consists  largely  of  definitions  and  summaries,  and  it 
-^  may  be  considered  as  giving  something  like  a  bird's-eye  view 
of  the  more  theoretical  and  recondite  portions  of  electromagnetic 
science  dealt  with  in  Mr.  Heaviside's  previous,  and  most  valuable, 
work,  '  Electrical  Papers.' 

Omitting  a  comparatively  short  introduction,  the  present  work 
may  be  said  to  contain  three  long  chapters,  whose  titles  are : 
"Outline  of  Electromagnetic  Connections,"  "The  Elements  of 
Vectorial  Algebra  and  Analysis,"  and  "  Theory  of  Plane  Electro- 
magnetic "Waves." 

AV^ithin  the  limits  of  an  ordinary  review  it  would  be  impossible 
to  follow  Mr.  Heaviside  in  detail  in  his  exposition  of  the  processes 
at  work  in  the  electromagnetic  field,  even  if  my  knowledge  were 
so  complete  as  to  enable  me  to  do  justice  to  every  portion  of  the 
abstruse  and  elaborate  work  for  which  Mr.  Heaviside  is  so  well 
kno\\"n.  I  must  therefore  confine  my  remai'ks  to  comparatively 
few  of  the  interesting  and  important  questions  so  ably  dealt  with 
by  him  ;  and  it  will,  no  doubt,  be  better  if  I  select  chiefly  those 
portions  of  the  work  in  which  he  appears  in  opposition,  sometimes 
rightly  and  sometimes  wrongly  (according  to  my  judgment)  to 
prevailing  views. 

A  reader  of  Mr,  Heaviside's  MTitings  is  at  once  struck  b,y  the 
extraordinary  style  which  distinguishes  him  from  every  other 
English  writer  on  Mathematics  or  Physics ;  and  the  impression 
which  is  produced  by  this  style  is  often  the  reverse  of  pleasing. 
There  is  a  complete  absence  of  the  conventionalities  which  are 
generally  recognized  as  proper  to  the  writing  of  a  scientific  treatise. 
Mr.  Heaviside  is  the  Walt  Whitman  of  English  Physics  ;  and, 
like  the  so-caUed  "  poet,''  he  is  certain  to  raise  aversion  to  his 
peculiarities.  A  few  typical  instances  must  suffice  for  quotation. 
Thus,  in  p.  142,  he  pays  a  well-deserved  tribute  to  printers  in  the 
words  "  Compositors  are  very  intelligent,  read  mathematics  like 
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■winking,  and  carry  out  all  instructions  made  by  the  author." 
Again  (p.  :203),  when  defining  the  potential  produced  at  any  point 
ot"  space  by  a  vector,  he  says,  "  We  may  use  the  same  definition 
when  it  is  a  vector  that  has  to  be  potted,  or  potentialised.  Thus, 
if  A  is  the  potential  of  C,  then  A=  pot  C  =  2  C/4n-r.''  Again 
(p.  352),  when  discussing  the  magnetic  flux  relations,  he  presents 
us  with  the  ethical  maxim,  "  Different  men  have  diiierent  opinions 
— some  like  apples,  some  like  inious  '  !  We  can  easily  imagine 
the  difficulty  of  some  thoroughly  zealous  and  painstaking  German 
translator  of  this  work  in  his  attempt  to  render  this  scientific 
principle  into  good  German.  In  vain  does  he  consult  his  English 
dictionaries  for  the  word  "  inions  "  ;  until,  perhaps,  after  a  week's 
labour,  the  happy. solution  occurs  to  him  that  "  inions  "  is  a  mis- 
print for  "  ions,"  which  are,  of  course,  preferred  to  apples  by 
those  endowed  ^vith  electrical  tastes, — and  then  the  truth  of  the 
principle  becomes  at  once  obvious. 

It  was  pleasant  to  find  in  a  previous  work  that  Mr.  Heaviside 
attaches  due  importance  to  clearness  of  expression,  and  even  to 
grammatical  accuracy.  In  a  passage  in  which  he  severely  criticises 
the  language  of  a  well-known  experimentalist,  he  very  truly  says 
"  The  first  step  to  the  understanding  of  a  writer  is  to  find  out 
what  he  means."  Now,  if  I  am  not  mistaken,  this  passage  affords 
a  key  to  Mr.  Heaviside's  peculiar  style,  and  supplies,  to  a  great 
extent,  a  justification  of  it.  So  far  as  my  own  experience  of 
English  writers  is  concerned,  it  is  not  a  great  exaggeration  to  say 
that  by  far  the  greater  portion  of  my  time  is  occupied  in  the  work 
of  ascertaining  the  meaning  of  the  author  and  in  overcoming  the 
difficulties  of  ambiguous  language.  The  intrinsic  difficulties  of  the 
subject  demand,  in  general,  a  comparatively  short  time.  Thus, 
the  typical  English  writer  in  opening  up  a  mathematical  discussion 
on  (say)  an  electromagnetic  field,  in  some  portions  of  which  there  are 
wires  conveying  electrical  currents,  there  being  in  other  portions 
magnets,  dielectrics,  conductors,  &c..  Mill  usually  assume  the 
following  shroud  of  vagueness  :  "  Let  v  be  the  velocity,  C  the  cur- 
rent, E  the  electromotive  force,  K  the  specific  inductive  capacity, 
Y  the  potential.  //-  the  permeability,  B  the  induction,  D  the  dis- 
placement, II  the  magnetic  force,  L  the  inductance,  T  the  kinetic 
energy,  &c.,  &c."  After  every  one  of  which  we  exclaim  "  Of 
what  ?  "  But  in  vain,  the  typical  author  considers  that  he  has 
bargained  to  give  us  the  whole  bundle  of  facts  and  nothing  more. 
In  the  graAje  and  stilted  Scientific  Treatise,  or  Solemn  Homily, 
there  must  be  no  touch  of  imagination  to  increase  the  interest  of 
the  reader,  nor  any  digression  for  the  purpose  of  anticipating  a 
misunderstanding,  however  natural. 

It  is  this  characteristic  of  some  of  our  writers  which  renders  a 
treatise  on  the  same  subject,  and  with  the  same  scope,  by  a  French 
autlior  such  a  welcome  relief.  In  the  latter  ^e  almost  invariably 
find  vagueness,  ambiguity,  and  an  illogical  order  of  thought  con- 
spicuously absent ;  and  very  possibly  it  is  this  considerati(m  that 
has  induced  Mr.  Heaviside  to  throw  over  the  orthodox  style  qf 
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writing — though,  in  so  doing,  he  has  occasionally  allowed  his  illus- 
trations and  his  language  to  fall  into  an  opposite  extreme. 

As  everyone  knows,  Mr.  Ileaviside  has  advocated  many  changes 
in  scientific  nomenclature,  and  has  already  succeeded  in  getting 
some  of  them  adopted.  The  present  volume  teems  with  them ; 
but  he  does  not  appear  (p.  34)  to  expect  success  for  a  very  large 
number. 

It  is  an  unfortunate  (perhaps  an  unavoidable)  circumstance  that, 
on  the  appearance  of  any  new  branch  of  science,  there  is  sure  to 
be  started  a  system  of  nomenclature  which,  with  the  advance  of 
knowledge,  is  soon  perceived  to  be  unscientific  and  misleading.  The 
science  of  Electricity  is  far  from  being  an  exception  to  this  rule. 
Its  most  conspicuous  term,  Electromotive  Force,  is  thoroughly 
misleading ;  and  this  term  Mr.  Heaviside  replaces,  very  happily, 
by  the  term  "  Voltage  "  (p.  26) ;  for,  that  which  is  usually  called 
the  "electromotive  force  along  any  path"  is,  in  reality,  the  line- 
integral  of  the  [tangential  compt.  of  the]  electric  force-intensity 
from  the  beginning  to  the  end  of  that  path,  and  this  Mr.  Heaviside 
habitually  describes  as  the  Voltage  along  the  path.  Analogously, 
the  same  integral  for  the  magnetic  force-intensity  he  calls  the 
Gaussage — which,  as  he  takes  the  trouble  to  inform  us,  is  "  pro- 
nounced Goivsaye,  after  Gauss  (pronounced  Ooiuce)  " — this  latter 
to  replace  the  absurd  "  magnetomotive  force."  Can  we  imagine 
the  typical  English  author  taking  so  much  trouble  to  set  us  right  ? 
Mr.  Heaviside  is  usually  most  scrupulously  precise  and  accurate  ; 
but,  for  a  moment,  he  forgets  this  characteristic  when,  at  the  end 
of  p.  26,  he  continues  :■ — "  The  Voltage  or  the  Gaussage  along  aline 
is  the  sum  of  the  effective  electric  or  magnetic  forces  along  the  line  ; 
the  effective  con)poneut  being  merely  the  tangential  component  of 
the  real"  [i.  e,  the  resultant]  "force."  He  knows  well  that  the 
sum  of  such  quantities  (infinite  in  number,  and  each  of  finite  mag- 
nitude) is  infinite.  The  unskilful  "  practician "  should  be  told 
that  he  is  not  to  take  the  sum  of  such  components,  but  the  sum 
obtained  by  multiplying  each  of  them  by  the  element  of  length  of 
the  curve,  and  then  adding  these  products  together.  And  is  there 
not  a  little  slip  of  the  same  nature  at  the  top  of  p.  151  (and  else- 
where), where  the  surface-integral  of  induction  is  \\-ritten  2NB 
instead  of  SNBcZS  ? 

"With  regard  to  another  term  in  very  common  use  with  the 
practicians,  viz.,  "  lines  of  force,"  Mr.  Ileaviside  is  justly  severe, 
more  particularly  in  Vol.  II.  of  his  '  Papers '  (p.  328),  where  he 
says  "  It  is  quite  painful  to  read  of  mar/netic  resistance  to  lines  of 
force.''  The  worst  of  this  matter  with  regard  to  lines  of  force  is 
that  a  line  of  force,  in  the  strict  Euclidian  sense  of  a  line  (length 
\nthout  breadth)  is  a  mathematical  reality  with  which  the  mathe- 
maticians cannot  dispense,  while  the  unit  tube  of  force  is  also  a 
reality,  and  quite  distinct  from  the  line ;  so  that  when  the  practi- 
cian talks  of  the  number  of  lines  of  magnetic  force  passing  through 
a  given  surface,  either  he  employs  the  notion  of  tubes  while  talking 
of  lines,  or — and  this  is,  perhaps,  what  generally  happens — he  is 
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talking  simple  mathematical  nonsense,  and  picturing  to  himself  a 
charged  electric  body  or  a  magnetic  pole  tro'm  a  fairly  large 
number  (I)  of  points  on  whose  surface  emanate  lines,  which  may 
pretty  well  occupy  the  space  immediately  round  the  body,  but 
which  diverge  so  much  from  each  other  at  a  short  distance  from  it, 
that  space  is  there  practically  devoid  of  lines.  The  surface  of  the 
body,  thus  conceived,  strongly  resembles  the  head  of  a  pepper-caster, 
while  a  much  more  accurate  representation  would  liken  it  to  the 
surface  of  a  golf  ball. 

In  the  same  way,  another  glaring  absurdity  is  visited  with  just 
severity  (p.  109), — "  The  utterly  vicious  misuse  oi  jyressure  to  in- 
dicate E.M.F.  or  voltage,  by  men  who  are  old  enough  to  know 
better,  and  do."  • 

Some  other  terms  put  forward  by  Mr.  Heaviside  do  not  seem  to 
be  so  helpful.  For  example,  the  ratio  of  electric  displacement  to 
electric  force  at  any  point  of  a  dielectric  he  proposes  to  call  the 
"  permittivity  "  of  the  medium,  because  it  indicates  "  the  capacity 
iov permitting  electric  displacement."  But  a  capacity  for  permit- 
ting is  no  more  identified  with  electric  displacement  than  with 
magnetic  ;  and  hence  there  is  nothing  definitely  suggestive  in  the 
word.  It  can  scarcely  be  doubted  that  "  coefficient  of  electric 
elasticity,"  as  applied  to  its  reciprocal,  in  accordance  with  usage  in 
the  general  theory  of  Elasticity,  is  a  better  terra — and  it  is,  in  fact, 
explicitly  used  by  Maxwell,  vol.  i.,  art.  60  ;  but,  unfortunately, 
Mr.  Heaviside  expressly  rejects  this  helpful  term,  which  does  not 
tax  the  memory,  on  the  ground  (see  '  Papers,'  Vol.  II.  p.  328)  that 
'•  the  prefixing  of  adjectives  is  just  one  of  those  things  that  we 
should  try  to  avoid  in  a  convenient  terminology."  On  the  con- 
trary, I  think,  when  the  prefixing  of  an  adjective  secures  clear  and 
proper  definition,  it  should  be  adopted. 

The  system  of  nomenclature  is  carried  somewhat  too  far.  AV^e 
do  not  want  a  name  for  every  coefficient,  and  a  wholly  different 
name  for  its  reciprocal ;  the  list  soon  becomes  too  formidable  ; 
and  it  is  a  little  amusing  to  find  Mr.  Heaviside,  after  telling  us  at 
p.  21  that  c  in  the  equation  D  =  cE  is  the  "permittivity  "  of  the 
medium,  telling  us  at  the  top  of  p.  24  that  "  c  is  the  coefficient  of 
compliance,  or  the  compliancy" — as  if  he  thought  that  c  still 
required  a  little  artistic  touching.  But  "  compliance  "  and  "  com- 
pliancy "  fail  in  helpfulness  just  as  much  as  "  permittance"  and 
"  permittivity."  The  truth  is  that  the  problem  to  describe  an 
assigned  quality  of  a  body  in  a  single,  'perfectly  definite,  mid  appro- 
priate word  no  more  admits  of  a  solution  than  does  at  an  arbitrary 
moment  in  a  game  of  Chess  the  corresponding  problem  to  play 
and  mate  in  one  move. 

Many  people  will,  perhaps,  think  that  in  the  word  "forcive,"  for 
a  system  of  forces,  conciseness  is  again  a  little  overdone. 

It  must  be  noted  as  worthy  of  commendation  that  Mr.  Heaviside 
systematically  and  in  explicit  terms  ahsays  identifies  the  magnetic 
induction  at  any  point  in  a  medium  with  a  flux  or  displacement,  and 
thereby  removes  whatever  obscurity  is  contained  in    Maxwell's 
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general  use  of  the  term,  besides  bringing  the  subject  more  into 
line  with  the  theory  of  strain  and  stress  in  general.  "  So  far  we 
have  considered  the  two  forces,  electric  and  magnetic,  producing 
four  fluxes,  two  involving  storage  and  two  waste  of  energy  "^(p.  25), 
the  existence  of  one  of  these  fluxes  (namely,  the  magnetic  conduction 
current)  being  quite  problematical,  but  nevertheless  postulated  (as 
appears  farther  on)  for  the  purpose  of  giving  formal  completeness 
to  the  cross  connexions  of  electric  and  magnetic  phenomena,  and 
allowing  us  to  dispense  with  Maxwell's  Vector  Potential. 

Thus,  in  Mr.  Heaviside's  notation,  the  systematic,  concise,  and 
fundamental  equations  of  the  electromagnetic  field  are  simply  the 
following : — 

D=cE,        B=^H,        C=AE,        K=^H, 

|0=  divD,         0-=  divB, 

C  +  i>  +  pr^  =  curl  (H  -  \  -  h), 

K  +  B  +  o-(7=— curl(E  — ^^  — e), 

in  which  p  and  o-  at  a  point  are  volume-densities  of  electrification 
and  "  magnetification,"  q  is  the  vector  of  velocity  at  the  point  if  the 
medium  is  moving,  K  is  the  magnetic  conduction  current  at  the 
point,  the  other  quantities  being  pretty  generally  recognizable, 
while  K,  (/,  (7  are  all  of  doubtful  existence  (see  more  particularly 
p.  539  of  "Vol.  II.  of  the  '  Papers  '). 

With  regard  to  Mr.  Heaviside's  notation  for  vectors — viz., 
Clarendon  type — it  may  be  said  that  its  adoption  is  impossible  for 
the  simple  reason  that  we  cannot  use  it,  or  anything  like  it,  in  our 
manuscript  work ;  unless,  indeed,  in  addition  to  pen,  ink,  and 
pencil,  we  keep  beside  us  a  camel's-hair  brush  with  a  plate  of 
iudian  ink,  and  then  paint  in  our  vectors  when  they  occur  in  the 
work,  after  the  slow  manner  of  the  Chinese.  Mr.  Heaviside  is 
conscious  of  this  difficulty,  and  he  suggests  (p.  142)  that  in 
manuscript  work  we  should  have  some  distinctive  mark  for  vectors, 
such  as  a  suffix ;  so  that  the  vector  of  electric  force-intensity 
might  be  written  E^.  There  are  two  objections  to  this  :  firstly  in 
the  case  of  such  a  vector,  for  example,  as  that  of  intrinsic  electric 
force  in  a  medium,  for  which  Mr.  Heaviside  uses  e^  (in  Clarendon 
type)  we  should  be  obliged  to  write  e^^  in  MS. — which  is  intoler- 
able, as  are  also  B^^  &c, ;  and  secondly  it  is  very  undesirable  to 
have  our  ordinary  work  (with  a\  hich  we  are  most  concerned,  and 
to  which  we  become  most  accustomed)  written  in  one  language, 
while  our  books  are  written  in  another ;  there  is  a  loss  of  time 
generated  by  the  unfamiliarity  invohed  in  the  process.  At  the 
same  time.  Clerk  Maxwell's  terrible  German  letters  are  not  to  be 
tolerated  for  a  moment.  Perhaps  a  horizontal  bar  over  the  letters 
is  the  best,  though  this  is  not  good. 

We  are  now  brought  to  the  consideration  of  certain  other  pecu- 
liarities of  Mr.  Heaviside's  work.     Maxwell  was,  apparently,  the 
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first  to  give  a  distinct  title  to  the  vector 

/dw  dv\  ./da  diu\  /dv  du\ 
'[di/  ~~dz)^\d^~'cU')^''\^~dyr 
which  is  derived  from  any  given  vector,  %u-^vj-\-wh.  In  the  first 
edition  of  the  '  Electricity  and  Magnetism  '  he  proposed  to  call  the 
first  of  these  the  version  or  curl  of  the  second,  and  subsequently 
the  rotation.  Mr.  Heaviside  fixed  on  the  term  curl,  and  by  this 
name  it  is  now  fairly  well  known.  These  two  related  vectors  are 
of  perpetual  occurrence  in  all  branches  of  mathematical  physics, 
and  it  is  well  that  their  relationship  should  be  directly  indicated 
and  recognized. 

Thus,  for  example,  the  condition  that  a  liquid  should  be  capable 
of  beiug  in  equilibrium  under  the  action  of  any  assigned  force- 
system  ("  forcive,"  as  Mr.  Heaviside  would  say)  is  that  at  each 
point  in  the  space  occupied  by  the  liquid,  the  resultant  force  and 
its  curl  should  be  at  right  angles  to  each  other.  Hence,  if  we  call 
the  primary  vector  p,  Mr.  Heaviside  always  denotes  the  first- 
mentioned  as  "  curl  p."  The  intention  is  sound  and  good,  but  the 
notation  is  rather  troublesome  in  the  ordinary  work  of  writing, 
and  somewhat  tedious  in  the  midst  of  equations.  At  the  same 
time,  the  quaternion  notation  for  the  curl  p,  viz.  Vvp,  seems  to 
interpose  in  the  mind  an  operation,  v,  between  p  and  its  curl,  and 
the  strength  and  closeness  of  the  relationship  are  consequently 
somewhat  impaired.  We  may,  1  think,  agree  with  ]\Ir.  Heaviside 
in  adopting  some  simple  symbol  of  direct  relationship ;  and  I 
would  suggest  that,  for  ordinary  working  purposes,  the  notation 

P, 

or  something  closely  resembling  it,  is  an  improvement  on  "  curl  p." 
Again,  the  divergence  of  a  vector  at  any  point  in  space — the 
amount  of  the  vector,  considered  as  a  flux,  which,  per  unit  volume, 
leaves  space  at  the  point,  as  Mr.  Heaviside  well  puts  it  (Vol.  II.  of 
'  Papers,'  p.  531) — is  simply 

du      dv       dw 
dx      dy      dz ' 

or— Svpin  quaternions;  and  this  Mr.  Heaviside  always  writes 
"divp."  For  the  same  reason  as  before  (inconvenience  in  work) 
this  notation  should  be  improved.  Perhaps  we  may  with  ad- 
vantage denote  the  divergence  of  p  by  the  notation 


Mr.  Heaviside  devotes  a  large  portion  of  the  present  work  to 
two  fierce  attacks — one  on  the  British  Association  47r  and  the 
other  on  the  Quaternionists. 

To  begin  with  the  first — it  is,  of  course,  well  known  that  if  the 
magnitude  of  the  force  exerted  between  two  element-sources 
(whether  small  quantities  of    electricity,  or  magnetic  poles,  or 
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particles  of  gravitating  matter)  is  taken  to  be 


tlie  normal  flux  of  force-intensity  due  to  any  distribution  of 
sources,  whether  forming  a  continuous  "  body  "  or  not,  taken  at 
all  points  outwards  through  any  closed  surface  in  the  field,  is  4  7r 
times  the  total  "  mass  "  (or  quantity  of  source)  contaiued  within 
the  surface.  With  the  above  definition  of  the  force  between  m 
and  m,  this  Att  will  enter  into  many  physical  expressions :  for 
example,  the  force  between  two  electric  charges  in  a  dielectric  of 

"  specific  inductive  capacity  "  K  is  jt^,  and  the  relation  between 

displacemement  and  electric  force-intensity  is  D  =  ^^  .  E.   This  4t 

seldom  fails  to  excite  the  wrath  of  Mr.  Heaviside.  It  is  easy  to  see 
that  its  introduction  into  certahi  expressions  can  be  avoided  by 
assuming  the  force  between  two  elements  to  be 

where,  at  first,  Tc  is  undetermined.  With  this  expression,  the 
normal  outward  or  inward  flux  of  force-intensity  through  any 
closed  surface  will  be  4n-Z;  times  the  contained  "  mass  ;  "  and  if  we 
wish  to  make  this  flux  of  force  the  exact  numerical  measure  of  the 

contained  mass,  we  must  take  47rZ;=l,  i.e.  1=^,  and  then  the 
force  between  two  elements  is 

mm' 

where  the  Av  is  no  longer  irritating  to  Mr.  Heaviside,  although  the 
B.  A.  authorities  (quoted  by  Mr.  Heaviside  at  p.  118)  expressly 
rejected  every  constant,  other  than  unity,  in  the  expression  for 
the  force  between  two  elements  as  "  absurd  and  useless." 

The  unit  mass,  or  source,  then,  in  this  system  is  one  which  acts 
on  an  equal  one  (both  supposed  homogeneous  spheres)  with  a  force 
of  47r  dynes  when  their  centres  are  one  centimetre  apart  ;  or, 
again,  the  unit  mass  may  be  defined  by  saying  that  it  is  such  that 
the  flux  of  its  force-intensity  (t.  e.  force  per  same  unit)  through 
any  closed  surface  surrounding  it  is  unity.  It  is,  then,  ou  this 
characteristic  of  giving  a  unit  flux  of  force  that  Mr.  Heaviside 
founds  the  unit  of  quantity.  But,  however  desirable  it  is  to  get  rid 
of  47r  in  the  expressions  for  a  large  number  of  pliysieal  constants,  it 
is  just  as  well  to  point  out  that  from  the  standpoint  oi  fanda- 
mental  principles  a  flux  of  force  is  not  a  fundamental  entity  at  all, 
because  it  consists  of  an  arithmetical  sum  of  forces  which  act  in  all 
possible  directions  in  space,  and  therefore  it  is  not  of  fundamental 
value — unlike  the  sum  of  the  components  of  such  forces  in  a  single 
direction.     In  fact,  the  conception  of  such  an  indiscriminate  sum 
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has  resulted  in  the  filling  of  our  text-books  on  Hydrostatics  with 
almost  interminable  mathematical  problems  on  that  glaring  unreality 
and  source  of  evil,  the  whole  j^'i'ssure  of  a  fluid  on  a  curved  surface. 
Of  course  a  flux  of  electric  force  through  a  closed  curved  surface 
in  an  isotropic  dielectric  acquires  physical  reality  by  means  of  the 
fact  that  the  "  displacement "  through  the  surface  at  each  point  is 
proportional  to  the  value  of  the  force  at  the  point,  and  thus  the  flux 
of  force  is  a  measure  of  the  total  displacement  through  the  surface. 

This  is  said,  however,  without  any  intention  of  opposing 
Mr.  Heaviside's  proposed  definition  of  a  unit  mass,  or  source,  but 
merely  for  the  purpose  of  showing  that  something  may  be  said  on 
the  other  side,  and  that  if  the  -in-  is  made  to  disappear  from  many 
expressions,  it  is  at  the  expense  of  its  appearance  in  others  which, 
under  the  B.  A.  system,  were  free  from  it.  Quite  possibly, 
Mr.  Heaviside's  system  is,  on  the  whole,  the  simplest  and  the 
best. 

AVith  regard  to  his  attitude  of  hostility  towards  Quaternions — • 
and  especially  towards  Professor  Tait's  treatise — a  little  more 
must  be  said. 

Maxwell  is  usually  said  to  have  made  occasional  use  of  Qaateni- 
iotis  in  his  great  treatise.  It  is,  however,  quite  true  (so  far  as  my 
general  recollection  goes)  that  he  merely  avails  himself  of  the 
employment  of  vectors,  and  that  the  only  conception  involved  in 
his  vectors  is  that  a  vector  is  a  mere  carrier,  translator,  or  directed 
line  of  definite  length  in  space  ;  that,  in  fact,  there  is  nothing  of 
the  rotation  or  versor  nature  involved  in  his  vectors.  JMaxwell, 
then,  does  not  use  Quaternions  at  all ;  possibly  he  had  no  need  to 
do  so ;  he  employs  simply  Vector  Analysis — Orthodox  Vector 
Analysis,  I  shall  call  it,  to  indicate  that  it  is  in  harmony  with  the 
general  principles  of  Quaternions  as  enunciated  by  Hamilton. 
Now,  the  signification  of  a  vector  has  been  widened  by  Hamilton, 
luithoiit  in  any  way  interferinrj  xvith  its  vehicular  nature,  by  endow- 
ing it  with  the  power  of  commanding  a  rotatory  operation.  Every 
unit  vector  is  thus  also  to  be  looked  upon  as  optionally  standing 
for  the  operation  of  quadrantal  rotation  in  planes  perpendicular  to 
the  direction  of  the  vector,  if  ive  desire  so  to  employ  it.  Mr.  Heavi- 
side  never  desires  to  employ  it  in  this  way ;  he  finds  it  unnecessary 
to  do  so  in  Electromagnetism.  Hence  he  will  have  nothing  what- 
ever to  do  with  the  versor  property  in  the  vector.  "  Once  a 
vector,  always  a  vector"  (p.  301).  His  vector  is  like  the  heir  to  a 
title,  or  to  a  large  property,  who  repudiates  his  hereditary  advan- 
tage and  insists  on  adopting  poverty.  Probably  he  would  say  that 
it  is  rather  to  be  likened  to  a  man  born  with  an  ugly  tumour  who 
insists  on  having  it  cut  off.  But  "  different  men  have  different 
opinions,  &c."  according  to  his  own  previously  quoted  maxim. 

Xow,  in  the  Hamiltouian  system,  if  i  is  any  unit  vector,  %^=  — 1 ; 
if  a  is  any  vector  of  length  a,  a''^=— a^;  and  if  a  and  /3  are  any 
two  vectors  of  lengths  a,  h,  including  an  angle  d,  Sa/3=  —ab  cos  d. 
The  minus  sign  in  these  results  is  gall  and  wormwood  to  tlie 
anii-quaternionists.     Of  course  there  is  nothing  at  all  strange  in 
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the  equation  i^=  —  1  if  we  read  it  "  i  repeated  equals  —\"i.e., 
equals  complete  reversal ;  if  we  read  it  "  i  squared  =  —  1,"  our  early 
algebraic  feeliugs  are  shocked — Mr.  Ueaviside  is  amazed  at  it 
(p.  303) ! 

Hence  with  the  anti-quateruionist  Sa/3=  +  ai  cos  0.  Again, 
with  Hamilton  the  vector  of  the  product  «/3,  i.  e.  Vo/3,  follows  at 
once  naturally  as  a  vector  perpendicular  to  the  plane  of  a  and  /3, 

a  .       . 

of  length  ah  Bin  Q^  because  a/3=-TZi>  which  is  the  operation  of 

/-* 
converting  /3"~^  into  a.  Now  this  is  done  by  rotation  round  the 
perpendicular  to  their  plane  ;  and  as  a  vector  stauds  for  rotation — so 
that  e'"  signifies  rotation  through  m  right  angles  round  the  line 
coinciding  with  the  unit  vector  e — it  is  clear  that  Va/3  is  perpen- 
dicular to  both  a  and  /3,  and  in  a  definite  sense.  With  the  anti- 
quaternionists  Va/3  does  not  follow  naturally  at  all ;  it  is  perfectly 
arbitrary — provided,  of  course,  that  there  is  somelhing  at  once 
definite   and   consistent    in    its   representation.      It   might,   for 

a 
example,  be  very  well  defined  as  being  of  length  r  tan  0,  and  as 

lying  in  the  plane  of  the  bisector  of  d  and  the  perpendicular  to  the 
plane  of  a  and  /3,  and  inclined  at  (say)  6  to  this  perpendicular. 
However,  the  auti-quaterniouists  agree  to  make  \xj3  exactly  what 
Hamilton  made  it,  and  we  need  not  stop  to  inquire  whether  any 
adequate  reasons  for  this  can  be  found  from  their  point  of  view. 

Hence,  then,  results  Mr.  Heaviside's  system  of  Vector  Analysis, 
which  we  may  call  Heretical  Vector  Analysis,  without  necessarily 
implying  any  censure,  since  what  is  orthodox  is  sometimes  false 
and  bad,  and  what  is  heretical  true  and  good. 

It  is  not  very  easy  to  discover  whether  Mr.  Heaviside's  opposi- 
tion to  Quaternions  is  absolute  or  not ;  that  is,  whether  he  thinks 
that  the  subject  is  one  which  may  be  studied  as  a  branch  of  pure 
mathematics  by  advanced  speculators,  but  postponed  to  the  study 
of  Vector  Analysis.  If,  on  the  one  hand,  he  thinks  that  the 
Hamiltonian  system  (involving  the  versor  property  of  vectors,  &c.) 
is  not  worthy  of  study,  the  quaternionists  might,  perhaps,  show 
what  the  system  has  achieved  or  is  capable  of  achieving ;  but  even 
this  is  not  incumbent  on  them,  for  they  may  justify  the  study 
simply  for  its  value  as  a  mental  exercise — as  other  branches  of  pure 
mathematics  are  accepted.  The  problem  of  disentangling  the 
quateruiou  q  from  the  equation  cf-^aq-\-b^(),  where  a  and  h  are 
given  quaternions,  is  a  perfectly  legitimate  exercise  of  thought, 
even  though  it  has  no  application  to  telephony  or  to  dynamo 
machines.  The  utility  of  associating  the  versor  property  with 
vectors  is  illustrated  in  a  striking  way  in  a  fundamental  case  by 
Hamilton  ('  Elements  of  Quaternions,'  p.  370)  thus  : — If  a,  /3,  y  are 
the  vectors  from  the  centre  of  a  sphere  of  unit  radius  to  any  three 
points.  A,  B,  C,  on  its  surface,  and  if,  in  addition,  these  last 
denote  the  magnitudes  of  the  angles  of  the  spherical  triaugle,  we 
have  (with  the  versor  meanings  attached  to  «,  /?,  y)  the  equation 
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2C      2B       2A 

or  \\hat  is  perhaps  more  obvious, 

3(ir— C)      2(ir— B)      2(ir— A) 

y  p  a  =  + 1 ; 

from  which  we  ha.\Q  at  once 

2(ir— C)      2(n— B)  — 2(7r-A) 

IT  ^  U  U 

y  p  =a  5 

which,  as  Hamilton  observes,  contains  at  a  glance  the  whole 
doctrine  of  spherical  triangles.  But  if,  on  the  other  hand,  we  are 
to  understand  that  the  study  of  Quaternions  is  to  be  merely  post- 
poned, then  Heretical  Vector  Analysis  will  not  serve  as  an 
introduction.  No  system  which  makes  t"=  + 1  and  ^ixll=  -f  ii^>  cos  ti 
can  possibly  serve  as  a  preliminary  to  Quaternions  ;  and  as  there 
is  nothing  intrinsically  base  in  the  sign  mlaus^  or  in  the  notatiou 
for  a  scalar,  the  reason  for  replacing  Orthodox  by  Heretical  Vector 
Analysis  disappears. 

Among  the  changes  of  quaternionic  notation  made  by  Mr.  Heavi- 
side  we  may  further  notice  that  he  proposes  (p.  157)  to  denote 
the  tensor  of  the  vector  of  a/3,  i.  e.  TVa/3,  by  the  symbol  V^a/^, 
which  surely  is  quite  inappropriate  and  incapable  of  adoption. 

Again,  he  says  (p.  135)  "  no  amount  of  familiarity  will  make 
Quaternions  an  easy  subject."  True — and  necessarily  true,  more- 
over, when  we  consider  the  wideness  of  the  field  of  thought  in 
which  Quaternions  work.  But  neither  is  it  all  child's  play  in 
Heretical  Vector  Analysis.  The  expression  a/3  is  no  more  the 
same  as  (ia.  in  this  department  than  in  Quaternions,  and  the  same 
careful  picking  of  steps  is  necessary  in  both. 

Most  students  of  Professor  Tait's  treatise  on  Quaternions  will, 
I  think,  be  satisfied  that  Mr.  Heaviside's  criticisms  on  this  work 
are  not  well  founded.  "  After  muddling  my  way  somehow  through 
the  lamentable  quaternionic  Chapter  II,,  the  third  chapter  was 
tolerably  easy"  (p.  174).  Farther  on  (p.  2S9)  the  objection 
becomes  more  definite :  "  There  is  the  fundamental  Chapter  II. 
wherein  the  rules  for  the  multiplication  of  vectors  are  made  to 
depend  upon  the  difficult  u.athematics  of  spherical  conies,  com- 
bined with  versors,  quaternions,  and  metaphysics."  This  language 
is  surely  a  little  loose  and  unjust.  One  article  in  Tait's  Chapter 
II.,  marked  with  a  star  to  indicate  its  postponement,  and  there- 
fore unessential  character  for  the  reader,  proves  the  simple 
property  of  spherical  conies  involved.  Moreover,  to  be  accurate, 
it  is  not  the  multiplication  of  vectors  that  is  dealt  with  here,  but 
the  multiplication,  &c.,  of  quaternions  in  general.  There  is  a  good 
deal  of  difficult  mathematics  associated  with  spherical  conies,  as 
any  reader  of  .Salmon's  '  Geometry  of  Three  Dimensions  '  will  see  ; 
but  not  one  particle  of  it  is  involved  in  this  short  Article  of  Tait's 
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book  :  the  sum  total  of  the  mathematics  employed  is  contained  in 
the  text  ot"  the  two  propositions  of  the  third  book  of  Euclid  which 
assert  that  if  any  line  drawn  through  a  point  O  meet  a  circle  in  P 
and  Q,  the  rectangle  OP .  OQ  is  constant,  and  that  the  sum  of  a 
pair  of  opposite  angles  in  a  quadrilateral  inscribable  in  a  circle  is 
two  right  angles. 

Mr.  Heaviside  concludes  his  third  chapter  with  a  discussion  of 
a  linear  operator  in  general  (p.  283),  and  the  means  of  inverting 
it,  together  with  a  deduction  of  Hamilton's  cubic.  The  linear 
operator  is  treated  all  through  by  Mr.  Heaviside  exactly  as  it 
appears  in  the  general  theory  of  strain  and  stress — namely,  as 
consisting  of  coefficients  expressing  the  relations  between  the  three 
components  of  one  vector  and  those  of  another,  these  coefficients 
being,  in  general,  nine,  as  when  the  components  of  sti-ain  in  a 
solid  are  expressed  in  terms  of  direction ;  but  sometimes  reducing 
to  six,  as  when  components  of  stress  are  expressed  in  terms  of 
direction. 

Mr.  Heaviside's  mode  of  treatment  will  be  found  to  be  a  valuable 
side-light  to  the  discussion  of  the  linear  vector  function  in  Tait's 
treatise.  Of  course,  the  rather  high-sounding  phrase  "  inversion  of 
a  linear  operator "  denotes  nothing  more  than  the  solution  of 
three  homely  simple  equations ;  nevertheless,  there  are  some  neat 
relations  involved. 

This  review  has  already  gone  much  beyond  the  usual  limits,  and, 
in  confining  itself  chiefly  to  controversial  matters,  has  omitted  to 
notice  the  most  valuable  portion  of  Mr.  Heaviside's  work,  the 
greater  part  of  which  appears  in  the  last  chapter.  This  part  of 
the  work  has  recently  been  treated,  with  great  commendation,  by 
Professor  Fitzgerald  in  '  The  Electrician.'  All  readers  of  this 
volume  will  agree  in  regarding  it  as  an  able  work,  and,  indeed, 
one  which  is  of  immense  assistance  to  advanced  students  in 
Physics. 

One  final  instance  of  Mr.  Heaviside's  regard  for  accuracy  and 
desire  for  scientific  completeness  must  be  mentioned.  It  is  found 
in  Art.  192,  in  which  he  justly  objects  to  the  equation  by  which 
Maxwell  expresses  the  relation  between  magnetic  induction, 
magnetic  force,  and  magnetization  at  any  point  of  a  medium,  viz., 
B  =  H-f-47rI.  To  this  Mr.  Heaviside  objects  that  it  makes  induc- 
tion and  magnetization  identical  in  kind  with  magnetic  force,  which, 
as  he  says,  "  is  more  than  mischievous  in  theory."  His  own  form 
of  the  equation,  B=yLio(l-|-/l)F,  where  F  is  the  magnetic  force,  is 
in  all  respects  much  better. 

G.  M.  MiNCHIN. 
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[Continued  from  vol.  xxxvii.  p.  419.] 

January  lOth,  1894.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S., 
President,  in  the  Chair. 

T^HE  following  communications  were  read  : — 

-■-     1.  '  On  the  Khajtic  and  some  Liassic  Ostracoda  of  Britain.'    By 

Prof.  T.  Rupert  Jones,  F.R.S.,  F.G.S. 

2,  *  Leigh  Creek  Jurassic  Coal-lNIeasures  of  South  Australia :  their 
Origin,  Composition,  Physical  and  Chemical  Characters  ;  and  Recent 
Subaerial  Metamorphism  of  Local  Superficial  Drift.'  By  James 
Parkinson,  Esq.,  F.G.S.,  F.C.S. 

This  paper  contains  an  account  of  the  lignitic  coal  of  Leigh 
Creek  and  associated  rocks.  Analyses  are  given,  as  illustrating 
comparisons  between  the  Leigh  Creek  coal  and  Jurassic  and  other 
coal-bearing  rocks  found  elsewhere.  The  Author  discusses  the 
origin  of  the  Leigh  Creek  deposits,  and  describes  certain  peculiarities 
noticeable  in  the  superficial  materials,  which  he  discusses  in  another 
paper. 

3.  '  Physical  and  Chemical  Geology  of  the  Interior  of  Australia : 
Recent  Subaerial  Metamorphism  of  Eolian  Sand  at  ordinary 
atmospheric  temperature  into  Quartz,  Quartzite,  and  other  Stones,' 
By  James  Parkinson,  Esq.,  F.G.S. ,  F.C.S. 

South  of  the  Flinders  Range  fragments  of  stone  of  all  sizes  are 
found  on  the  ground,  the  origin  of  which  the  Author  discusses.  He 
maintains  that  they  were  formed  by  subaerial  metamorphism  of 
Eolian  deposits. 

January  24th.— W.  H.  Hudleston,  Esq.,  M.A.,  F.R.S,, 
President,  in  the  Chair. 

The  following  communications  were  read  : — 

1.  'The  Ossiferous  Fissures  in  the  Yalley  of  the  Shode,  near 
Ightham,  Kent.'     By  AV.  J.  Lewis  Abbott,  Esq.,  F.G.S. 

2.  '  The  Vertebrate  Fauna  collected  by  Mr.  Lewis  Abbott  from 
the  Fissure  near  Ightham,  Kent.'  By  E.  T.  Newton,  Esq.,  F.R.S., 
F.G.S. 
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ON  THE  DEPENDENCE  OF  THE  PHOTOELECTRIC  CURRENT  ON  THE 
POSITION  OF  THE  PLANE  OF  POLARIZATION  OF  THE  EXCITING 
LIGHT  IN  REFERENCE  TO  THE  SURFACE  OF  THE  KATHODE. 
BY  DR.  J.  ELSTER  AND  H.  GEITEL. 

IT  is  possible  in  many  cases  to  lower  the  potential  required  for 
the  spontaneous  discharge  of  an  electric  current  in  a  gas  by  ex- 
posing the  kathode  to  the  action  of  light.  For  the  same  difference 
of  potential  the  strength  of  the  current  depends  on  the  nature  of 
the  kathode,  the  gas,  and  the  light.  While  kathodes  of  platiniim, 
mercury,  copper,  and  several  other  metals  I'equire  irradiation  with 
ultra-violet  light  of  high  intensity,  kathodes  of  sodium,  potassium, 
rubidium,  in  an  atmosphere  of  hydrogen  of  about  03  millirn. 
pressure,  give  currents  which  can  be  measured  galvanometrically, 
even  with  feeble  light  within  the  region  of  the  \asible  rays. 

The  question  may  be  asked  whether  this  action  of  light  on  the 
electrical  discharge  depends  on  the  orientation  of  the  vibrations 
with  respect  to  the  surface  of  the  electrode  struck. 

Experiments  with  polarized  ultra-violet  light  of  sufficient  in- 
tensity are  difficult  to  make  because  it  is  absorbed  by  the  ordinary 
polarizing  arrangements,  such  as  Nicol's  prism,  tourmaline  plates, 
glass  disks,  &c.,  so  that  only  polarization  by  reflexion  remains ; 
even  with  this  method,  however,  great  losses  of  light  are  un- 
avoidable. Thus  in  an  analogous  phenomenon,  the  development 
of  electrical  sparks  by  ultra-violet  light  discovered  by  Hertz, 
M.  Wanka  did  not  succeed  in  establishing  the  influence  of  the 
direction  of  vibration  of  the  light,  which  he  had  supposed  to  exist. 

This  difficulty  disappears  with  kathodes  of  the  alkaline  metals, 
since  we  can  here  work  with  ordinary  polarized  light ;  but  another 
difllculty  presents  itself,  that  a  polished  and,  if  possible,  a  plane 
surface  of  these  substances  must  be  produced  in  a  vacuum.  This 
requirement  is,  however,  satisfied  by  using  as  kathode  the  alloy  of 
potassium  and  sodium,  which  is  liquid  at  ordinary  temperatures. 
When  placed  in  a  roomy  receiver  a  sufficient  quantity  sets  plane 
and  horizontal  in  the  central  part  of  the  surface. 

We  have  investigated  the  photoelectric  action  of  polarized  light 
as  follows. 

In  the  circuit  of  a  voltaic  battery  of  about  250  volts  are  a  sensitive 
galvanometer,  a  commutator,  and  a  sensitive  cell  of  the  liquid 
potassium  and  sodium  alloy  of  the  form  shown  in  Wiedemann's 
Annalen,  vol.  xlii.  p.  564,  so  inserted  that  the  negative-pole 
wire  leads  to  the  surface  of  the  alkali  metal.  In  order  that  the 
active  luminous  pencil  should  have  a  constant  section,  the  cell  was 
coated  with  opaque  varnish,  with  the  exception  of  a  small  circle  of 
15  millim.  diameter  turned  towards  the  source  of  light.  The  cell 
is  so  arranged  that  the  rays  entering  this  aperture  centrally  and 
parallel  strike  the  centre  of  the  metal  surface  under  an  angle  of 
about  65°.  Between  the  source  of  light  and  the  cell  a  lens  ^^■as 
inti-oduced  for  the  production  of  parallel  liglit  as  well  as  a  pola- 
rizing arrangement  (a  Nicol's  prism  or  a  set  of  glass  plates). 
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If  the  polarizing  apparatus  is  turned  while  at  the  same  time  the 
strenc^th  ot"  the  current  is  measured  at  the  galvanometer,  two 
maxima  and  two  minima  are  observed  in  the  course  of  a  single  rota- 
tion. The  minima  occur  when  the  plane  of  polarization  of  the  light 
is  parallel  to  the  plane  of  incidence  of  the  rays  on  the  kathode  ;  the 
maxima  are  in  positions  at  an  angle  of  90°  with  them.  The  ratio 
of  maxima  to  minima  is  about  10  :  1.  If  while  the  plane  of 
polarization  is  parallel  to  the  plane  of  incidence,  a  quartz  plate 
about  2  millim.  thick,  cut  at  right  angles  to  the  optical  axis,  is 
placed  in  the  path  of  the  polarized  light,  the  current  increases 
about  sevenfold,  corresponding  with  the  rotation  of  the  plane  of 
polarization  due  to  the  quartz.  When  the  plane  of  polarization  is 
at  right  angles  to  the  plane  of  incidence,  a  quartz  plate  has  the 
opposite  effect ;  the  strength  of  the  current  diminishes,  as  was  to 
be  expected,  in  a  corresponding  ratio.  Apart  from  a  slight  en- 
feeblement  of  the  current  due  to  the  loss  of  light  caused  by  its 
interposition,  a  clear  glass  plate  has  no  effect  in  either  position. 

According  to  the  investigations  of  MM.  Trouton  ('  Nature,' 
vol.  xxxix.  p.  393),  Klemencic  (AViedemann's  Annalen,  vol.  xlv. 
p.  77),  and  Eighi  {Rend.  deJla  R.  Ac.  dei  Livcei.  vol.  xi.  p.  161)  it 
must  be  taken  for  granted  that,  in  Hertz's  rays  of  electrical  force, 
the  plane  of  polarization  is  at  right  angles  to  the  direction  of  the 
electrical  displacement.  If  the  motion  in  the  light  rays  is  re- 
garded as  analogous,  the  result  of  the  experiments  described  would 
be  thus  expressed. 

The  luminous  electrical  current  attains  its  maximum  when  the 
electrical  displacements  in  the  luminous  ray  take  place  in  the 
plane  of  incidence,  its  minimum  when  they  are  at  right  angles 
thereto.  In  the  former  case  the  electrical  vibrations  contain  a  com- 
ponent normal  to  the  kathode,  but  not  in  the  second.  AVe  might 
be  tempted  to  seek  in  these  changes  of  potential  normal  to  the 
kathode,  and  induced  by  the  electrical  rays,  the  force  which  impels 
the  negative  electricity  to  leave  the  kathode.  Whether  this  sug- 
gestion is  correct,  can  perhaps  be  ascertained  by  further  experi- 
ments on  the  dependence  of  the  luminous  electrical  action  on  the 
angle  of  incidence  of  the  polarized  light,  and  their  connexion  with 
the  quantities  of  light  reflected  from  and  retained  by  the  kathode. — 
Berliner  Berichte,  February  8, 1894.    {Communicated  by  the  Authors.) 


ON  VORTEX  MOTIONS  IN  AIR.  BY  G.  QUINCKE. 
At  the  meeting  of  the  Natural  History  and  Medical  Society  of 
Feb.  7,  1890,  I  discussed  the  motion  of  falling  spheroids  of  oil 
in  water,  the  specific  gravity  of  which  was  increased  somewhat 
by  the  addition  of  chloroform.  Such  a  spheroid  falls  vertically 
in  water  at  rest.  But  if  two  spheroids  of  oil  fall  simultane- 
ously close  to  each  other,  they  approach  and  recede  from  each 
other  in  falling.  The  path  and  the  time  of  fall  depend  on  the  di.'- 
tance  apart  and  the  velocity  of  the  falling  spheroids.  This  peculiar 
motion  is  caused  by  the  vortices  which  are  produced  bv  the 
falling  spheroids  of  oil  in  the  water  about  them,  which  had  hitherto 
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been  at  rest.  The  particles  of  water  in  the  plane  of  symmetry 
betvveem  the  falling  spheroids  remain  at  rest. 

Instead  of  two  spheres,  one  may  be  allowed  to  fall  near  a  plane 
vertical  wall,  which  then  acts  as  plane  of  symmetry.  The  spheroid 
falls  as  it  were  with  its  image  in  the  plane  vertical  wall,  and 
approaches  and  recedes  from  this. 

These  experiments  with  heavy  oil  spheroids  in  water  are  tedious, 
and  can  only  be  shown  to  a  small  audience. 

Analogous  phenomena  may  be  produced  before  a  larger  circle  of 
hearers  by  allowing  two  soap  bubbles  filled  with  coal-gas  to  ascend 
near  each  other,  or  a  single  bubble  near  a  vertical  wall. 

In  ascending,  the  distance  of  the  two  soap  bubbles  from  each 
other,  or  of  a  single  one  from  its  image  in  the  vertical  wall,  is  first 
smaller  and  then  greater,  and  the  cause  again  is  the  vortex  move- 
ments in  the  air  due  to  the  ascending  soap  bubbles. 

In  order  to  fill  two  soap  bubbles  simultaneously  with  coal-gas 
they  are  produced  at  the  ends  of  a  T-piece  of  glass,  blown  out 
in  the  form  of  horizontal  cups,  to  which  the  gas  passes  from  the 
centre  tube  through  a  T-shaped  perforated  glass  stopper. 

Similar  phenomena  occur  when  small  dust  particles  fall  in  air  or 
liquid  at  rest,  or  if  a  current  of  air  or  liquid  strikes  against 
particles  of  dust  at  rest.  The  motion  of  the  small  particles  is 
influenced  by  the  presence  and  form  of  the  solid  wall  in  the 
vicinity. — Wiedemann's  Annalen,  July  1894. 


ON  A  NEW  APPARATUS  FOR  THE  PRODUCTION  OF  HIGH  PRESSURE. 
BY  PROF.  S.  W.  STRATTON*. 

Not  long  since,  while  designing  a  piece 
of  apparatns  for  the  production  of  high 
pressure,  it  occurred  to  me  that  many  of 
the  difficulties  encountered  in  the  measure- 
ment of  such  pressures  might  be  avoided  by 
the  employment  of  several  short  mercury- 
columns  connected  in  series  by  means  of  a 
less  dense  liquid,  as  shown  in  the  accom- 
panying sketch. 

Such  a  gauge  would  possess  all  the  advan- 
tages of  the  ordinary  mercury-column,  and 
be  within  the  limits  of  space  to  be  had  in  the 
laboratory.  For  many  purposes  the  last  tube 
only  need  be  made  of  glass,  and  the  scale 
reduced  accordingly. 

Thinking  that  this  principle  may  be  new, 
and  of  value  to  some  who  are  employing 
high  pressures  in  the  laboratory,  it  is  sub- 
mitted for  publication. 

The  Ryerson  Physical  Laboratory, 

Univerfiity  of  Chicago, 

May  21,  1894. 

*  Communicated  by  Prof.  A.  A.  Michelson, 
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XVII  r.  An  Examination  into  the  Physical  Consequences  of 
the  Local  Alteration  of  the  Material  of  Isotropic  Spheres  or 
Spherical  Shells  under  Uniform  Surface-Pressure.  By 
C.  Chree,  M.A* 

Simple  Shell;  Strains  and  St)'esses. 

§  1.  T^HE  equilibrium  of  an  isotropic  sphere  or  spherical 
J-  shell  under  uniform  surface-pressure  is  one  of  the 
oldest  problems  satisfactorily  treated  in  elastic  solids.  It  is 
necessary,  however,  to  consider  it  briefly  here,  as  preliminary 
to  the  main  object  of  this  paper,  which  treats  from  a  physical 
standpoint  of  a  sphere  or  a  spherical  shell  composed  of  several 
concentric  layers  of  different  isotropic  materials.  This  latter 
problem  is  not  altogether  new  mathematically  f,  but  the  points 
to  which  attention  is  principally  directed  here  have  not,  I 
believe,  been  previously  considered. 

The  displacement  u  is  at  every  point  along    the    radius 
vector  r  from  the  centre.     The  principal  strains  are 

-t-  =  5  along  the  radius, 
dr  '-  ^  ' 

and  two  equal  strains 

u/r  =  s' 

*  Communicated  by  the  Author. 

t  See  '  Quarterly  Journal  of  Pure  and  Applied  Mathematics,'  vol.  xxi. 
p.  193  (1886). 

Phil.  Mag.  S.  5.  Vol.  38.  No.  23L  Aug.  1894.  M 


162  Mr.  C.  Chree  on  the  Local  Alteration  of 

along  any  two  mutually  orthogonal  directions  perpendicular 
to  r. 

The  dilatation  A  is  thus  given  by 

A=^  +  2l' (1) 

dr  r  ^ 


The  principal  stresses  consist  of  the  radial 

di 
dr 


7r={k-in)^  +  2n~,        (2) 


and  two  equal  transverse  stresses, 

'ed  =  ^<p={k-ln)^-{-2nulr,       ...     (3) 

along  any  two  mutually  orthogonal  directions  perpcnidicular 
to  r.  Here  k  and  n  denote  respectively  the  hulk  modidas  and 
the  rigidity. 

We  shall  in  general  find  it  convenient  to  consider  instead 

oi  rr  the  v:i(^.\n\.  pressure  {  —  rr). 

For  brevity  a  shell  whose  inner  and  outer  surfaces  are  of 
radii  h  and  a,  and  whose  elastic  constants  are  k  and  n,  will  be 
represented  by  (&  .  a  .  a) ,  where  a  is  adopted  as  representing 
elastic  quality.  A  solid  sphere  of  radius  a  will  be  repre- 
sented by  (0  .  a  .  a).  When  there  is  only  one  material  the  shell 
will  be  termed  simple,  as  opposed  to  compound  when  there  are 
two  or  more  materials. 

§  2.  In  a  simple  shell  (^.  a. a)  exposed  to  uniform  pressures, 
p  over  the  inner  and  p'  over  the  outer  surface,  the  following 
results  are  easily  found  : — 

_        pe^     /       1         1   a\        p'a^    / 1_      J^  ^^\ 

*-  ~  '^^:^\~  Wk'^Ynr'r  ^?^' V     3l-  "^  2^  ^/'  ^'^> 

_,_       pe^    /I         1  gH        p'a^    /I        1    ^=^\ 
^/»' - «  -     ^3 _ g3 ^^3^  +  4„ ,.3 )     a'-eAu^  4n  r-V '      '      ^' 

(6) 

(--)=^^.[i>^^(^^-l)+/a^(l-f:)],       •     .     .      (7) 

^^rr^fe=Kp'-l^^,^^ (9) 


^  _  1  pe^  — p'a^ 
~k    a^—e^   ' 
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The  quantity   S   is  termed   the    stress   difference,    and    its 
greatest  value,  viz. 

^=t(/~/')^3. (10) 

occurring  at  the  inner  surface,  is  called  the  maximum  stress 
di/ference. 

Here  it  is  assumed  that 

3k>2n (11) 

If  this  relation  failed  to  hold,  a  bar  of  the  material  would 
increase  in  radius  when  exposed  to  longitudinal  traction,  and 
I  am  not  aware  that  such  a  striking  phenomenon  has  yet  been 
observed  in  an  isotropic  material. 

^  The  signs,  whether  positive  or  negative,  of  the  strains,  the 
dilatation,  and  the  stresses  for  pressure  over  one  only  of  the 
two  surfaces  are  given  in  Table  I. 

Table  I. 


when  when 


one  )  _ 

ingj  ! 


+         +  + 


+  —  —        -  + 


p  alone 
actin 

p'  alone  ) 
acting  J 

We  shall  employ  the  notation  8s  &c.  to  denote  increments 
in  5  &c.  answering  to  increments  of  any  size  Sp  or  8p'  in  p 
and  j/.  The  expressions  for  s  &c.  being  linear  in  p  and  j/, 
the  above  table  shows  at  once  the  signs  of  8s/8p  &c.  when 
one  only  of  the  surface-pressures  is  altered. 

The  two  most  important  quantities   are  probably   A  and 

(—rr).     The  value  of  A  is  constant,  the  volume  expanding 
uniformly  under  pressure  at  the  inner  surface,  and  contracting 
uniformly  under  pressure  at  the   outer  surface.     The  radial 
stress  is  always  a  pressure. 
If /  =  0,  then  _ 

p—{  —  rr)_r^—e^     c? 
p  r*      a^—e^  ' 

while  if  ;j  =  0,  ^ 

//  —  {—rr)  _  rr' — r^      ^ 


p  r''      €?—(? 


Thus,  in  both  cases,  as  we  recede  from  the  surface  where 

M  2 
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the  pressure  is  applied,  the  falling  off  in  the  radial  pressure 
over  a  concentric  spherical  surface  varies  directly  as  the 
volume  between  the  surface  considered  and  that  where  the 
pressure  is  applied,  and  inversely  as  the  volume  within  the 
surface  considered.  Of  two  equal  volumes  of  the  material, 
that  nearer  the  centre  is  the  more  effective  in  reducing  the 
radial  pressure. 

Linear  Relation  between  three  Stresses  or  three  Strains. 

§  3.  It  is  hardly  necessary  to  point  out  that  if  {e.a.a)j 
instead  of  being  a  simple  shell,  were  a  layer  of  a  compound 
shell,  the  results  (4)-(10)  would  still  apply  to  it,  ifyj  and  j(/ 
were  taken  equal  to  the  pressures  exerted  on  its  inner  and 
outer  surfaces  respectively  by  the  material  of  the  adjacent 
layers. 

Suppose,  now,  that  in  a  simple  shell,  or  in  a  single  layer  of 
a  compound  shell,  we  take  any  three  concentric  spherical 
surfaces  of  iiidii  r^,  ?'2j  ^"z-  Let  us  denote  the  volumes  they 
contain,  viz.  ^Trr^  &c.,  by  Vi,  Vg,  V3,  and  the  radial  presswes 
,  over  their  surfaces  by  p^,  p.^,  p^  respectively.  By  means  of 
(7)  we  easily  find  a  linear  relation  between  the  three  pres- 
sures. This  may  be  written  in  various  equivalent  forms,  of 
which  the  most  elegant  is  perhaps 

Helations  of  exactly  the  same  form  hold  between  the  values 
of  66,  or  those  of  any  the  same  strain,  over  the  three  surfiices. 

If  5i,  52j  hi  for  instance,  be  the  values  of  s,  or  — ,  over  the 
three  surfaces  we  have  ' 

If,  then,  we  know  the  values  of  any  strain  or  stress  at  any 
two  radial  distances  in  a  simple  shell,  we  have  at  once  its 
value  at  any  other  radial  distance.  The  above  results  (12) 
and  (13)  appl;^  equally  to  a  solid  sphere  or  to  any  single 
layer  of  a  compound  shell.  They  bear  a  distant  family 
resemblance  to  the  well-known  ''  theorem  of  the  three  mo- 
ments "  *  in  beamSj  usually  associated  with  the  name  of 
Clapeyron. 

*  See  Todhunter  and  Pearson's  '■  History  of  Elasticity,'  vol.  ii.  art.  G03  ; 
or  LoR-e'.s  'Treatise  on  Elasticity,' vol.  ii.  art.  221. 
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Three-layer  Compound  Shell. 

§  4.  We  now  proceed  to  consider  the  effects  arising  from  the 
application  of  the  pressures  p  and  p'  over  the  inner  and  outer 
surfaces  of  the  three-layer  compound  shell  {e  .a  .c  .  ui.h  .a  .a). 
In  this  a  layer  {c .  a^  .h )  of  material  Aj,  n-^  is  intercalated 
between  the  layers  {e .a.c)  and  [h  .a .  a)  both  composed  of 
material  k,  n. 

The  strains  and  stresses  that  would  exist  if  the  shell  were 
all  of  the  material  k,  n  are  given  by  (4)-(8).  Our  principal 
object  is  to  find  the  additions  made  to  the  strains  and  stresses 
in  {e  .a  .c)  and  {h  .a  .a)  in  consequence  of  the  existence  of 
the  layer  (c.  «!.?>),  which  we  shall  generally  denote  the 
"  altered  layer."  To  do  this  we  have  only  to  find  the  incre- 
ments ^pt,  and  hpc  to  the  pressures  ph,  Pc  at  the  surfaces  r  =  b 
and  r—c  of  the  altered  layer.  The  changes  in  the  strain  and 
stress  in  (b .a .a)  arise  solely  from  the  action  of  the  pressure 
Spi  over  r=b,  while  the  changes  in  the  strain  and  stress  in 
{e .a.c)  arise  solely  from  the  action  of  the  pressure  8pc  over 
r=c.  When  Bpi,  and  Spc  are  known,  the  corresponding 
strains  and  stresses  may  be  written  down  at  once  from 
(4)-(8). 

Tlie  values  of  Spi,  and  Sp^  are  easily  found  as  follows: — The 
shell  {b  .a.a)  is  in  equilibrium  under  the  pressures p^  +  S/>&  and 
jt/  over  its  inner  and  outer  surfaces~while  the  shell  (c  .  ai .  b)  is 
in  equilibrium  under  the  pressures  pe  +  ^pc  and  p^  +  Spb  over 
its  inner  and  outer  surfaces.  We  thus  know  by  (5)  the 
values  of  the  strain  s'  in  the  two  layers  in  terms  of  these 
pressures.  But  s'  =  u/r,  and  u  is  necessarily  continuous  at 
the  common  surface  r=b  of  the  two  media;  thus  we  have 
^  continuous,  whence 

Similarly  from  the  continuity  of  s'  at  r  =  c  we  find 

?=?  (Ksj ""  47,)-  ^P'+^p-yik + ij,  ?) } = 

wh  { (P'+'P'Hi^,  +  4^?)-  (^^' + ^(ai  +4i,) }  ■  (15) 

These  two  equations  determine  p,,  +  8j:>,,  and  pc  +  8pe  in  terms 
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of  p  and  p' J  while  pb  Jvnd  pe  are  obtained  at  once  by  writing 
h  for  r  and  c  for  r  respectively  in  (7). 

Carrying  out  the  necessary  reductions  we  find 


-p 


+  4:n{k,-k){n,{3k  +  4:n)e'-Sk{n,-n){c'-e')}^^^^^],     .     (16) 

\ea)      J 

+  4.)i{ky-k){n,{Sk  +  4:7i)b^  +  3k{n,-n){a^-b')}^^^^^^^\      .     (17) 
where,  for  shortness, 

3  3 

n=  ^^^  ^«  (3^  +  4n)  (3A-1  -f  4wi) 


+  12A:/i(A:,-A)(n,-n) 


{(^-e^)(a^-b^) 
{abceY 


].    .     .     (18) 


The  quantity  IT  is  essentially  positive. 

To  facilitate  reference  it  will  be  well  to  record  explicitly 
the  changes  in  the  strains,  dilatation,  stresses,  and  stress- 
difference  in  the  two  layei's.     In  [b  .a  . a)  we  have 


.  _.  (du\  .         P    /       1        I  a^\ 

^'-^  \drr  -^^^-^F^A'  M  +  27^^j' 

a^\ 


os  =  — =      o».-o — 


bASk      4n  T 


6A=     Spb 


b^ 


a^-b^'  k 


i,m=  8p.^.(i+i'4;),  . 

^o       ,  <v        ^^        3  a^ 

The    existence  of  the  common  factor  8/;j 
noticed. 


(C'-l/ 


■  (19) 

•  (20) 

•  (21) 

•  (22) 

.  (23) 

•  (24) 
will  be 
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«-<=-V.?^(3^-2;;-,),       ....     (25) 
«-  =  -V.pT^,(3^  +  J7,p,J (2ti) 

^^—^i;^&A'     (2') 

*<-"■)=     «/'.prZ?(l-p) (28) 

«^-"^=-Sy>.^^,(l+l^:) (29) 

8S=±S/'.?^|^' (30) 

The    existence    of  the    common   factor    hp^  3 3   will    be 

noticed. 

We  shall  consider  the  phenomena  relating  to  the  pressures 
p  and  p  separately.  By  reference  to  Table  I.  we  know  the 
signs  of  the  strains  and  stresses  in  the  simple  shell  [e  .a .  a), 
and  when  the  signs  of  8pb  and  8pc  are  determined  from  (16) 
and  (17)  we  know  the  signs  of  the  increments  to  the  strains 
and  stresses  in  {b  .a. . a)  and  {e  .a  .  c). 

§  5.  If  first  pressure  be  applied  over  the  inner  surface  only, 
or  p'  be  zero,  the  signs  of  Spi,  and  Bp^  are  shown  in  the 
following  Table  II.  for  the  cases  most  likely  to  arise  in 
practice. 

Table  II. 

p  onlj''  existing. 

i'7l^-n       +        +         0       -        0       - 

\k,-k      +      0      -I-       0     -      — 

&pb     —      —     —      +      -(-      4.  (except  when  e/c  and 

b/a  both  very  small.) 

Bpc         +  +        +  -        -         _ 

The  columns  of  signs  are  to  be  taken  each  separately.  The 
first  column,  for  instance,  gives  the  signs  of  Bp^  and  Spc  when 
n^—n  and  k^  —  k  are  both  positive.  It  seems  hardly  practi- 
cable to  lay  down  concise  general  rules  for  what  happens 
when  n^—n  and  k^  —  k  have  opposite  signs,  but  the  results  in 
any  specified  case  may  be  derived  of  course  from  (16^  and 
(17). 
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If  next  pressure  be  applied  over  the  outer  surface  only,  or 
J)  be  zero,  we  obtain  the  results  embodied  in  Table  III. 


Table  III. 

p'  only  existing. 

n^  —  n 
k,-k 

8pc 

+ 

+ 
+ 

+ 

0 

+ 

0     -      0     - 

+      0     -     - 

—     +     +     +  (except  when  e/c  and 
b/a  both  very  small). 

From  Tables  II.  and  III.  we  see  that  if  Wj— w  and  k^  —  k 
be  both  positive,  or  if  one  be  positive  and  the  other  zero, 
Spi)  is  negative  and  Spc  positive  when  p  only  exists  ;  whereas 
Bpi,  is  positive  and  8pc  negative  when  p'  only  exists.  This 
signifies  that  if  pressure  be  applied  at  either  surface  of  a  shell 
the  intercalation  of  a  layer  of  greater  k,  it  raises  the  radial 
pressure  at  the  surface  of  the  layer  nearest  to  the  surface 
where  the  pressure  is  applied,  and  lowers  it  at  the  other.  In 
other  words,  as  we  retire  from  the  surface  of  the  shell  where 
the  pressure  is  apphed  the  radial  pressure  falls  more  slowly — 
i.  e.  has  a  less  steep  gradient — throughout  the  material  on 
both  sides  of  the  layer  of  greater  k,  n  than  previous  to  the 
alteration  of  the  layer,  and  makes  up  for  this  by  an  accelerated 
rate  of  falling  throughout  the  layer  itself. 

The  phenomena  when  one  of  the  two  n^  —  n  and  k^  —  k  is 
negative  and  the  other  zero  are  exactly  opposite  to  the  above, 
and  the  same  is  also  in  general  true  when  n-^ — n  and  k^  —  k 
are  both  negative ;  but  in  the  latter  event  an  exception  may 
arise  when  efc  and  hja  are  both  very  small,  especially  when 
the  altered  layer  differs  considerably  from  the  remainder. 

Efects  on  Dilatation. 

§  6.  The  eflTect  on  the  dilatation  due  to  the  existence  of  the 
altered  layer  claims  special  attention.  When  n^—n  and  k^  —  k 
are  both  positive,  or  one  positive  and  the  other  zero,  we  see, 
by  reference  to  equations  (21)  and  (27),  and  to  Tables  II. 
and  III.,  that  SA  is  negative  in  both  [h  .  a  .  a)  and  {e .  a,c) 
when  p  only  exists,  and  is  positive  in  both  when  p  only  exists. 
Thus  it  follows  by  (6)  that  SA  is  opposite  in  sign  to  A  in  both 
{b  .  a  .  a)  and  {e  .a  .c).  In  other  words,  the  presence  of  the 
layer  of  greater  k,  n  reduces  numerically*  the  dilatation — 

*  To  avoid  complexity  the  statement  in  the  text  is  limited  to  siut  the 
general  case  where  the  changes  SA  are  not  large  enough  to  cause  a  re- 
versal of  sign  ill  the  dilatation.     Such  a  reversal  occurs,  however,  in  one 
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whether  expansion  following  internal  pressure  p,  or  contrac- 
tion following  external  pressure  p' — throughout  the  unaltered 
material  both  outside  and  inside  of  it. 

The  exact  opposite  holds  if  n,  —  w  and  ^•^  — A;  be  one  negative 
the  other  zero,  or  if  both  be  negative,  a  possible  exception 
arising  in  the  latter  case  when  e/c  and  b/a  are  both  very 
small. 

Whilst  the  changes  of  the  dilatation  in  (6  .  a  .  a)  and  {e  .a  .c) 
due  to  the  existence  of  the  altered  layer  agree  in  general 
qualitatively,  they  usually  differ  quantitatively. 

For  if  Aq 4- 8A  refer  to  {e  .a.c)  and  ( Aq  +  SAg)  to  {b  .a.a) 
— the  dilatation  in  the  simple  shell  {e  .a  .a)  under  the  same 
pressures  being  Aq — we  easily  find 

BX,-8A  =  S^^''^[p^k,{3k  +  4n)-^n{k,-k)^j 

-p'^kX5k  +  An)+4n{k-k)^]'\.     .     (31) 

Thus  in  general  there  is  a  difference  between  the  dilata- 
tions in  (b  .  a  .  a)  and  {e  .a  .  c)  which  increases  with  the 
volume  of  the  altered  layer,  and  is  more  conspicuous  the 
closer  this  layer  to  the  inner  surface  of  the  compound  shell. 

If  «j  =  n, 

then  SA2  =  SA. 

Thus  if  the  altered  layer  retain  the  same  rigidity  as  the  rest 
the  dilatations  in  (b  .  a  .  a)  and  (e  .  a  .  c)  remain  equal,  however 
much  the  altered  layer  may  differ  from  the  rest  in  compres- 
sibility. 

The  coefficient  of  jt>  in  (31)  is  easily  shown  to  be  essentially 
positive,  and  that  of  p'  is  obviously  so.  Thus  when  iii  —  n 
is  positive,  and  kx  —  k  is  positive  or  zero,  8A2  — 8A  has  the 
same  sign  as  p  when  p'  is  zero,  and  the  opposite  sign  to  p 
when  p  is  zero. 

Now  when  p  only  exists  Ao  is  positive,  and  8A2  and  8A 
are  both  negative  when  rii — nis  positive  and  k-^  —  k  is  positive 
or  zero.  It  follows  that  under  these  circumstances  the 
presence  of  the  altered  layer  is  more  effective  in  reducing  the 
dilatation  in  {e ,a.  .6)  than  in  reducing  that  of  {b  .a..a). 

exceptional  case  when  /?  only  exists,  viz.  when  the  intercalated  layer  is  of 
exceptionally  large  rigidity  and  lies  close  to  the  inner  surface  of  the 
shell,  while  a/i  is  large.  The  expansion  naturally  accompanying  pres- 
sure on  the  inner  surface  may  then  be  converted  into  an  absolute  con- 
traction throughout  the  thin  inner  layer  {e  .  n  .  c). 
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Again,  when  p  only  exists  Ay  is  negative,  and  SAj  and 
8A  are  positive  when  n^  —  n  is  positive  and  k^—k  is  positive 
or  zero  ;  thus  the  presence  of  the  altered  layer  reduces  the 
contraction  in  (<? .  a  .  c)  more  than  that  in  {b  .a  .  a). 

Thus,  whether  there  bo  pressure  on  the  outer  surface  alone 
or  the  inner  surface  alone,  the  presence  of  the  layer  (6  .  «i .  c), 
in  which  the  rigidity  exceeds  and  the  bulk  modulus  equals  or 
exceeds  that  of  the  remainder,  has  a  greater  effect  on  the 
density  of  the  contained  layer  (<? .  a  .  c)  than  on  that  of  the 
surrounding  layer  {b  .a  .  a). 

It  is  equally  easy  to  show  that  the  density  of  (<? .  a .  c)  is  in 
general  more  affected  by  the  existence  of  the  altered  layer 
than  is  that  of  {b.u.a)  when  n^ — n  is  negative,  with  a 
possible  exception  in  the  case  of  pressure  on  the  outer 
surface  when  k^  —  k  is  also  negative  and  ejc  is  very  small. 

§  7.  The  general  effect  of  the  existence  of  the  altered  layer 
is,  as  we  have  seen,  to  diminish  or  to  increase  the  effects  of 
surface-pressure  in  changing  the  density  of  the  unaltered 
material  according  as  the  elastic  constants  of  the  altered  layer 
are  greater  or  less  than  those  of  the  unaltered  material. 

The  converse  question  naturally  presents  itself,  viz.,  how 
the  change  of  density  of  the  altered  layer  compares  with 
that  in  the  simple  shell  {e  .a^.  a),  all  of  the  same  material  as 
the  layer,  exposed  to  the  surface-pressures  ^j  and  })'. 

If  we  regard  the  dilatation  as  A|  in  (e.ay.a),  and  as 
Aj-|-8Ai  in  (c.a^.b)  when  there  is  the  compound  shell 
(('  .a  .c  .a-^.b  .a.a),  we  easily  find  from  what  precedes  *  that 

Ilh^^k^{a^-e^)  = 
pUnn,{h-k){?>h-^hi)  a'-f''  +  c'-^' 

'6kki{ni  —  n)(Sk  +  4cn)  — jy-r^ — 

+  ^^i^i-^)  fn,{Sk  +  ^n){a'-b^  +  c'-e') 

-LK-„)''--^^)'y°'-')}]..     .     (32) 

*  Since  neither  k  nor  7i  appears  in  (7)  the  radial  pressures  over  r=b 
and  r—c  are  the  same  in  (<;.«,.  a)  as  in  (e  .a .  a)  so  that  8A,  equals  the 
dilatation  in  a  simple  shell  (c  .Xi .  h)  due  to  surface-pressures  8p^  and  8p^ 
as  given  by  (l(i)  and  (17). 
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The  coefficients  of  ki  —  k  and  of  n-^—n  inside  the  square 
brackets  in  the  coefficients  of  both  p  and  p'  may  be  shown  to 
be  essentially  positive. 

Havinor  regard  to  the  signs  of  A,  in  the  several  cases  we 
at  once  obtain  the  result  that  when  ?ii  — n  and  ki  —  k  are  both 
positive,  or  one  positive  and  the  other  zero,  the  layer  (c  .on  .  h) 
suffers  more  alteration  of  density  in  consequence  of  the 
application  of  /»  or  p'  than  if  the  whole  shell  were  of  material 
A'l,  til.  In  other  words,  when  the  layer  has  larger  elastic 
constants  than  the  remainder  it  suffers  more  alteration  in  its 
density  than  if  the  entire  shell  consisted  of  the  same  material 
as  the  layer. 

Alteration  of  material  small. 

§  8.  The  preceding  results  apply  irrespective  of  the  magni- 
tudes of  {ki  —  k):k  and  (ni  —  n)/n,  provided  these  be  neither 
infinitely  great  nor  infinitely  small,  and  so  hold  however 
great  be  the  differences  of  the  two  materials. 

The  case  when  the  material  is  nominally  the  same  through- 
out, but  the  elastic  constants  vary  slightly  with  ?•,  seems  not 
unlikely  to  be  of  frequent  occurrence  in  practice.  The  law 
of  variation  of  the  elastic  constants  in  such  a  case  is  probably 
in  general  a  continuous  function  of  r,  still  the  variation  may 
not  infrequently  be  practically  restricted  to  a  thin  layer.  It 
thus  seems  worth  while  glancing  briefly  at  the  special  case 
when  (ni  —  n)/n  and  {ki  —  k)lk  are  so  small  that  terms  con- 
taining their  squares  or  product  may  be  neglected.  In  this 
case,  putting  for  shortness 

4:n/(3k  +  4:n)  =  K,i ^     ^ 

we  get  from  (16)  and  (17) 

If  ni  =  ??, 

or  the  altered  layer  differ  from  the  rest  only  in  compressibility, 
we  have 

b^     s  ^c%         h'^-cHi-k  ^  p'a^—pe^  ,„-. 
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Referring  to  equations  (19)  to  (24)  and  (25)  to  (30)  we 
see  this  implies  that  the  influence  of  the  altered  layer  on  the 
strains  and  stresses  of  the  remainder  depends  only  on  the 
volume  and  not  at  all  on  the  position  of  the  layer. 

In  the  coefficient  of  {ki  —  k)/k  in  both  (34)  and  (35)  p' 
occurs  multiplied  by  a^  and  p  occurs  multiplied  by  e^.  Thus 
a  layer  differing  slightly  from  the  rest  only  in  compressibility 
has  a  greater  etifect  on  the  strains  and  stresses  arising  from  a 
j)ressure  over  the  outer  surface  than  on  those  arising  from  a 
pressure  over  the  inner  surface  of  the  compound  shell. 

If  in  (34)  and  (35) 

ki  =  k, 
we  have 

Referring  to  equations  (19)  to  (24)  and  (25)  to  (30)  we 
see  that  the  effect  of  the  layer  of  altered  rigidity,  when  its 
volume  is  given,  is  greater  the  nearer  it  is  to  the  centre. 

The  layer  in  this  case,  however,  is  as  effective  in  modifying 
the  strains  and  stresses  arising  from  internal  pressure  as  those 
arising  from  external  pressure. 

Displacements  in  general  case  of  3  Layers. 

§  9.  When  (ni—n)jn  and  {ki—k)/k  are  not  small  it  will  be 
sometimes  more  convenient,  especially  when  the  volume  of 
the  altered  layer  is  considerable,  to  deal  with  the  complete 
values  of  the  displacements,  strains,  and  stresses  than  with 
the  increments  to  the  values  in  the  simple  shell  {e .a.a). 
The  strains  and  stresses  may  easily  be  written  down  from  the 
displacements,  so  it  will  suffice  to  give  the  complete  values  of 
the  latter.  These  are  as  follows,  11  being  given  as  before 
by  (18)  :- 

In  [e  .  a  .  c) 


"=fi[^{ 


«3        ,,'^3 


^V^  <^^  +  4«)  (3^1  +  4ni) 
[aey 


-^P7^si'h-n){kx{3k  +  47i)a'~4:n{k,-k){a'-P))\ 

+  ^|(i>-jt>')/fc(3^  +  4/i)(3^,H-4ni) 

+  ip^j^{k,-k){n,iSk  +  An)P  +  3k{n,-n){a'-b'))  |].  (38) 
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In  (c . «! .  l>) 

--I^^{n,{Sk  +  4ny-3k{n,-n)(c^-e^))] 

-.K^{k,{Sk  +  4n)e''  +  4n{k,-k){c'-e'))^'j.     .     .     .     (39) 

In  {b  .a  .  a) 
^^=^[r{^^^^n{Sk  +  4n){Sk,  +  4nO 

-3/^Jn,-n)(h{U  +  4n)e'  +  in{k-k){c'-e'))j 

+  i;oA{p  -p')k{U  +  4«)  (3^1  -f-  4;ii) 

+  4.p'^^ {k,~k){n,{U-^4.n)c'-mn,-n){c'-e'))\].  {4()) 

These  expressions  may  seem  a  little  heavy,  but  it  should  be 
remembered  that  in  any  specified  indi^^dual  case  the  some- 
what lengthy  constant  coefficients  are  replaced  by  concise 
numerical  quantities. 

Two-layer  Shell. 

§  10.  All  the  formulae  established  for  the  three-layer  com- 
pound shell  {e  .a.  .c  .a-^.h  .a  .a)  may  easily  be  modified  so  as 
to  apply  to  the  simpler  case  of  a  two-layer  compound  shell. 
Supposino;  this  to  be  (^  .  «! .  6  .  a .  a)  we  put  c  =  <?  in  the  previous 
formula?,  while  if  it  were  (?  .  a  .  c  .  aj  .  a)  we  should  put  b-^a. 

Taking  for  example  {e  .a^  .h  .a.a),  and  regarding  [e  .a^ .  b) 
as  the  altered  layer,  we  have  by  (17) 

and  by  (16) 

+  4:nn,(h-t)^^^^],  ■     .     .     (41) 
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where 

h^  —  (?  ("3  Ml  (ni  — n) 


n=(3A-  +  4n)r'^^^'n(3/:,+4nO+-^{' 


h^ 


^4nni(^,-^)jJ^     .     .      (42) 

Substituting  from  (41)  tor  8/:>6  in  equations  (19)  to  (24), 
we  get  the  increments  which,  added  to  the  corresponding  re- 
sults (4)  to  (9),  give  the  complete  values  of  the  displacements 
&c.  throughout  the  unaltered  material  {h.a.a).  The  incre- 
ments themselves  measure,  of  course,  the  effects  of  an  altera- 
tion of  the  material  at  the  inner  surface  from  ^,  n  to  k^^  n^. 
The  value  of  hpc  and  the  corresponding  increments  (25)  to 
(30)  obtained  for  (e  .«  .  c  .«! .  a),  as  explained  above,  would 
give  the  effects  of  a  similar  alteration  at  the  outer  surfiice. 

A  comparison  of  these  results  will  be  found  to  emphasize 
the  fact  that  a  change  of  rigidity  is  much  more  effective  at 
the  inner  than  at  the  outer  surface  of  a  thick  shell. 

Solid  Sphere. 

§  11.  The  results  for  a  solid  sphere  under  uniform  surface- 
pressure  may  easily  be  derived  from  those  for  a  shell. 

In  a  simple  sphere  (0  .  a  .  a) ,  under  surface-pressure  p\  the 
displacement  is  deduced  from  (5)  by  taking  e  zero,  and  the 
strains  and  stresses  are  thence  easily  written  down.  We 
thus  get : — 

,^^ulr=-y^j  =  s, (43) 

^=-l''/k, (44) 

^=dd=-j>', (45) 

S  =  0 (46) 

These  results  may  also  be  derived  from  the  corresponding 
strains  and  stresses  in  the  shell  {e  .a. a),  by  omitting  all 
terms  multiplied  by  e,  even  though  a  power  of  r  occurs  in  the 
denominator.  Perhaps  an  even  simpler  method  of  reduction 
consists  in  supposing  p=p'. 

For  the  compound  sphere  (0  .a,  .c  .a^  .h  .a  .a)  we  may,  as 
in  the  case  of  the  compound  shell,  proceed  in  either  of  two 
ways.  We  may  start  with  the  results  for  the  simple  sphere 
(0  .  a  .  a)  and  find  the  increments  in  the  displacements,  strains, 
&c.,  depending  on  the  increments  Sph  and  Sp^  of  pressure  at 
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the  surfaces  of  the  altered  layer  ;  or  we  may  take  the  com- 
plete values  of  the  displacements.  In  either  case  we  arrive 
at  much  simpler  results  than  for  the  compound  shell. 

For  the  increments  of  pi'essure  we  find  in  place  of  (10) 
and  (17), 

hp,  =  ^p''^^^^^f^{k,-k)n{Zk  +  hr,), (47) 

hpc=-^p'^^Ah-k){^h{:6k  +  hi)b'  +  '6k[n,-n){a'-P)\,    (48) 

where 
TV  =  k(U  +  4/0  (3/:i  +  4«0  +4^-^^  {k,-k)  {«.(3/t  +  47i)/>=^ 

-{-U{iH-n)[o?-i;')].     .     .      (49) 
If 

K\  ^^  /Cj 

then,  however  nj  and  n  may  dil^er, 

hpb  =  hpc  =  ^, 
whence 

u-=  —^rp'/k 

throughout  the  whole  of  the  unaltered  material. 

For  the  displacements  in  the  com})ound  sphere  we  find 
in  place  of  (38),  (39),  and  (40),  11'  being  given  by  (49), 
in  (0.  a  .  c) 

M=-i'^(3^  +  4;0(3^i  +  4ni)  ; (50) 

in  (c . «! .  b) 

u=-^,{3k  +  hi)hr{Sk  +  4:n,)  +  '^^{k,-k)'j  ;.      (51) 
in  {b  .a  .  a) 
n=-!^^A{^k^4.n){U,  +  4^n,)+W^[n,-n){k,-k)} 

-^^(63-c=0(A'i-^)(3/;  +  4»i)]-    •      (52) 

One  of  the  most  noticeable  phenomena  in  a  simple  sphere 
is  the  vanishing  *  of  the  stress-difference  S  at  every  point. 

*  See  Phil.  Mag.  September  1891,  pp.  240-42. 
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The  value  of  S  in  the  compound  sphere  is  thus  of  special 
interest.     For  it  we  easily  find  : — 

in  (0  .  a  .  c), 

S  =  U; 

in  (c  .ai  .b), 

g^^^,0y(Vr^)np+4^.      .     .     .     (53) 

in  {b  .a  .a), 

^^Q^i^^-c^Jf^i-f^M^I^  +  ^^i)  ^     _      (54) 

Since  S  varies  as  b^  —  c'^  in  (b.a.a),  it  follows  that  the 
stress-difference  will  there  remain  small  so  long  as  the  altered 
layer  is  of  small  volume  until  p'  becomes  very  large. 

In  (c  .aj^.b),  however,  S  depends  on  the  volume  of  the 
altered  layer  only  in  so  far  as  that  enters  into  11',  and  is  thus 
of  importance,  however  thin  the  layer  may  be,  provided  it 
differ  considerably  from  the  rest  in  compressibility. 

It  is  hardly  necessary  to  point  out  the  loophole  this  affords 
to  supporters  of  the  stress-difference  theory  *  of  rupture,  if 
experiment  should  seem  to  decide  against  them. 

Any  number  of  Layers. 

§  12.  The  compound  shell  formed  of  any  number  of  con- 
centric layers  of  different  materials  may  be  treated  in  the 
same  way  as  the  three-layer  shell  ;  but  probably  it  is  quite  as 
easy  to  express  the  displacement  in  each  layer  in  terms  of 
arbitrary  constants  and  determine  these  from  the  continuity 
of  the  radial  displacement  and  stress. 

Let  there  be  i  layers,  the  radii  of  the  (i+l)  surfixces 
reckoned  from  within  outwards  being  cq,  ai,  .  .  .  a,.  The  ^th 
layer  is  thus  that  the  radii  of  whose  bounding  surfaces  are 
a«_i  and  a^.  The  volume  of  the  ^th  layer,  /.  e.  4:7r(a^  — a;^_,)/3, 
is  denoted  by  v^,  and  its  elastic  constants  by  k^  and  n^.  The 
notation 

4nJ(3A:,  +  4nJ=K,,  ^ 

3/:;(3^,  +  4nJ=N,=  (^-yMi      '     '     ^^^^ 

is  also  used. 

I  shall  merely  record  the  value  of  the  displacement  in  the 
sth  layer  in  some  special  forms  of  the  general  case,  the  pres- 
sures p  and  p'  being  applied   as  before  over   the  inner  and 
outer  surfaces  respectively  of  the  compound  shell  : — 
*  See  Phil.  Mag.  September  1891,  pp.  240-2. 
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Subcase  (i) .   k  varying,  but  n  same  througbout : — 

^  4.r^  n{a\-.al)U    ^         {a^a^f 


s+l 


].    (56) 


l-2(Iv/") 

Subcase  (ii).   n  varying,  but  k  same  tbroughout  : — 
-ip-p') 


9  2 
1 


l-S(M^V) 

1  K«i)'(;'-y) 


Subcase  (iii).  Elastic  constants  departing  from  mean  values 
n  and  k  by  small  quantities,  e.  g.  8n^  and  8k^  in  tbe  sih.  layer, 
whose  squares  and  products  are  negligible: — 


U=Ti 


=-L-(^[«-'"?){i-4'-4eT')} 

PAiZ.  Mag.  S.  5.  Vol.  38.  No.  231.  ^Iw^.  1894.  N 
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In  these  formulse  t  denotes  summation  with  respect  to  q 
between  the  hmlts  appearing  below  and  above*.  If  the 
material  vary  slightly  as  a  continuous  function  of  r  the  sum- 
mations become  replaced  by  integrations. 

For  a  solid  compound  sphere  a^,  =  0,  and  the  preceding 
formulfe  take  the  following  simpler  forms  : — 

Subcase  (i). 

"=-p'[is:;4,„-5^.{«'t^'-'''S(V,/")}] 

^{l-S(K  V»)},  (69) 
Subcase  (ii). 

«=-i4''. '•'°' 

Subcase  (iii). 

^r^'dk  +  inl    'TV'    k/       \::Av    kl       '  k  }'     ^"^^ 

In  (56)  and  (59)  we  notice  that  if  the  })osition  and  material 
of  the  sth  layer  remain  unaltered,  the  displacement  throughout 
it  is  unaffected  by  any  rearrangement  of  the  material  which 

s  i 

leaves  2  (K^vjv)  and   2  (K^vjv)    unaltered.      Thus,   if  the 

layers  of  a  compound  shell  or  solid  sphere  differ  only  in  com- 
pressibility, any  redistribution  of  the  material  throughout  a 
certain  volume  which  consists  in  splitting  one  layer  into  a 
number  of  layers  or  altering  in  any  way  the  order  in  which 
the  different  materials  occur,  while  leaving  unaltered  the 
volume  of  each  separate  material,  has  no  effect  on  the  dis- 
placement, strains,  or  stresses  throughout  any  layer  no  part 
of  which  is  included  within  the  volume  where  the  redistri- 
bution has  occurred.  A  particular  deduction  is  that  the 
increment  of  radius  of  a  solid  sphere,  or  of  either  surface  of  a 
shell,  is    unaffected   by  any  redistribution  in  layers  which 

*  We  must  interpret  2  (Ky/r)  as  but  the  single  term  Kirj,'?;,  and  similarly 
in  otlier  cases.       2    is  simply  zero. 
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leaves  the  total  volume  of  each  material  unchanged,  and 
does  not  disturb  the  material  next  the  surface  considered. 

Noticing  the  value  of  M^  in  (55),  we  see  from  (57)  that  a 
given  alteration  of  rigidity  throughout  a  given  volume  has  a 
greater  etfect  the  nearer  the  altered  volume  to  the  centre. 
We  have  already  come  across  this  phenomenon  in  §  8. 

In  the  compound  solid  sphere  the  case  when  the  layers, 
though  diifering  in  rigidity,  have  all  the  same  compressibility 
is  singularly  simple,  the  same  formula  (60)  supplying  the 
displacement  throughout  the  diflferent  layers. 

Directions  of  no  Extension. 
§  13.  In  a  simple  solid  sphere  exposed  to  uniform  surface- 
pressure  every  unit  element  alters  in  length  to  the  same 
extent  irrespective  of  its  direction  or  position  in  the  sphere. 
In  a  simple  shell  {e  .a  .a)  it  is  otherwise  :  there  is  in  general 
at  any  point  a  conical  surface  separating  directions  along 
which  elements  lengthen  from  those  along  which  they  shorten. 
This  cone  has  the  diameter  through  the  point  considered  for 
axis,  and  its  semi-vertical  angle  6  is  given  by  the  equation 

cos'fl=^=i  +  ±^(^Y£^'.       .     (62) 
s  —s      6      yk\ae/     p—p 

If  j9'  =  0  this  becomes 

-^^=-a+^'(-:y (^^' 

and,  assuming  as  before 

Sk>2n, 

this  gives  a  possible  value  for  6  for  all  values  of  r.  The 
directions  along  which  elements  shorten  are  included  within 
the  conical  surface. 

If  j9  =  0  then  {62)  becomes 

-^'^=3+SGT («*> 

which  supplies  a  possible  value  for  6  only  when 
r/e<{dk/2n)K 

By  means  of  the  stress-strain  relations  the  equation  deter- 
mining 0  may  easily  be  thrown  into  the  form 

^o^ie='^(^k+r^n\^('dk'^-7^'\,     .     .     (65) 
N  2 
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provided  rr  —  Sku/r  he  not  zero'^.     This  applies  at  any  point 
of  a  simple  shell  or  of  a  layer  of  material  k,  n  in  a  compound 
shell. 
We  may  write  the  above  in  the  form 

;  —  I  ^-  +  ^  ^  )  sec^^  =  rr-J-  (it/r). 


3^- 


Now  rr  and  ?«//•  are  continuous  at  a  common  surface  of  two 
contiguous  layers  of  a  compound  shell.  Thus,  distinguishing 
corresponding  quantities  in  two  such  layers  by  dashed  and 
undashed  letters  respectively,  we  find  at  the  common  surface 

{:dk  +  4.n)seQW-{W  +  hi')^e(iW'  =  %k-k').   .     {<o%) 

This  relation  connecting  6  and  6'  depends  solely  on  the 
material  of  the  layers,  and  not  at  all  on  the  radius  of  their 
common  surface.  It  should,  however,  be  noticed  that  if  a 
layer  of  material  k',  n'  were  intercalated  between  two  layers 
of  material  k,  a,  the  values  of  cos  &  at  its  two  surfaces  would 
differ,  so  that  6  has  different  values  at  the  inner  surface  of 
the  outer  layer  of  material  k,  n  and  at  the  outer  surface  of  the 
inner  layer  of  the  same  material. 

Linear  Relation  hetioeen  Changes  of  Volume. 

§  14.  In  conclusion,  I  would  call  attention  to  a  simple  and 
concise  relation  between  the  changes  of  volume  or  the  dilata- 
tions of  the  layers  composing  a  compound  shell  or  solid  sphere 
exposed  to  uniform  pressure. 

If  /•  be  the  bulk  modulus  of  a  volume  v  of  an  isotropic 
material  exposed  to  surface-forces  whose  components  at  the 
point  x,y,z  on  the  element  rfS  of  surface  are  F,  G,  H  per 
unit  of  surface,  then  the  increment  of  the  total  volume,  hv, 
due  to  the  action  of  these  forces,  is  given  by 

3A;Si;=JJ(Rr  +  Gy  +  H^)^?S,     .     .     .     (67)t 

the  integral  being  taken  over  the  entire  surface. 

Suppose  now  we  apply  this  to  the  several  layers  of  which 
a  compound  shell  is  composed.  The  surface-integrals  taken 
for  any  two  contiguous  layers  over  their  common  surface 
clearly  vanish.  Thus,  summing  the  equations  like  (67)  for 
the  several  layers,  nothing  remains  on  the  right-hand  side  but 
the  integrals  referring  to  the  inner  and  outer  surfaces  of  the 

*  It  is  zero  in  the  core  of  a  compound  sphere,  and  in  eyery  layer  of  a 
compound  shell  of  uniform  compressibility. 

t  See  Trans.  Camb.  Phil.  Soc.  vol.  xv.,  equation  (23)  p.  318. 
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shell.  Supposing  these  to  be  of  radii  e  and  a,  the  applied 
pressures  being  p  andy^',  we  thus  find 

t{h.hv)='^^'iT{pe^-p'a^) (68) 

Since  the  dilatation  of  a  layer  is  uniform  throughout,  it  is 
given  by 

A  =  hvlv. 
We  may  thus  write  (68)  in  the  alternative  form 

t{k.^.v)=-^'n{pe^-p'a?).      .     .     .     (69) 

For  a  solid  sphere  we  have 

t{k  .hv)  =  t{k  .  ^  .v)  =  -^iroJ'p\  .     (70) 

The  relation  we  have  established  is  of  course  insufficient 
by  itself  to  determine  the  dilatation  in  any  one  layer  of  a 
compound  shell  or  sphere,  but  it  at  least  supplies  a  very 
simple  check  on  the  accuracy  of  results  otherwise  determined. 
For  the  three-layer  shell  {e  .a.c  .a-^.h  .a,,  a)  it  gives,  de- 
noting the  dilatations  in  {e  .a.c),  (c .  aj .  6),  and  {b  .a. .  a)  by 
A,  Aj,  A2  respectively, 

kA{c'  -  e^)  +  yti  A ,  [h^  -  c')  +  kA^i^'  -  P)  =pe^  -p'a\ 

and  this  will  be  found  consistent  with  the  values  of  the 
dilatation  supplied  by  (38),  (39),  and  (40)  for  the  three 
layers. 

Sunmiary. 

The  principal  results  arrived  at  for  the  application  of 
uniform  surface-pressure  are  as  follows  : — 

A. 

(1)  In  any  simple  sphere  or  spherical  shell,  or  in  any  one 
layer  of  a  compound  sphere  or  shell,  there  is  a  simple  linear 
relation,  independent  of  the  elastic  constants  of  the  material, 
between  the  values  of  any  the  same  stress  or  strain  over  any 
three  concentric  spherical  surfaces. 

B. 

For  the  effects  of  altering  a  spherical  layer  so  as  to 
increase  one  or  both  of  its  elastic  constants  (the  effects  of 
diminishing  one  or  both  constants,  generally  speaking,  being 
the  exact  opposite) : — 
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(2)  The  radiiil-})ressure  oradient  falls  off  in  steepness  both 
nside  and  outside  the  altered  layer,  making  up  for  this  by 
ncrcased  steepness  in  the  layer  itself. 

(3)  The  change  of  volume — whether  expansion  following 
nternal  pressure,  or  coutraction  following  external  pressure 

— is  reduced  in   the    material    both  inside  and  outside   the 
altered  layer. 

(4)  The  altered  layer  itself  suffers  greater  change  of  volume 
than  if  the  entire  sphere  or  shell  were  composed  of  the  same 
material  as  the  layer. 

(5)  The  alteration  of  compressibility  only  throughout  a 
layer  of  given  volume  is  equally  effective  for  all  positions  of 
the  layer,  but  the  alteration  of  rigidity  only  is  more  effective 
the  nearer  the  altered  layer  to  the  centre. 

(6)  The  stress-difference  vanishes  at  every  point  of  a  simple 
solid  sphere  ;  but,  if  the  compressibility  of  a  layer  be  altered, 
the  stress-difference  attains  a  finite  value  both  outside  the 
layer  and  in  the  material  of  the  layer  itself,  becoming  of 
importance  in  the  layer  itself  however  thin  that  may  be. 


XIX.  Electrical  Besonance  and  Electrical  Interference. 
By  John  Trowbridge*. 

[Plate  VII.] 

THE  solution  of  the  differential  equations  which  express 
the  distribution  of  electricity  on  conductors  of  various 
forms  and  varying  magnetic  permeability  is  not  always 
simple  ;  and  many  assumptions  have  been  made  in  regard  to 
the  constants  which  enter  these  equations.  Thus  Poincard  f 
assumes  that  the  spark  of  a  vibrator  is  dampened  more 
readily  than  that  of  the  oscillator.  This  has  been  shown 
independently  by  Bjerknes  to  be  true  when  the  oscillating 
circuit  is  not  closed  by  a  spark-gap  J.  Stefan  §,  by  making 
the  assumption  that  the  oscillations  are  confined  to  the  outer 
layer  of  the  conductor,  reduced  his  differential  equation  to 
the  form  treated  by  Lord  Kelvin,  in  periodic  heat  move- 
ments. Analysis  leads  him  to  suppose  that  the  formula 
<  =  27r  VL  C  applies  only  to  a  special  case;  and  he  gives  a 
more  general  law. 

AV^ith  the  conviction,  therefore,  that  the  experimental  side 

*  Communicated  by  the  Author. 

f  Electricite  et  Optique. 

X  Ann.  der  Physik  mid  Chemie,  xliv.  1891  ;  xlvii.  1892. 

§  Ibid.  xli.  1890. 
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of  the  subject  should  be  more  developed  in  order  to  decide,  if 
possible,  upon  the  truth  of  the  various  assumptions  that  have 
been  made.  I  have  continued  my  studies  on  the  oscillations  of 
electricity  with  the  aid  of  more  powerful  methods  of  studying 
periodic  currents  than  I  had  hitherto  used.  In  a  paper  on 
the  oscillations  of  lightning  discharges*,  I  expressed  the 
opinion  that  the  method  first  employed  by  Spottiswoode,  of 
exciting  a  Ruhmkortf  coil  or  transformer  by  means  of  an 
alternating-current  dynamo,  put  in  the  hands  of  an  experi- 
menter a  far  more  powerful  method  of  studying  electrical 
oscillations  than  the  old  method  of  charging  Leyden  jars  by 
means  of  an  electric  machine,  or  by  the  use  of  a  RuhmkorfF 
coil  with  a  battery.  1  have,  therefore,  in  this  investigation, 
employed  an  alternating  machine  capable  of  giving  120  volts 
and  a  current  of  from  15  to  25  amperes,  and  have  employed 
suitable  transformers  to  obtain  the  necessary  dilFerence  of 
potential  to  produce  the  sparks  which  I  wished  to  study. 

Generally  I  have  employed  one  primary  or  exciting  circuit 
between  two  entirely  separate  and  disconnected  resonating  or 
secondary  circuits.  The  image  of  the  three  sparks  thus  pro- 
duced could  then  be  compared  upon  the  same  plate. 

Before  entering  into  a  more  detailed  account  of  the  appa- 
ratus I  employed,  I  will  state  the  most  striking  results  which 
I  have  obtained.  A  unidirectional  spark  (non-oscillatory) 
always  excites  an  oscillatory  discharge  in  a  secondary  circuit 
if  the  self-induction,  capacity,  and  resistance  of  this  secondary 
circuit  permit  an  oscillatory  movement.  It  is  therefore  not 
necessary  that  the  spark  in  a  primary  circuit  should  be  an 
oscillating  one  in  order  to  excite  oscillations  in  a  neighbouring 
conductor.  In  this  respect  two  electrical  circuits  are  not  in 
close  analogy  with  two  tuning-forks.  It  is  difficult  l)y  a  uni- 
directional movement  of  the  prongs  of  one  tuning-fork  to 
excite  the  vibrations  of  another  fork  which  is  not  in  tune  with 
the  first  fork.  In  every  secondary  circuit,  or  circuits  neigh- 
bouring to  the  primary  circuit,  the  first  effect  of  the  exciting- 
unidirectional  primary  spark  is  to  make  the  secondary  circuits 
act  as  if  there  were  no  capacity  in  their  circuits.  In  these 
circuits  a  thread-like  spark  results  which  is  exactly  like  that 
produced  when  all  the  capacity  in  the  secondary  circuits  is 
removed.  After  a  short  interval  of  time  the  electricity  rushes 
into  the  condensers  and  begins  to  oscillate,  the  strength  of  the 
oscillations  rising,  after  one  or  two  vibrations,  to  a  maximum 
and  then  decreasing  ;  the  rate  of  oscillation  finally  assumes  a 
steady  state,  and  is  expressed  by  the  formula  t  =  27r  »^hi^. 

*  Phil.  Mag.  October  1893. 
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This  formula,  moreover,  does  not  hold  for  the  first  instants. 
The  electricity  seems  to  be  separated  only  along  the  wires  at 
first,  and  the  circuit  vibrates  more  like  a  closed  organ-pipe 
than  an  open  one. 

If  a  unidirectional  primary  spark  excites  oscillations  in 
neighbouring  circuits  which  are  slightly  out  of  tune,  the 
phenomenon  of  electrical  beats  or  interferences  can  be  pro- 
duced in  these  circuits,  and  can  be  shown  by  photography. 

If  the  primary  spark  ceases  to  be  unidirectional  and  is 
allowed  to  oscillate,  the  oscillations  of  the  primary  spark  tend 
to  compel  those  of  the  secondary  or  neighbouring  circuits  to 
follow  them  ;  if  they  are  not  sufficiently  powerful  to  do  this, 
they  beat  -with  the  oscillation  of  the  secondary  circuit.  More- 
over, if  all  capacity  is  removed  from  the  neighbouring  circuits, 
they  oscillate  in  tune  with  the  primary  circuit,  following  the 
latter  exactly.  The  secondary  circuits  without  capacity  act 
like  sensitive  plates  and  exactly  reproduce  every  disturbance 
in  the  primary  oscillating  circuit.  Leaving  for  the  end  of 
this  paper  a  more  detailed  account  of  my  results,  I  will  now 
describe  my  apparatus. 

Fig.  1. 


In  fig.  1,  S,  S',  S"  are  three  spark-ga])s  in  the  same  vertical 
plane,  but  not  immediately  over  each  other,  in  order  that  the 
photographs  may  not  overlap.  B,  A,  C  are  three  coils  placed 
vertically  on  the  same  axis.  These  circular  coils  consisted  of 
from  one  to  four  turns  of  well  insulated  wire.  The  mean 
radius  of  the  coils  was  915  centim.  D,  E,  and  F  are  the  con- 
densers respectively  of  the  three  independent  circuits  :  these 
condensers  were  made  of  hard  sheet-rubber  0*3  centim.  thick  ; 
the  coated  surfaces  could  be  varied  by  rolling  up  the  layers 
of  tinfoil  which  formed  the  coating.  In  certain  cases  air- 
condensers  were  substituted  for  the  india-rubber  condensers 
both  for  the  condenser  E  of  the  primary  circuit  and  for  the  con- 
denser D  of  one  of  the  secondary  circuits.    The  air-condenser 
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employed  for  the  primary  circuit  consisted  of  two  large  iron 
frames,  upon  which  sheets  of  tin  were   screwed.     The  con- 
denser-plates thus  made  were  210  centim.  by  330  centim.,  and 
■were  placed  2  centim.  apart.     The  air-condenser  employed  in 
the  secondary  circuit  replacing  at  times  the  hard-rubber  con- 
denser D  is  described,  together  with  the  photographic  appa- 
ratus, in  a  previous  paper  on  Electrical  Oscillations  *.    It  was 
placed  in  a  room  provided  with  yellow  window-shades  (orange 
fabric).     It  was  found  necessary  also  to  construct  a  camera- 
box  about  10  feet  long,  which  extended  from  the  spark-gap  to 
the  revolving  mirror.     This  box  was  so  constructed  that  the 
direct  light  of  the  sparks  was  shielded  from  the  sensitive  plate 
which  was  placed  directly  below  the   spark-gap.     The  plate 
thus  received  only  the  light  thrown  by  the  revolving  mirror, 
which  was  placed  at  the  opposite   end   of  the  camera-box. 
The  operator,  seated  at  the  spark-end  of  this  camera,  closed 
for  an  instant  a  key  K  (woodcut,  fig.  1)  placed  in  the  circuit 
of  the  alternator  M.    Looking  through  the  iilm  of  the  sensitive 
plate,  one  could  determine  when  a  suitable  photograph  had 
been  taken  ;  for  the  image  of  the  sparks  spread  out  by  the 
revolving  mirror  could  be  clearly  seen,  the  film  acting  like  a 
ground-glass.     It  was  thus  possible  to  take  a  large  number  of 
photographs  with  the  greatest  ease,  the  rate  of  the  alternator 
being  so  high  that  at  each  sudden  make  of  the  key  several 
photographs  could  often  be  obtained  at  once  upon  the  strips 
of  sensitive  plates,  which  were  25  centim.  by  6  centim.     It 
is  evident  that  one  of  the  circuits,  for  instance  B,  could  be 
made  a  time-circuit.     The  self-induction  and  capacity  in  the 
circuit  could  be  carefully  determined   and   maintained    con- 
stant.   The  formula  ^  =  27r  \/\j  C  could  be  thus  printed,  so  to 
speak,   on   each    negative.       For   this    time-circuit    I   have 
employed  a  fine  wire  coil  which  was  slipped  upon  the  same 
electromagnet    which    formed   the   primary    of   the    step-up 
transformer  T.     I  had  thus  two  step-up  transformers  wdth  a 
common  primary  :  one  produced  the  sparks  of  the  \'ibrator, 
the  other  the  spark  of  the  time-circuit. 

In  fig,  2  (Plate  YIl.)  S'  represents  photographs  of  the 
unidirectional  primary  spark.  S  is  the  unidirectional  spark 
produced  in  a  neighbouring  circuit  B  from  which  the  capa- 
city has  been  removed.  S"  is  the  oscillating  spark  in  the 
circuit  C  :  the  condenser  of  this  circuit  was  an  air-con- 
denser. Tlie  spark  S  shows  that  no  oscillation  is  concealed 
by  the  heavy  pilot-spark  of  the  exciting  spark  S'.  The 
photographs  S"  show  that  the  unidirectional  spark  S'    can 

*  Proc.  Amer.  Acad.  Arts  and  Sciences,  May  28, 1890 ;  Phil.  Mag.  [5] 
XXX.  p,  .32.3  (October  1890). 
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set  the  circuit  C  into  oscillafoiy  movement,  and  that  this 
oscillatory  movement  continues  long  after  the  exciting  blow 
has  ceased.  A  careful  study  of  many  |)hotographs  of  this 
nature  shows  that  a  circuit  containing  ca})acity  and  self- 
induction  acts  at  the  first  instant  as  if  no  capacity  were  in  the 
circuit.  It  then  begins  to  oscillate  with  a  higher  period  than 
it  afterwards  reaches,  acting  at  first  like  a  closed  organ-pipe 
and  subsequently  like  a  pipe  open  at  both  ends. 

In  fig.  3,  S'  represents  an  oscillating  primary  discharge. 
S  represents  the  photograj)h  of  the  spark  produced  in  the  circuit 
B  from  which  the  capacity  had  been  removed.  The  move- 
ments in  this  circuit  B  exactly  follow  those  of  the  exciting 
circuit  A.  S"  is  the  photograph  of  the  oscillating  movement 
produced  in  the  circuit  C.  It  is  of  a  different  period  from 
that  of  the  exciting  circuit  S'  and  continues  much  longer.  A 
secondary  circuit  without  capacity  acts  like  a  sensitive  plate, 
and  accurately  follows  every  movement  of  the  exciting 
circuit. 

In  fig.  4  S'  represents  again  the  oscillating  primary  circuit, 
S  the  oscillating  secondary  circuit  C.  The  circuits  are  nearly 
in  geometrical  resonance.  Slight  beats,  however,  can  be 
observed.  The  duration  of  the  secondary  is  nearly  the  same 
as  that  of  the  primary. 

Fig.  5  shows  clearly  the  phenomena  of  beats.  In  this 
case  the  secondary  circuit  was  20  centim.  from  the  primary 
circuit. 

Fig.  6  also  shows  the  phenomenon  of  beats,  and  also  the 
rise  to  a  maximum  in  the  oscillations  of  the  secondary  circuit, 
S.  In  this  case  an  iron  wire  constituted  a  portion  of  circuit  C. 
It  seemed  as  if  the  effort  to  magnetize  the  iron  diminished 
the  power  to  produce  the  initial  movement  in  the  secondary 
circuit  with  as  much  energy  as  was  the  case  when  a  copper 
wire  of  inductance  equal  to  the  iron  wire  was  introduced  in 
its  place. 

1  have  stated  that  Stefan  *  has  given  a  theory  of  electrical 
oscillations,  and  in  his  interpretation  of  his  equation  points 
out  the  necessity  of  supposing  under  certain  conditions  an 
aperiodic  movement  superimposed  upon  an  oscillatory  move- 
ment, in  conductors  containing  self-induction  and  capacity. 
In  regard  to  this  latter  point,  my  experiments  seem  to  sup- 
port his  theoretical  conclusions.  I  am  inclined  to  believe, 
however,  that  the  behaviour  of  condensers  in  secondary  cir- 
cuits, which  are  suddenly  submitted  to  electrical  disturbances, 
cannot  properly  be  explained  by  the  theory  in  Stefan's  paper. 
Moreover,  it  results  from  his  theory  that  electrical  oscillations 
*  Ann.  der  Physik  und  Chemie,  xli.  IbOO,  p.  422. 
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on  an  iron  circuit  of  the  same  geometrical  form  and  dimension 
as  a  copper  circuit  have  the  same  ])eriod  as  oscillations  on 
the  copper  circuit,  supposing  the  capacity  in  the  two  circuits 
to  be  equal.  I  am  led  to  suspect  tliat  there  is  a  change  of 
the  period  of  electrical  oscillations  when  an  iron  wire  is  sub- 
stituted for  a  copper  wire  of  the  same  geometrical  form.  I 
shall  return  to  this  subject  of  the  change  of  period  on  iron 
wires  in  a  following  paper. 

Oettingen  *  has  given  some  beautiful  examples  of  the 
interference  of  electrical  oscillations  of  different  periods  when 
they  are  led,  so  to  speak,  to  the  same  spark-gap.  I  believe 
that  ray  photographs  are  the  first  ones,  however,  which  show 
the  existence  of  such  electrical  beats  or  interference  between 
independent  circuits. 

In  order  to  jn'esent  electrical  beats  between  two  secondary 
circuits  both  of  which  were  excited  by  a  unidirectional  move- 
ment in  a  primary,  I  employed  in  certain  cases  two  primarv 
coils  of  one  turn  each,  connected  in  series,  and  placed  these 
primaries  at  right  angles  to  each  other  ;  the  secondaries 
corresponding  to  these  two  primaries  were  thus  also  at  right 
angles  to  each  other.  This  disposition  of  my  apparatus 
enabled  me  to  study  the  effect  of  two  secondaries  on  each 
other  ;  for  on  varying  the  angle  between  the  planes  of  the 
primary  coils  and  their  accompanying  secondaries,  the  beats 
can  be  made  to  appear  or  disappear. 

It  seems  to  me  that  w^e  have  in  these  photographs  evidence 
of  what  may  be  termed  the  electrokinetic  momentum  of  elec- 
tricity. Something  very  like  inertia  is  certainly  shown  by  the 
gradual  rise  to  a  maximum  and  the  behaviour  of  secondary 
circuits  to  unidii-ectional  impulses  from  a  primary  circuit.  A 
mental  picture  of  the  disturbance  produced  in  secondary 
circuits  can  be  produced  in  my  mind  by  analogies  drawn  from 
the  subject  of  the  motion  of  fluids.  In  such  analogies,  to  my 
mind,  the  idea  of  inertia  is  always  present.  I  remarked  in 
the  opening  of  this  paper  that  the  formula  t  =  2ir  \/LC'  does 
not  apply  at  the  instant  of  starting  an  oscillating  current  in 
a  secondary  conductor  by  means  of  a  unidirectional  flow  in  a 
primary  circuit.  This  formula  is  true  only  after  the  full 
effect  of  the  capacity  of  the  oscillating  circuit  comes  into  play. 
My  photographs  show  that  at  first  neighbouring  secondary 
circuits  act  Hke  circuits  without  capacity,  the  oscillations  in 
such  circuits  rise  to  a  maximum  in  intensity  and  then  fall 
after  the  rate  is  estabhshed.  This  is  true  also  when  air- 
condensers  are  employed,  and  cannot  therefore  be  attributed 
to  the  action  of  a  solid  or  liquid  dielectric. 

*  Ann.  der  Physik  unci  Chemie,  xxxiv.  1888. 
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Bjerknes  has  shown  *  that  the  oscillations  in  a  Hertz 
resonator  are  not  damped  out  so  quickly  as  those  in  the  pri- 
mary exciting  circuit.  My  photograjjhs  also  show  that  the 
oscillations  in  all  neighbouring  circuits  continue  long  after 
the  unidirectional  spark  in  the  primary  or  exciting  circuit  has 
ceased.  This  is  true  whether  there  is  resonance  or  not,  and 
is  more  marked  when  the  circuits  are  not  in  tune,  except  so 
fiir  as  electrical  beats  tend  to  damp  the  oscillations  of  the 
secondary  circuit. 

I  am  inclined  to  believe,  therefore,  that  the  conclusions  of 
Bjerknes  are  true  only  for  open  circuits  or  circuits  in  which 
no  sparks  occur.  When  sparks  occur  in  two  circuits  which 
are  in  resonance  the  duration  of  time-sparks  appears  to  be 
the  same.  With  periods  ranging  from  -00001  to  -000001  of 
a  second,  I  have  found  it  impossible  to  tune  two  circuits  in 
which  sparks  occurred  to  perfect  resonance.  There  were 
always  indications  of  beats  due,  I  believe,  to  the  capacity  not 
rising  immediately  to  its  full  value. 

The  method  which  I  have  outlined  in  this  paper  seems  to 
offer  a  fruitful  one  for  investigation  ;  for  a  large  number 
of  comparative  photographs  can  be  taken  with  I'ar  greater 
ease  than  by  the  arrangement  of  apparatus  employed  by 
Feddersen. 
Jefferson  Physical  Laboratory, 

Harvard  University,  Cambridge,  Mass.,  U.S. 


XX.   The  Attraction  of  Unlike  Molecules. — II.    The  Surf  ace- 
Tension  of  Mixed  Liquids.     By  William  SuTHERLANDf. 

THE  most  direct  method  of  measuring  the  attractions  of 
unlike  molecules  seems  to  be  by  obtaining  a  theoretical 
expression  for  the  surface-tension  of  mixed  liquids  involving 
the  attractions  of  the  unlike  molecules  of  the  liquids  as  well  as 
the  attractions  of  the  like  molecules  for  one  another,  and  then 
by  experimental  determinations  of  the  surface-tensions  of 
mixtures  to  obtain  the  data  wherewith  to  calculate  the  attrac- 
tions of  the  unlike  molecules  from  the  theoretical  expression. 
The  present  paper  contains  both  a  theoretical  and  an  experi- 
mental part,  of  which  the  theoretical  had  better  come  first  as 
indicating  the  lines  on  which  the  experiments  are  to  be 
discussed. 

In  a  paper  on  the  Law  of  Molecular  Force  (Phil.  Mag. 
[5]  vol.  xxvii.  p.  305),  which  has  been  largely  superseded  by 

*  Ann.  del-  rhi/siJ.-  und  Chemie,  xliv.  1891 ;  xlvii.  1892. 
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a  later  one  on  the  Laws  of  Molecular  Force  (Phil.  Mag. 
March  1893,  [5]  vol.  xxxv.  p.  211),  there  is  given  the  esta- 
blishment of  an  expression  for  the  surface-tension  of  a  liquid 
whose  molecules  attract  one  another  with  a  force  inversely  as 
the  fourth  power  of  the  distance  between  them.  If  oAni^/r'*^ 
denotes  the  molecular  attraction  between  two  molecules  of 
mass  m  at  distance  r  apart  in  a  liquid  of  density  p,  then  it  is 
shown  that  the  surface-tension 

accAp'^e, (1) 

where  e  is  a  length  of  the  order  of  magnitude  of  the  average 
distance  of  a  molecule  from  its  nearest  neighbours  and  pro- 
portional to  that  distance  ;  for  it  represents  the  distance  to  be 
left  between  two  continuous  distributions  of  matter  on  op- 
posite sides  of  a  plane  in  order  that  the  attraction  between 
them  may  be  the  same  as  that  between  two  molecular  distri- 
butions, the  density  and  law  of  attraction  in  the  continuous 
and  molecular  distributions  being  the  same. 

Suppose  we  have  a  gramme  of  a  mixture  of  which  a  frac- 
tion ^1  is  a  liquid  of  density  pi  and  molecular  mass  m^,  and 
the  fraction  p2  a  liquid  of  density  p2  ^^^^  molecular  mass  nu, 
producing  a  liquid  of  density  p ;  if  there  is  no  shrinkage  on 
mixing  the  liquids  1  and  2,  then 

l'o=pJpi-\-poJp2 (2) 

Now  in  the  mixture  pi  grammes  of  liquid  1  are  distributed 
through  a  volume  1/p,  and  by  themselves  form  a  medium  of 
density 

Pip,  to  be  denoted  by  p/; 

similarly  the  other  liquid  2  has  in  the  mixture  a  density 

P2P,  to  be  denoted  by  p/. 

Thus,  then,  if  we  draw  a  plane  in  the  mixed  liquid  and  seek 
to  represent  the  attraction  between  the  molecules  on  the 
opposite  sides  of  the  plane,  the  problem  reduces  itself  to  that 
of  finding  the  attraction  between  a  liquid  1  of  density  p/  on 
one  side  (say  the  left  side)  on  the  liquid  1  of  density  /?/  on 
the  right  side,  and  the  similar  attraction  between  the  parts  of 
liquid  2  of  density  p^  on  the  left  and  right  sides,  and  the 
attraction  of  liquid  1  of  density  pi  on  left  on  liquid  2  of 
density  0/  on  right,  and  the  attraction  of  liquid  2  of  density 
po  on  the  left  on  liquid  1  of  density  p/  on  the  right.  The 
last  two  attractions  are  equal ;  thus  in  place  of  the  expression 
Ap^e  in  the  surface-tension  of  a  single  liquid  we  shall  have  for 
the  mixture 

i^ip'e^  +  ,A,p1^,+  2iA,p,'p,\e,',    ...     (3) 
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where  ^Z,  e2,  and  lej  ^^'^'  distances  corresponding  to  e  and 
representing  the  distances  to  be  left  between  continuums 
which  may  be  supposed  to  replace  the  molecular  mediums 
whose  attractions  have  just  l)een  enumerated.  For  a  single 
liquid,  for  instance  liquid  1  for  which  the  value  of  e  may  be 
denoted  by  ^i,  ei  is  proportional  to  (nii/pi)^  ;  and  then  for  its 
surface-tension  relation  (1)  may  be  written 

^i  =  /^i^Wb>h/pi)^, (4) 

where  k  is  the  same  for  all  liquids.     Similarly  for  liquid  2, 

oi2  =  hA2P2'{myp2)i (4) 

Now  if  ^1  is  taken  as  represented  by  (nii/pi)^,  we  cannot  take 
ei  as  represented  by  ('Hi/pi')'  j  because  if  we  did  so  and  then 
in  (3)  put  j\=p2  and  suppose  liquid  2  to  become  identical 
with  liquid  1,  in  which  case  ei=.  62=16.2,  we  should  find  that 
(3)  would  not  reduce  to  lAi/Oi^j,  as  it  ought.  The  most 
appropriate  way  in  which  to  represent  €1  is  to  take  it  as  given 
by  {m-Jp^)^  reduced  in  the  ratio  of  the  cube  root  of  the  space 
PilPi  occupied  by  liquid  1  to  the  cube  root  of  the  total  space 
Ijp.     Thus  Ci    is   represented   by    (jth/Pi)^{pip/Pi)^,   ^2    by 

('«2/p2')^(/^2P/P2)^j  and  1^2  by  (^i'  +  ^V)/2  ;  so  that  for  the 
surface-tension  of  the  mixture  we  get 


1«2 


•••    10^2/p^  =pl°^llp\  -^p^^^lpi 

which  is  an  equation  for  determining  the  ratio  1  Ag/dAj  2^'})^ 
by  a  measurement  of  the  surface-tension  of  a  mixture  of  the 
liquids  1  and  2  of  known  surface-tensions  «!  and  ao-  Iii  these 
expressions,  if  we  put  pi=-p2=^i'^  a^fl  suppose  liquid  2  to 
become  identical  with  1,  we  get  the  identity  ^ui^ai  as  we 
ought ;  also  if  we  put  p2  =  0  and  pi  =  1  w^e  get  the  same 
identity.  There  is  doubtless  something  arbitrary  in  the 
manner  in  which  we  have  fixed  the  values  of  <?/,  e^,  and  ^e^, 
but  we  must  remember  that,  in  the  original  establishment  of 
the    relation   a=kAp'^e,   there   is    an    arbitrary    step    in  the 
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replacement  of  summation  for  separate  molecules  by  iiit(>- 
gration  for  a  continuum  ;  the  step  is  a  piece  of  ajiproximation 
whose  justification  is  this,  that  even  if  we  endeavoured  to 
carry  out  the  process  of  summation  we  should  have  to  make 
arbitrary  arrangements  of  the  molecules.  If  we  tried  to  sum 
for  the  molecules  of  a  mixture,  our  suppositious  as  to  the 
arrangement  of  the  molecules  would  be  still  more  markedly 
arbitrary  ;  as,  for  instance,  if  we  tried  to  represent  the  space- 
distribution  of  the  spheres  in  a  mixture  of  equal  numbers  of 
two  sets  of  spheres  of  diflPerent  sizes.  These  considerations 
seem  to  me  to  make  the  above  expression  for  the  surface- 
tension  of  a  mixture  satisfactory  euough  for  present  appli- 
cations. When  a  higher  degree  of  accuracy  is  requin^d,  it 
will  be  an  interesting  piece  of  mathematics  te  devise  arrange- 
ments of  molecules  as  in  nature  and  convenient  methods  of 
summation. 

In  the  paper  on  the  Diffusion  of  Gases  we  haA'e  seen 
reason  to  believe  thatiA2=  (1A12A2)  ;  and  as  the  arithmetical 
mean  of  the  molecular  radii  {{»h/pi)^  +  ('»}2/p2)^}/'2  of  most 
pairs  of  liquids  is  little  different  from  the  geometrical  mean 

{('"i/Pi)^(Wp2)^}^j  we  can  write  approximately 

as  the  law  which  rules  the  surface-tension  of  mixtures  if 
iA2=  (lAiaAs)'^.  But  equation  (6)  is  the  fundamental  one  to 
be  used  in  the  discussion  of  the  experiments,  as  it  gives 
directly  a  value  of  1A2/ d A^  2A2)  %  which  is  the  thing  sought 
in  these  investigations  on  the  attraction  of  unlike  molecules. 

A  fair  amount  of  experimental  work  on  the  surface-tension 
of  mixtures  has  been  published,  but  hardly  any  of  it  is  of 
immediate  use  in  connexion  with  the  present  inquiry.  For 
instance,  Traube  {Ber.  deut.  chem.  Ges.  xvii.  ;  Ann.  der 
Chem.  cclxv. ;  Journ.  filr  prakt.  Chem.  xxxiv.)  has  investi- 
gated the  surface-tension  of  mixtures  of  water,  and  a  laro-e 
number  of  organic  liquids  such  as  alcohols,  acids,  and  amines; 
but  as  water  and  the  alcohols  and  acids  are  exceptional  in 
their  molecular  structure  in  the  liquid  state,  the  surface- 
tensions  of  these  mixtures  cannot  be  appropriately  discussed 
at  the  outset  of  this  inquiry  ;  but  Traube's  numerous  experi- 
ments will  doubtless  be  of  great  value  when  the  exceptional 
nature  of  these  substances  is  under  systematic  examination. 
But  before  Traube,  Kodenbeck  (Wied.  Beibl.  iv.)  measured 
the  rise  in  capillary  tubes  of  a  certain  number  of  mixtures  of 
which  only  one   set   relates  to  strictly   normal    liquids,   the 
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others  involving,  the  exceptional  alcohol  or  complex  petro- 
leum. Before  proceeding  with  an  account  of  my  own  expe- 
riments on  normal  liquid  pairs,  I  will  illustrate  the  application 
of  equation  (6)  to  Rodenbeck's  mixtures  of  the  normal  pair  of 
liquids  ethyl  oxide  and  chloroform.  The  following  table 
contains  the  data  for  the  two  liquids  and  five  mixtures  along 
with  the  value  of  ^Ag/dAi  2A0)-  calculated  by  equation  (6) 
from  the  data  for  each  mixture: — 

Ethyl     Mixture.     Mixture.     Mixture.     Mixture.     Mixture.      Chloro- 
Oxide.  I.  II.  III.  IV.  V.  form. 

P^    1-0  -68            -44  -262  -125            -064  00 

p.,    00  -32  -56  -TSS  -875            -936  1-0 

p' -727  -870  1020  1-170  1-320  1-400  1494 

«. 1-83  2-01  2-22  2-44  2-62  2-60  2-78 

iA./(iAi,AJ^  ......  1-02  1-05  1-07  -97              -89 

In  the  table  ethyl  oxide  is  liquid  1  and  chloroform  is  2, 
and  the  surface-tensions  are  given  in  mgrms.  weight  per 
millim.  The  mean  value  of  lAg/dAiaAg)^  is  1*0;  or,  ex- 
cluding mixtures  IV.  and  V.,  in  which  the  proportion  of 
ethyl  oxide  is  too  small  to  favour  an  accurate  value  of 
iA2/(iAx2A2)^  from  equation  (6),  the  mean  value  is  1'05. 
Thus  the  theoretical  formula  (6)  is  proved  to  apply  well  to 
mixtures  of  ethyl  oxide  and  chloroform,  for  which  also  1A2  is 
proved  to  be  equal  to  [ikici^k^'^. 

Two  other  sets  of  Rodenbeck's  experiments  may  be  dis- 
cussed here,  although  they  relate  to  mixtures  involving 
petroleum,    which    is    itself    a    mixture,    for    the    equation 

can  be  generalized  so  as  to  apply  to  any  mixture  of  any 
number  of  liquids.  Suppose  a  gramme  of  any  such  mixture 
to  contain  2^1,  P2,  }h  •  •  •  gramme  of  liquids  1,  2,  3  ... ,  and  have 
a  density  p  and  surface-tension  a,  then 

a/p"  =  ilh^l^lPl  +  />2«2'^2  +2h'^i^/p3  +-.-y. 

If  the  Hquids  2,  3,  4  ...  in  proportions  p2,  ps,  Jh"-  ^^^  sup- 
posed to  form  a  separate  liquid  n,  as  for  instance  Rodenbeck's 
petroleum,  then 

■alp^=  {pia,^/p,  +  0^2  +Ps  +  . .  .  )4/P'T  ; 
SO  that  the  law  for  a  mixture  of  mixtures  is  the  same  as  for  a 
mixture  of  pure  liquids,  and  we  ought  to  be  able  to  apply 
equation  (6)  to  a  mixture  of  mixtures.  Thus  we  can  utilize 
Rodenbeck's  measurements  on  mixtures  of  rectified  petroleum 
and  chloroform,  and  also  of  ordinary  petroleum  and  ethyl 
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oxiile,  treatinor  tlio  petroleum  as  a  single  liquid.     Arranging 
the  data  and  results  as  before,  we  have  : — 

Rectified  Mixture  Mixture  Mixture 

petroleum.           1.  II.                 III.  CIICl,. 

Py 1(1              -OSS  -378  -1575  00 

P, 0  0              -mi  -622  -8425  10 

P -7(57          -934  1100  1300  1-4'J4 

« 2r)9  2-73  282  280  278 

,A.,/(,A,,A.,)i 1-1  Ml  1-Of, 

Ordinary  Mixture  Mixture 

petroleum.  I.  II.  {C.^^).p. 

Pi  10  -723  •4(U  00 

P,  00  -277  -539  10 

P    -803  -780  -KSO  -727 

•    2G6  2-41  2-22  183 

.A,/(xA,  ,A,)^  -^6  -99 

In  these  cases  the  theoretical  formula  (G)  is  again  verified 
by  the  approximate  constancy  of  iA2/(iAi2A2)*,  and  again 
the  ratio  lAo/dAj  gAg)^  has  values  close  to  1. 

In  my  own  experiments  the  method  adopted  for  measuring 
surface-tensions  was  by  means  of  the  rise  in  capillary  tubes, 
but  carried  out  in  a  special  manner.  Elsworthy  (Journ. 
Chem.  Soc.  liii.)  suggested  inclining  the  capillary  tube  at  a 
large  angle  to  the  vertical,  say  0,  so  that  a  liquid  which  would 
rise  a  height  h  in  the  tube  when  vertical,  while  still  rising 
only  h  vertically,  in  the  inclined  tube  rises  a  distance  h/  cos  0 
measured  along  the  tube  ;  so  that  the  accuracy  of  reading  is 
increased  in  the  ratio  1  to  cos  6.  It  seemed  to  me  that  the 
best  way  to  take  advantage  of  this  method  for  a  number  of 
liquids  was  to  engrave  a  fixed  mark  on  the  tube,  and  then  in 
each  case  to  vary  the  inclination  till  the  liquid  rose  as  nearly 
as  possible  to  the  mark,  reading  the  inclination  in  each  case. 
The  advantage  of  this  method  is  that  it  makes  one  almost 
independent  of  variation  in  the  bore  of  the  capillary  tube.  It 
would  have  improved  the  accuracy  of  the  method  if  a  fine 
scale  had  been  engraved  on  the  tube  near  the  fixed  mark,  .so 
that  one  could  read  in  each  case  the  small  departure  from  the 
fixed  mark  and  allow  for  it  in  the  calculations,  but  this  was 
not  done.  The  capillary  tube  was  fitted  tightly  into  one  leg 
of  a  V-tube  of  G  millim.  internal  diameter,  the  joint  being 
protected  by  a  piece  of  india-rubber  tube  slipped  over  it  :  the 
angle  of  the  V  was  such  that  the  other  leg  was  nearly  vertical 
in  the  experiments  with  most  liquids.  A  second  mark  was 
engraved  on  the  capillary  a  little  above  where  it  entered  the 
V-tube,  and  at  a  distance  of  184  millim.  from  the  other  fixed 
mark  ;  the  level  of  the  free  surface  of  the  liquid  in  the  V-tube 
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was  always  brought  to  the  level  of  this  second  mark,  so  that 
the  length  of  the  column  raised  by  capillary  action  in  the  tube 
was  always  184  millim.  The  o[)en  limb  of  the  V-tube  was 
provided  with  a  loose  cork  to  prevent  evaporation.  The 
capillary  tube  was  clamped  to  a  wooden  lath  hinged  at  one 
end  to  a  stand,  and  provided  at  the  other  end  with  an  index 
whose  terminal  point  was  610  millim.  from  the  hinge,  and  to 
the  lath  was  hinged  a  w^ooden  piece  by  which  it  could  be  su})- 
ported  at  any  angle.  Instead  of  reading  the  angle  of  incli- 
nation of  the  lath  and  its  atta{!hed  tube,  I  read  on  a  vertical 
scale  the  height  of  the  index  above  the  point  indicated  by  it 
when  the  tube  was  lowered  to  a  horizontal  position.  The 
readings  thus  obtained  were  accordingly  directly  pro]>ortional 
to  the  capillary  heights.  In  the  case  of  w^ater  at  15°  C.  the 
reading  was  196  millim. ;  and  as  the  mean  result  of  previous 
experimentei's  is  that  at  15°  C.  in  a  tube  of  1  millim.  radius 
water  rises  14*9  miUim.,  it  was  only  necessary  for  me  to  multiply 
my  readings  for  various  liquids  and  mixtures  at  15°  (really 
14°  to  16°)  by  14-9/196  to  obtain  the  capillary  height  h  as 
usually  given,  namely,  number  of  millim.  rise  in  a  tube  of 
1  millim.  radius. 

The  chief  objection  that  I  found  to  the  method  of  experi- 
menting was  that  I  had  two  adjustments  to  make  that  depended 
on  one  another,  namely,  that  of  the  level  of  the  liquid  in  the 
wide  tube  and  the  level  of  the  liquid  in  the  capillary  tube. 
In  any  further  experiments  I  will  take  steps  to  make  these 
two  independent  of  one  another. 

The  capillary  tube  and  the  liquids  (except  chloroform)  in 
a  state  of  sufficient  chemical  purity  were  given  to  me  by 
Mr.  W.  Percy  Wilkinson,  analyst,  of  Melbourne.  The  fol- 
lowing are  the  capillary  heights  A  of  the  separate  liquids  in 
millim.  in  a  tube  of  1  millim.  radius,  their  densities  p  and 
their  surface-tensions  cx  =  Jip/2  all  at  15°  C. 

Ethyl     Carbon  di-  Methyl  Amyl  Ethyl, 

Water,       oxide,      sulphide,     Acetone,  iodide,         acetate,  acetate, 

H^O.     (CJi,),0.      CS,.      (CH3),C0.  CH3I.  CHgCO.CjH,,.  CH.CO.CJIj 

h 14-9  54"         5-7  6-4'  3-3  6-2  50'' 

p 10  -723        1-269  -802  229  -879  -902 

« 7-45        1-95  3-6  2  55  38  35  27 

Ethyl  aceto-  Nitro-  Dimethyl- 
acetate,  Chloroform,  Benzene,  benzene,  Anilin,           anilin, 
0„H,„03.        CHCI3.  CJT,.  C.n^NO,.  C«H,NH,.  C,H,N(CH3),. 

k 6-9               4-0  7-3  7  9  8-9  7-9 

P  1-017            1-484  -878  1-209  1030  -955 

a 3-5               30  3-2  3-25  4-6  3-8 

In  working  with  mixtures  of  these  liquids  the  general  pro- 
cedure was   to  make    three  nn'xtures  in   the  proportions  of 
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about  3  or  2  to  1,  1  to  1,  and  1  to  2  or  3  parts  by  woitrbt  of 
the  two  liciuids,  to  measure  the  capillary  height  of  each  mixture 
immediately  after  it  was  made,  and  then  to  measure  the 
density.  In  some  cases  where  one  of  the  liquids  was  very 
volatile,  and  for  any  reason  the  level  of  the  liquid  in  the 
V-tube  took  longer  than  usual  to  adjust,  so  that  the  cork  was 
off  too  long,  evaporation  of  the  volatile  ingredient  altei'ed  the 
proportions  of  the  two  ingredients  a  little  from  their  original 
values  and  altered  the  specific  gravities  a  little.  On  account 
of  this  occasional  source  of  error,  the  values  of />i  and  2J2  will 
be  given  only  to  two  figures,  though  measured  to  three ;  as 
/'i  +7'2=li  it  is  necessary  to  give  only  p^. 

Mixtures  with  ethyl  oxide  as  liquid  1. 
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Mixtures  with  carbon  disulpliiJe  as  liquid  1. 

2.                               p.,.            p.                   h.           «.  lA^/dA,  2A,)i. 

r       I.        -44        1-(X)0                5-6        2-80  -9] 

(Cn,),0O.    \     II.        -51         (1)79)               5-8        2  84  9  1      -9 

[  III.        -61           -923                CvO        2-77  10  J 

f       I.        -32        r49(i                4-8        3-61  -9 

011,1    \     II.        -43        1  (iO;{               4-4        3-.')2  -8 

I    III.        -55       (1-71(;)              3-8        319  -0 

f      I.        -26        1-124                rr8        326  101 

OH.COoC.niJ     II.        -53        1-003                59        2-9(;  10  I    10 

{  III.         -82          -920                6-3        2-90  11 J 

f      I.        -42        1-084                5-.5        2-98  -91 

OH.CO.OoH,.  \     II.        -71          -984               57        2-80  -9  \     -9 

[  III.         -90         (-929)               5-8        209  -9] 

CHCI3 I.         -82       (1-441)              4-3        310  10      1-0 

f      I.        -3G       (1-1G4)              5-8        3-37  -9] 

a.HioO,....  ]     II.        -51         1-104                (VI         3-31)  10  \     -9 

[  III.        -67        1-072                6-2        3-32  9  J 

r       I.         -23        1-148                GO        3-44  1-0  1 

C'H.    \     II.         -51         1028                0-7        3-44  11       M 

[   III.        -69          -966                70        3-38  M  J 

r       I.         ■i'c,        1-260                6  0        3-78  10  1 

C„H-NO,.     \      IT.        -40        1-242                6  5        4-04  10  I      -9 

■      [   III.        -58        1-230                6-4        3-94  -8  J 

r       I.        -20        1-202                6-4        3-85  10] 

C„H,NH,,.    \     II.         -56        1-123                7-2        4-04  -9  I    1-0 

[  III.         -78        1-072                8  1        4-33  1-0  J 

r      I.        -21         1-168                6-4        3-73  M  ] 

C,II-N(CH,).,  \     II.         -44        1093                69        3-73  Tl  I    M 

"  [   III.        -72        1-012                7-1        3-59  10  J 

Mixtures  with  chloroform  as  liquid  1. 

CeH,  I.         -48       (1-115)              5-8        3-23  M       11 

C„H,NH^  I.         -54       (1-198)              6-3        378  -9        -9 

CeHjoOa I.        -34       (1283)              53        3  40  11       11 

Mixtures  with  benzene  as  liquid  1. 

C^H^NH^  I.        -46         (-942)               76        358  -9         9 

OHsCOaC^Hu    ...  I.        -15         (-878)              70        307  -9        -9 

Mixtures  with  anilin  as  liquid  1. 

0„H,NO., I.        -32       (1-081)              8-6        464  1-0      10 

OHaCO.CJI, I.        -39        (-977)              72        352  -9        -9 

The  densities  enclosed  in  brackets  were  not  observed,  but 
calculated  from    the    densities   of  oiher  mixtures  or   of  the 

component  liquids   on   the  supposition  of   no  shrinkage    in 
mixiuiT. 
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Of  the  '2S  pairs  of  liquids  examined,  24  show  a  value  of  the 
ratio  jAo/dAi  gAg)^  Iji^fi  between  'i)  and  I'l,  while  of  the 
remuinintr  4,  2  (ethyl  oxide  and  anilin  and  ethyl  oxide  and 
dimethylanilin)  show  what  appears  to  be  a  constant  value  of 
the  ratio  having  in  one  case  the  value  '7  and  in  the  other  '6; 
in  the  other  two  cases,  namely,  those  of  ethyl  oxide  and 
dimethyl  anilin  and  carbon  disulphide  and  methyl  iodiilc, 
the  theoretical  equation  (6)  does  not  apply  as  the  value  of 
iA2/(iAi2A2)-  is  not  constant  for  different  values  of  pi. 
Some  mixtures  of  ethyl  oxide  and  CS2  gave  a  precipitate 
disappearing  only  with  shaking ;  so  that  perhaps  they  ought 
not  to  rank  as  genuine  UMxtures  of  two  liquids.  We  will 
not  enquire  at  present  more  closely  into  these  exceptional 
cases,  nor  discuss  the  great  class  of  exceptions  formed  by 
watery  solutions  and  mixtures.  In  the  "  Laws  of  Molecular 
Force  "  the  method  of  treating  watery  solutions  was  pointed 
out,  and  the  method  will  be  improved  and  developed  in 
another  paper  devoted  to  the  surface-tensions  of  watery 
solutions  alone.  As  to  watery  mixtures  it  will  suffice  to 
instance  as  the  most  extreme  case  of  exceptional  capillary 
behaviour  the  well-known  one  of  mixtures  of  water  and  amyl 
alcohol,  water  with  a  surface-tension  of  7*4  when  mixed  with 
only  2  5  per  cent,  of  amyl  alcohol  having  a  surface-tension  of 
3'7  has  its  surface-tension  reduced  to  2*8,  which  is  even 
lower  than  that  of  the  small  amount  of  added  alcohol.  It  is 
clear  that  cases  of  this  sort  are  complicated  with  quite  another 
class  of  phenomena  from  those  we  are  discussing  in  con- 
nexion with  normal  liquid  mixtures,  and  that  we  have  a  right 
to  set  them  apart  for  separate  study. 

The  result  iA2=  (1A12A2)-,  which  is  the  outcome  of  this 
investigation  on  the  attraction  of  unlike  molecules,  has  an 
important  bearing  on  the  interj)retation  of  the  data  as  to  the 
attraction  of  like  molecules  contained  in  the  "  Laws  of  Mole- 
cular Force ;"  for  evidently  the  expression  Ani^  for  the  attrac- 
tion of  two  like  molecules  must  \ye  regarded  as  the  product  of 
two  parameters  A^m  characteristic  of  each  molecule.  The 
investigation  of  the  attraction  of  like  molecules  from  this 
point  of  view  will  be  taken  up  in  my  next  paper,  "  Further 
Studies  on  Molecular  Force." 

Melbourne,  January  1894. 
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XXL  On  Electromagnetic  Induction  in  Plane,  Cylindrical,  and 
Spherical  Current- Sheets,  and  its  Representation  hy  Moving 
Trails  of  Images.     By  G.  H.  Bryan,  M.A.* 

Part  I. — General  Equations — Plane  Sheets. 
Introduction. 

1 ,  T  T  is  -well  known  that  if  a  very  thin,  indefinitely  extended 

-i-  plane  sheet  of  metal  of  finite  conductivity  is  placed 
in  a  varying  magnetic  field  due  to  the  presence  of  moving 
magnetic  poles  in  its  neighbourhood,  induction-currents 
are  set  up  in  the  sheet  and  the  field  of  force  due  to  these 
currents  may  be  represented  by  a  moving  trail  of  images. 

In  the  present  paper  the  surface-conditions  which  hold  at 
the  surface  of  a  plane,  cylindrical,  spherical,  or  other  con- 
ducting sheet  of  uniform  small  thickness  are  deduced  directly 
from  the  fundamental  laws  of  electromagnetic  induction. 
By  working  directly  with  the  scalar  magnetic  potential,  and 
avoiding  the  introduction  of  the  vector  potential  and  tbe 
quantity  which  Maxwell  denotes  by  P,  the  investigations  are 
much  simplified.  Moreover,  in  at  least  one  comparatively 
recently  published  paper  the  boundary  conditions  satisfied  by 
the  vector  potential  at  the  surface  of  separation  of  two  different 
media  have  been  erroneously  stated,  and  for  this  reason  it 
is  advantageous  to  employ  a  method  which  obviates  the 
difficulty. 

The  results  will  be  employed  to  show  how  the  field  due  to 
the  presence  of  a  magnetic  pole  of  varying  intensity  in  the 
neighbourhood  of  a  plane,  cylindrical,  or  spherical  current- 
sheet  may  be  represented  by  means  of  a  moving  trail  of 
images.  By  the  principle  of  superposition  the  effect  of  any 
number  of  poles  of  varying  intensity  can  be  deduced,  and  the 
corresponding  expressions  for  the  field  can  thus  be  obtained 
when  the  variable  inducing  system  of  magnets  is  of  the  most 
general  possible  character,  as,  for  example,  one  (or  more) 
magnetic  poles  moving  about  in  any  manner  whatever. 

In  this  way  a  synthetic  solution  of  the  problem  of  induction 
in  current  sheets  is  obtained.  The  phenomena  of  induction 
in  spherical  and  other  current  sheets  have  been  treated  at 
considerable  length  from  an  analytical  point  of  view  by 
Larmor,  Lamb,  and  Niven,  and  the  last-named  writer  has 
made  some  attempt,  in  the  case  of  a  sphere,  to  interpret  the 
results  by  means  of  images  ;  but  the  present  investigation 

*  Comimuiicatod  by  tlie  Physical  Society:  read  May  11,  1894. 
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seomtnl  desirable  for  many  reasons,  and  it  is  lioped  that  it 
will  overcome  some  of  the  dithculties,  and  elucidate  some  of 
the  obscurities  which  present  themselves  in  most  treatments 
of  this  interesting  a]H)lication  of  the  principles  of  electro- 
magnetism. 

Fundamental  Assumptions. 

2.  The  laws  of  electromagnetic  induction  assert  that  in 
bodies  at  rest 

I.  21ie  total  current  across  any  enclosed  portion  of  a  sur- 
face tchich  alwai/s  contains  the  same  particles  is  equal  to  l/4:7r 
of  the  Une-inteyral  of  magnetic  force  round  the  curve  hounding 
the  surface. 

II.  The  rate  of  decrease  of  the  surface-integral  of  magnetic 
induction  across  any  enclosed  surface  which  always  contains 
the  same  particles  is  equal  to  the  line-integral  of  electromotive 
force  round  the  curve  boumling  the  surface. 

In  a})plying  these  laws  to  an  infinite  dielectric  separated 
into  two  portions  by  a  thin  conducting  sheet,  it  is  usually 
assumed  that  the  disturbance  produced  by  the  inducing  system 
is  not  a  very  rapidly  alternating  one,  so  that  displacement 
currents  in  the  dielectric  have  no  appreciable  magnetic 
effect*.  With  this  assumption,  the  magnetic  force  in  the 
dielectric  will  always  be  derivable  from  a  potential  which  will 
only  depend  on  the  inducing  system  and  the  currents  in  the 
sheet.  In  other  words,  the  state  of  the  dielectric  will  be 
given  by  an  "  equilibrium  theory." 

It  is  also  assumed  that  the  induction-currents  at  any  point 
distribute  themselves  uniformly  throughout  the  thickness  of 
the  sheet.  This  requires  that  the  disturbance  shall  not  be  a 
very  rapidly  alternating  one,  and  also  that  the  thickness  of 
the  sheet  shall  be  very  small  compared  with  the  other  linear 
dimensions  of  the  system  (such  as  the  distances  of  the  moving- 
poles,  the  radius  of  the  sheet  if  spherical,  &c.) . 

Surface  Conditions  at  a  Plane-Current  Sheet. 

3.  Let  the  plane  of  the  sheet  be  taken  as  the  plane  of  .r,  y^ 
let  the  thickness  of  the  sheet  be  c,  and  specific  conductivity  C* 

Let  Hj,  Oj  be  the  magnetic  potentials  on  the  negative  and 
positive  side  of  the  sheet  respectively,  ^  the  current  function 
in  the  sheet  at  any  point.  Ajtply  Law  I.  to  the  circuit  formed 
by  going  along  the  positive  side  of  the  sheet  from  the  origin 
to  any  point  and  returning  along  the  negative  side  from  that 

*  Watson  and  Builjiny,  '  Mathematical  Theory  of  Electricity  and 
Miitrnetisiu,'  ii.  §  4Uo. 
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point  to  the  origin.  Since  the  thickness  of  the  sheet  is  small, 
the  terms  contributed  to  the  line-integral  of  the  magnetic 
force  hy  the  passage  of  the  circuit  from  one  side  of  the  sheet 
to  the  other  may  be  neglected  and  we  obtain  * 

fig  — ^i^-i""^  +  constant (1) 

Now  apply  Law  II.  to  any  circuit  s  drawn  in  the  plane  of 
the  sheet.  Let  8,,  Sg  be  two  surfaces  drawn  in  the  dielectric 
infinitely  near  to  the  positive  and  negative  faces  of  the  sheet 
respectively  and  both  bounded  by  the  curve  s,  and  let  P,  Q 
be  the  components  of  electromotive  force  at  any  point.  Then, 
assuming  the  magnetic  permeability  of  the  dielectric  to  be 
unity,  we  have 

J(P,f..  +  Q.y)  rend  .=  Ijjf 'rfS.=  If  §</S. 

and  since  corresponding  elements  of  the  near  surfaces  S,,  Sg 
are  equal,  it  is  evident  that 

dz  ~  dz ^  ' 

at  the  surface,  so  that  the  normal  com})onent  of  magnetic 
induction  is  continuous,  as  it  should  be  f- 
Again,  the  equations  of  conduction  give 


Hence 


dy  dx 


dtJJ    dz  dtJJ    dz  CcJ\dy  ds      dx  dsj 

Ccj\dt/dn       dx  dnj  CcJ  dn 

where  dn  is  the  element  of  the  outward-drawn  normal  to  s 
and  the  surface-integral  taken  over  the  area  S  of  the  sheet 
bounded  by  the  curve  s. 

*  Maxwell,  'Electricity  and  Magnetism,'  ii.  §  G53, 

t  The  magnetic  peimeability  of  the  slieet  itself  >vill  not  aflfect  tlie 
conditions  of  the  problem  unless  it  is  required  to  proceed  to  a  higher 
order  of  approximation  by  taking  into  account  first  poAvers  of  the  thick- 
ness (or  unless  the  sheet  is  formed  of  soft  iron  whose  magnetic  perme- 
ability may  be  large). 
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lloneo  at  the  surface  of  the  sheet 

(/  (lOi  _  d  cin^ 
dt  "dz   ~  lit  dz 

~      Gc\dx^^  df) 

|l(a,-no (3) 


~  47rCc  dz^ 

(remembering  that  y^nj  =  0  and  y-Og^O). 

4.  Now  let  fio  he  the  magnetic  potential  due  to  the  external 
or  inducing  system,  H'  and  fl"  the  magnetic  potentials  on  the 
two  sides  due  to  the  sheet  itself,  so  that 

fii=no+n',   n2=no+n".     ...    (4) 

Then  Hq  '"^"^l  its  differential  coefficients  with  respect  to  z 
are  continuous  in  crossing  the  sheet,  while  from  the  symmetry 
of  the  field  due  to  the  sheet 

n'(.r,y,  c)  =  -n-G.,^,-c),      .    .       (5) 

so  that  '^"^-(_i).+i'^"^" 


dz"        ^       '  dz" 

Therefore  the  surface  condition  (3)  gives 

dt   dz    '^  dt   dz   ~      iTrCc  dz^  '    '     *     '     ^  ^^ 

d  dn^      d  d^o  _  1     dm" 

dt   dz    '^  dt   dz   ~'^27rCc    dz^     '     '     '     ^' 

as  the  surface  conditions  satisfied  by  the  potential  at  the  two 
sides  of  the  sheet. 

Surface  Conditions  at  a  Cylindrical  Sheet. 

5.  Using  cylindrical  coordinates,  let  r  =  a  be  the  equation 
of  the  middle  surface  of  a  cylindrical  current-sheet,  and  let 
its  thickness  c  be  so  small  that  the  corresponding  elements  of 
its  bounding  surfaces  and  middle  surface,  viz. 

{(i  —  ^c)  dOdz,  {a+^c)  dd  dz,  and  adddz 

are  to  be  regarded  as  equal. 

If  Hi,  Ha  arc  the  magnetic  potentials  inside  and  outside  the 
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sheet,  we  shall  still  have  as  for  a  plane  sheet 

fla— ni  =  47r<^+  constant,     ....     (1) 

iind  by  a})i)lication   of  the  second  law   to  the  small  circuit 
bounding  the  surface-element  a  dOdz,  we  have  at  the  sheet 

d  da^  _ddn^ ]^(   d    d(^      d^X 

dt    dr  ~dtlh~      {ycXrdd  rdd  "^  d£'  j 

1    ri  r/2     d'^\  . 

•J:7r(J(\(//*        rdrj^    " 
or 

d(  dn,\_  d/  dnA_    1    d    d 

W^rA'drJ-AM^d/dr^^--^^^-      '    '     ^^) 

Surface  Conditions  at  a  Spherical  Sheet. 

6.  In  the  case  of  a  spherical  sheet  of  small  thickness,  we 
obtain  in  like  manner 

ddn,_  ddn,_    1  /cp     2  d\i    _ 

dt    dr   ~  dt    dr        A7rCc\dr''^  rdrj^    '     ^^'^' 


or 


\      dr  J      dt\      dr  J      4:71  Cc  dr      dr^    ^        u     \   ' 


Extension  to  Curved  Sheets  of  other  Forms. 

7.  When  the  sheet  is  of  any  form  other  than  those  above 
considered,  it  is  necessary  to  assume  a  certain  law  of  variation 
of  the  thickness  in  order  to  put  the  boundary  conditions  into 
a  form  similar  to  those  given  above  ^. 

Let  us  use  orthogonal  coordinates  a,  /3,  7;  let  the  line- 
element  be  given  by 

"^^    -     hy^   +     h,^     +    hs'    ' 

and  let  the  equation  of  the  current  sheet  be 

7  =  constant. 

Equation  (1)   still  holds,  and  by  applying  Law  II.  to  the 
circuit  enclosed  on  the  sheet  by  the  curves  a,  a  +  S«, /3  and 

*    CoiiijHUo  Watsou  and  EuiLiut,  §420. 


Plane,  Cylindrical,  ami  SijJwrical  Current- Sheet i<.       203 
/8  +  5/8,  we  have  the  s;url'ace-coiulition 

/<i//2</^   '^  c(y  ~  hjtidt   '^^    iff 

~        du  1  CVAj  (/a  J  <7yS  t  CTA^  t7/3  J 

But  Laplace's  equation  which  is  satisfied  by  Hi  D.2  may  be 
written 

d_/Jii^  (in\        d  /Ji,  djl\       ^(  ]h^  ^^-0 
da\hj^  ~d^)  "^  f/ySV/^sAi  7^/  ■•■  </y VMo  c7^;~ 

Hence  it  is  possible  to  eliminate  differential  coefficients 
with  respect  to  u,  /3  from  the  surface-condition  if,  and  only  if, 

Cc  cells (11) 

Hence  the  thickness  of  the  sheet  at  any  point  must  be 
inversely  proportional  to  the  distance  between  two  neighbour- 
ing surfaces  of  the  family  7  =  constant  at  that  point.  In  the 
case  of  an  elli})soidal  sheet  this  leads  to  the  well-known  con- 
dition that  the  thickness  must  be  proportional  to  the  perpen- 
dicular on  the  tangent-plane,  or  that  the  sheet  must  be  a 
shell  bounded  by  similar  and  similarly  situated  ellipsoids. 

Writing 

I^=i^CV' (1^) 

the  surface-condition  now  becomes 

J/J3  <in,\_  'UJ!±'!^\-^±f  J^lrn  _o^1n'>^ 

dt\hi/>,   dry  J        dtU.h^    dyj~  2  dyi  h./i^dy^    •'         '^  J  ^    ""^ 

Sjjnthetic  Determination  of  the  Images  in  a  Plane  Sheet. 

8.  In  order  to  illustrate  the  synthetic  method,  consider  its 
application  to  the  well-known  case  of  a  plane-current  sheet. 
Let  the  induced  currents  be  excited  by  a  magnetic  pole  placed 
at  the  fixed  point  (.?'o,  y^,  c^)  on  the  positive  side  of  the  sheet 
whose  strength  is  f  {t)  an  arbitrary  function  of  the  time. 
Then 

and  the   surface-condition   satisfied  liy   Q!   the   potential   on 
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the  negative  side  is 

where  „  1  ..^. 

^=2M (^"^^ 

Iniegrating  (15),  tlie  vahio  obtained  for  fl'  is  found  to  be 
the  potential  due  to  magnetic  poles  or  images  on  the  positive 
side  of  the  sheet,  and  these  are  outside  the  region  over  which 
the  solution  is  required  to  hold,  as  they  should  be.     We  have 

r^+R^V- ^ 

U         dzJ  ^{(^a;-^^oy  +  (!/-^oy+{z-^on' 

.-.     Xl'=—  I      e  dz — — — -1   ^  >      — —-dr 

^_r      ^)____ ,1. 

^ m 

The  first  term  represents  the  effect  of  a  pole  equal  and 
opposite  to  the  given  pole  at  the  point  (ct'o,  ?/o,  tq),  while  the 
second  term  shows  that  the  effect  of  the  action  of  the  pole 
between  the  times  r  and  t  +  8t  is  represented  at  time  t  by  a 
magnet  of  strength  ^f{T)hT  situated  at  the  point  (.^o,  y^, 
^o+R(^  — t)).  The  potential  at  the  positive  side  is  found 
from  the  relation  (5),  or 

When  the  pole  is  in  motion  the  results  thus  arrived  at 
enable  us  to  plot  out  the  moving  images  contributed  during 
every  time  element  St  of  the  motion  in  the  well-known  way, 
or  they  may  be  obtained  as  follows  : — 

9.  If,  instead  of  a  single  magnetic  pole,  we  are  dealing 
with  a  magnetic  distribution  on  the  positive  side  of  the  sheet 
such  that  the  volume-density  of  magnetism  of  the  point 
(•^'o  yn  ^o), is  F(.i-o yo  ^0  (),  ^ve  must  write  F {,i\,  //o  c^,  /)  d.i\,  dy^  dz^ 
for  y'(0  in  the  expressions  for  n,,  ''"d  fi'.     Hence  we  have 
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0  —X    — 00 

n'  =  -  0„  _       ,/t  Uco  RF(.ro  yo  ^'o  r) 

«^— j:     «/0  »/— CO*/— 00 

^— — ^^^ ~(Lvf)d(/^).  (Iv) 

If  now  the  inducing  system  consists  of  a  single  pole  of 
strength  /(/)  which  moves  about  in  ant/  manner  so  that 
its  coordinates  at  any  time  t  are  ^[t) ,  77(f),  ^(f),  functions  of  t, 
we  have 

except  when  .?u  =  |(r),  t/o  =  ^(T),  ~o=?(t),  :uid  then 

F  (^0  .Vo  ^0  t)  fl^^o  ^yo  ^^0  =/(t)  • 
Therefore 

-   Ce/W .-g(T)-R(^-r) ^.^    , 

This  is  the  expression  for  the  magnetic  potential  due  to  the 
induced  currents  on  the  negative  side  of  the  sheet,  /.  e.  on  the 
ojiposite  side  to  the  moving  pole;  and  it  is  to  be  observed  that 
z  is  taken  to  be  negative  on  this  side. 

The  quantity  H",  which  represents  the  potential  due  to  the 
induced  currents  on  the  positive  side  (where  z  is  positive),  is 
given  bv 

o.=_^ m 

{(.'-f(«))'+(y-'?(Of+(^+m)'}^ 

and    the  complete  expression  for  the    potential    due  to  the 
induced  currents  and  the  moving  pole  itself  is,  by  (4), 

10.  The  components  of  magnetic  force  at  {.v,i/,z)  due  to 
the  induced  currents  alone  are  respectively 

dSl''  dP,"  dSl'-'  . 

dx  '  dy  '  dz 
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Jind  the  coiiiponeuts  of  the  force  on  the  pole  itself  at  any 
time  t  are  found  by  multi])lyin^  these  expressions  by  the 
strength  of  the  pole,  /.  e.  by  /(/),  and  putting  .r  =  ^{t),  y  =  rj[t), 
~  =  ?(0  ^ftn^'  the  differentiations  have  been  performed. 

In  particular,  if  the  pole  moves  along  a  straight  line  per- 
pendicular to  the  plate,  and  we  take  this  line  as  axis  of  z,  the 
force  on  the  moving  pole  itself 

=  /-(0x  {j^K.-M'    . ■^'^'^ ^1-  (■■^3) 

•      ^{imY      J-.{rw+f(T)+R(<-T)}M  ^  ' 

The  well-known  case  in  which  a  pole  is  suddenly  generated 
at  the  time  i  =  0,  and  its  strength  remains  constant  and  equal 
to  m  after  that  time,  is  deduced  by  making 

/(/)=0     from  t=—^  to  t  =  0, 

f[t)  =  m    from  ^  =  0  to  ^  =  +  co  . 

"We  therefore  have  to  write  m  for  f{t)  in  the  above  ex- 
pressions and  to  reduce  the  inferior  limit  of  integration  with 
respect  to  r  from  —  x>  to  0. 

The  advantage  of  starting  with  a  fixed  instead  of  a  moving 
pole  is  more  evident  in  the  case  of  a  cylindrical  or  spherical 
sheet,  especially  in  the  latter,  since  we  are  thus  enabled 
to  use  zonal  sjiherical  harmonics  only  and  the  analysis  is 
consequently  much  simplified. 


XXII.  The  Passage  of  Hydrogen  through  a  Palladium,  Septum, 
ami  the  Pressure  which  it  jyrodiices.  By  William  Ramsay, 
F.R.S.  * 

IT  has  been  frequently  cited  as  an  argument  in  favour  of 
attributing  the  osmotic  pressure  exercised  by  a  substance 
in  dilute  solution  on  the  walls  of  a  vessel  permeable  to  the 
solvent  but  not  to  the  dissolved  substance,  that  if  a  vessel 
were  constructed  of  palladium,  which,  as  Graham's  researches 
showed,  is  permeable  to  hydrogen,  but  not  to  many  other 
gases,  such  a  vessel  would  be  subjected  on  its  interior  walls  to 
a  high  pressure  if  it  were  filled  with  an  inditi'erent  gas  and 
exposed  on  its  exterior  to  an  atmosphere  of  hydrogen.  The 
gas  confined  in  the  vessel,  not  being  able  to  escape,  would 
exert  the  pressure  at  which  it  was  allowed   to   enter  ;  while 

*  Communicated  by  the  Pliysical  Socit>ty :  read  May  25,  1894. 
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the  interior  of  the  vessel  would  be  a  vacuum  to  hydrogen  ; 
and  as  its  walls  are  permeable  to  hydrogen,  pressure  should 
rise  by  passage  of  hydrooen  into  the  interior,  until  the  pres- 
sure of  the  hydrogen  on  the  interior  walls  became  equal  to 
that  on  the  exterior  walls.  The  effect  of  this  would  be  to 
superadd  the  pressure  of  the  h3'drogen  to  that  of  the  gas 
originally  contained  in  the  vessel  ;  and  if  it  be  supposed  that 
the  vessel  was  originally  filled  at  atmospheric  pressure,  the 
entry  of  hydrogen  should  increase  that  pressure  by  another 
atmosphere,  providing  the  hydrogen  surrounding  the  exterior 
walls  of  the  vessel  be  at  atmospheric  pressure. 

It  has  been  suggested  that  when  pressure  is  raised  by  the 
passage  of  water  into  the  interior  of  a  cell  with  semiper- 
meable walls  containing  a  solution,  the  I'ise  of  pressure  is 
due,  not  to  the  pressure  exercised  by  the  molecules  of  the  dis- 
solved substance,  but  to  that  produced  by  the  entering  water. 
Gases  present  us  with  an  exact  analogy.  It  is  idle  to  inquire 
what  causes  the  rise  of  pressure  in  the  interior  of  such  a  palla- 
dium "  cell."  The  total  pressure  is  due  to  the  hydrogen  and  to 
the  gas  with  which  the  cell  was  originally  filled  ;  the  original 
pressure  has  undoubtedly  been  increased  by  the  entry  of  hy- 
drogen. But  a  portion  of  the  pressure — and  the  effective 
portion,  from  the  point  of  view  of  osmotic  pressure — is  due  to 
the  original  gas,  whether  nitrogen,  carbon  dioxide,  or  any  gas 
whatever  to  which  the  cell-walls  are  impervious,  and  which 
is  not  chemically  attacked  b}^  hydrogen.  It  is  therefore  quite 
correct  to  ascribe  osmotic  pressure  to  the  dissolved  substance, 
although  it  is  apparently  produced  by  entry  of  solvent. 

The  experiments  to  be  described  were  made  with  the  object 
of  submitting  this  entry  of  hj'drogen  through  the  walls  of  a 
palladium  cell  to  quantitative  study.  After  considerable 
progress  had  been  made,  a  paper  by  A.  Biltz  {Zeitschr.  f. 
j^hys.  ('hem.  ix.  p.  152)  was  published,  describing  lecture- 
experiments  devised  to  show  the  ordinary  diffusion  of  gases 
without  a  septum,  diffusion  with  a  leaky  septum  of  porous 
earthenware,  and  also  diffusion  with  a  semipermeable  septum, 
permitting  the  passage  of  hydrogen,  but  hindering  the 
jiassage  of  other  gases.  Biltz  employed  for  the  last-mentioned 
purpose  an  iron  tube,  and  made  a  few  rough  quantitative 
measurements  ;  but  he  does  not  appear  to  have  continued 
any  experiment  long  enough  to  obtain  a  maximum  pressure, 
nor  was  his  apparatus  designed  with  the  object  of  quanti- 
tative measurement,  but  only  for  the  purpose  of  class  demon- 
stration. 
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Description  of  Apparafus.' 

The  a})paratus  which  was  em- 
ployed is  represented  in  the  ac- 
companying woodcut. 

A 13  is  a  tube  of  platinum,  the 
to})  ])()rMon  of  which,  at  A,  is  e- 
of  palladium  and  closed  at  its 
ujiper  end.  At  B  the  platinum 
tube  is  sealed  or  cemented  on  to 
a  glass  tube  C,  with  a  lateral 
branch,  represented  in  the  figure 
as  drawn  off  and  closed.  Some- 
what lower  down,  the  tube  is 
sealed  to  a  capillary  D,  on  which 
graduations  are  etched.  The 
tube  then  widens  to  a  bulb,  and 
is  finally  connected  by  thick 
flexible  tubing  to  a  reservoir  of 
mercury  E. 

The  ))alladium  tube  is  sur- 
rounded by  a  glass  tube  F,  also 
provided  with  a  lateral  exit  at 
G,  and  fitting  tightly  into  a 
jacket  H,  which  may  be  heated 
by  boiling  the  liquid  in  the 
hulb  I.  A  gas,  passed  in  at  F,  would  thus  surround  the 
])alla(lium  tube  and  escape  at  G  ;  or  if  heavier  than  air,  if 
introduced  at  G  it  would  escape  at  F.  The  })alladium  cell 
could  be  heated  to  any  desired  temperature  by  choosing  an 
appropriate  jacketing  vapour.  The  whole  apparatus  stood  in 
front  of  a  glass  mirror-scale,  on  which  the  level  of  the  mer- 
cury at  D  and  E  could  be  read  off.  It  was  possible  to  read 
to  one  tenth  of  a  millimetre,  but  such  accuracy  of  reading 
was  generally  unnecessary. 

Description  of  an  Experiment. 

A  clip  was  placed  on  the  india-rubber  tube  joining  D  and 
E,  and  the  side-tube  C,  which  at  this  time  was  open,  was 
connected  with  a  reservoir  of  some  gas,  e.  g.  of  nitrogen,  by 
me.'ins  of  a  three-way  tap.  The  palladium  tube  was  pumped 
empty,  and  then  filled  with  dry  nitrogen  ;  the  oi)eration  was 
repeated  ten  times,  so  as  to  ensure  absence  of  air.  The 
nitrogen  was  finally  allowed  to  enter  the  apparatus  under 
slight  pressure,  and  the  side-tube  C  was  sealed.  The  liquid 
in   I  was   then  boiled   so  as  to  jacket  the  tubes  F  and  A,  and 
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the  clip  on  the  india-rubber  tube  Avas  opened.  When  the 
temperature  had  become  constant,  the  reservoir  of  mercury 
E  was  brou<i;ht  approximately  to  a  level  with  a  mark  on  the 
capillary  tube  D,  and  the  capillary  tube  at  C  was  broken. 
Gas  then  escaped  through  C  until  the  pressure  in  the  tube  A 
became  equal  to  that  of  the  atmosphere.  The  ca})illary  ])oint 
was  again  sealed.  An  accurate  reading  was  then  taken,  the 
mercury  reservoir  being  placed  so  that  an  exact  volume 
of  gas  was  contained  in  the  palladium  cell  iinder  a  known 
pressure. 

Hydrogen  carefully  purified  by  washing  with  potassium 
permanganate,  silver  nitrate,  and  caustic  potash,  and  dried  by 
passage  through  sulphuric  acid  and  over  phosphorus  pent- 
oxide,  was  then  passed  in  through  the  tube  F,  escaping  at  Gr. 
Pressure  rapidly  rose  in  the  interior  of  the  apparatus,  and 
was  measured  by  raising  the  mercury  reservoir.  When  it 
had  attained  its  maximum  a  reading  was  taken,  the  position 
of  the  mercury  in  the  capillary  stem  being  so  adjusted  that 
the  capacity  of  the  cell  was  accurately  the  same  as  at  the 
commencement  of  the  experiments.  The  difference  between 
the  initial  and  final  pi-essure  is  due  to  entry  of  hydrogen. 

The  success  of  such  experiments  depends  on  the  condition 
of  the  palladium.  After  having  been  used  once  or  twice  the 
interior  of  the  palladium  tube  became  coated  with  mercury, 
even  although  the  level  of  mercury  (which  was  cold)  lay  far 
below  the  palladium  top.  It  appears  that  palladium  absorbs 
mercur}'- vapour  with  avidity,  thus  rendering  the  palladium 
cell  a  partial  vacuum  to  mercury-vapour.  Vapour  rises  from 
the  cold  mercury  to  restore  pressure,  and  is  again  absorbed. 
It  was  therefore  necessary  to  heat  the  palladium  tube  after 
each  experiment  in  order  to  expel  mercury.  This  had  the 
effect  of  oxidizing  the  palladium  and  of  covering  it  with  a 
brownish-black  film.  To  remove  the  oxide,  the  tube  was  made 
the  negative  pole  of  a  battery,  and  dilute  sulphuric  acid  was 
electrolysed,  both  on  the  inside  and  outside  of  the  palladium 
tube.  It  was  then  dried  at  a  low  temperature  ;  the  external 
surface  was  polished  with  a  little  dry  emery  ;  the  tube  was 
cemented,  into  its  place,  and  was  ready  for  a  fresh  experiment. 
Without  such  precautions  the  passage  of  hydrogen  is  very 
slow  and  incomplete.  It  should  be  mentioned  that  before 
commencing  an  experiment  it  was  necessary  to  jacket  the 
palladium  tube  at  220°  and  to  pass  a  current  of  air  over  it  for 
some  time.  In  this  way  the  combined  hydrogen  was  removed ; 
hydrogen  escaped  from  the  exterior  of  the  tube  and  was 
replaced  by  air  or  some  other  gas  in  the  interior. 
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Account  of  Experiments. 

Tlie  experiments  admit  ot"  classification  under  five  beads: — 

1.  Experiments  with  the  tube  filled  with  air. 

2.  Experiments  with  the  tube  filled  with  nitrogen. 

3.  Experiments  in  which  the  hydrogen  passed  over  the 
exterior  of  the  tube  was  dibited  with  nitrogen  or  other  gases, 
when  it  exercised  only  a  partial  pressure  on  the  exterior 
walls  of  the  tube. 

4.  Experiments  in  which  the  palladium  tube  was  filled  with 
other  gases. 

5.  Experiments  with  a  nickel  tube  and  carbon  monoxide. 
Experiment  1. — The  tube  was  filled  with  air  and  jacketed 

with  bromonaphthalene,  boiling  at  about  280°.  The  baro- 
metric pressure  during  the  ex])eriment  was  constant  at  743' 1 
millim.  On  passing  hydrogen  for  three  hours  the  pressure  in 
the  palladium  cell  had  become  constant ;  the  rise  of  pressure 
was  573  millim. 

Water  appeared  on  the  surface  of  the  mercury  in  the  capil- 
lary tube,  showing  that  the  hydrogen  had  combined  with  the 
oxygen  of  the  air.  The  rise  of  pressure  measured  should 
therefore  have  been  that  of  the  nitrogen  remaining  in  the 
cell,  viz,  585  millim. 

It  may  be  concluded,  then,  that  hydrogen  combines  with 
oxygen  in  presence  of  palladium  at  280^,  and  that  the  residual 
nitrogen  exerts  nearly  its  partial  pressure  ;  or,  as  will  be 
afterwards  shown  to  be  a  more  correct  statement,  the  nitrogen 
exerts  its  full  partial  pressure,  and  the  hydrogen  in  the  interior 
exerts  a  large  fraction  of  the  pressure  of  the  external  hydrogen. 

Experiment  2. — The  tube  was  filled  with  pure  dry  nitrogen, 
and  exposed  to  hydrogen,  as  before,  at  the  same  temperature. 
The  pressure,  after  it  had  become  fairly  steady,  was  703*2 
millim.  in  excess  of  that  of  the  atmosphere  (748'1  millim.). 
The  hydrogen  was  next  removed  by  passing  a  current  of  air 
over  the  exterior  of  the  tube,  and  the  pressure  w^as  again 
raised  by  a  current  of  hydrogen.  After  about  three-quarters 
of  an  hour  the  pressure  was  699*8  millim.  in  excess  of  that  of 
the  atmosphere,  a  quarter  of  an  hour  later  it  was  721*1  millim., 
and  in  another  quarter  of  an  hour  it  had  risen  to  733*0  millim. 
It  appeared  then  to  be  stationary.  The  barometric  pressure 
was  still  748*1  millim.;  it  therefore  appears  that  the  pressures 
of  the  hydrogen  on  the  exterior  and  interior  of  the  palladium 
tube  were  nearly  equal. 

It  was  noticed  during  these  experiments  that  when  the  gas 
was  changed  the  pressure  invariably'  fell  a  little  on  admitting 
hydrogen  and  rose  a  little  on  admitting  oxygen ;  theniirection 
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of  the  ]iressnro  then  clianged,  and  the  usual  rise  with  hydrogen 
and  fall  with  air  occurred.  I  think  that  this  is  to  be  attri- 
buted to  the  fact  that  the  palladium  vessel  increases  its  capacity 
suddenly  on  exposure  to  hydrogen,  and  decreases  it  on  ex- 
posure to  air  after  having  been  exposed  to  hjdrogen.  But 
the  total  change  of  volume  is  a  very  minute  one ;  it  is  notice- 
able only  by  the  rise  or  fall  of  the  mercury  in  the  capillary- 
tube  to  tlie  amount  of  one  or  two  millimetres  ;  and  the  total 
change  of  volume  is  certainly  less  than  O'l  per  cent,  of  the 
capacity  of  the  vessel. 

E,rperi)nents  3,  4,  and  5. — The  next  three  experiments  gave 
readings  much  lower  than  those  previously  obtained.  The 
barometric  reading  was  748"6  millim.  The  rise  in  experi- 
ment 3  was  G50'3  millim. ;  in  experiment  4,  654'2  millim.  ; 
and  in  experiment  5,  G57"8  millim. 

This  led  me  to  suspect  that  the  palladium  tube  had  imder- 
gone  alteration.  It  was  therefore  disconnected  and  cleaned 
as  before  described.     It  was  finally  filled  with  nitrogen. 

Experiments  6,  1,  8,  9,  and  10. — The  barometric  pressure 
was  770*2  millim.  The  final  pressure  in  experiment  6  was 
698*5;  in  7,  692*1;  in  8,  the  barometric  pressure  being  7G8'8 
millim.,  the  final  pressure  was  686*4  millim.  In  experiment 
9,  with  a  barometer-reading  of  702*2  millim.,  the  reading 
was  692*4  millim.  ;  and  in  10,  the  barometer-reading  being 
759*2,  the  pressure  was  688*4  millim. 

To  summarize  these  results  it  is  necessary  to  compare  the 
pressure  of  the  internal  hydrogen  with  that  of  the  external 
hydrogen.     The  following  table  gives  their  ratios  : — 

Experiment.         (1)  (2)  (3)  (4)  (5) 

Ratio  ....     0-9400    0*9798    0*8687    0*8739    0*8780 

Experiment.         (6)  (7)  (8)  (9)         (10) 

Ratio  ....     0*9069    0*8986    0*8928    0*9084    0*9067 

These  results  do  not  exhibit  any  great  degree  of  constancy, 
but  I  am  sure  that  their  difference  depends  largely,  if  not 
wholly,  on  the  state  of  the  surface  of  the  palladium.  The 
mean  result  is  0*9053,  a  number  closely  a{)proximating  to 
the  last  five  determinations.  This  would  lead  to  the  con- 
clusion that  the  pressure  of  the  internal  hydrogen  rises  to 
rather  more  than  v^tt  of  the  pressure  of  the  external  hydrogen 
at  280°.  ^       ° 

Experiment  11. — The  tem})erature  was  now  kept  at  the 
boiling-point  of  (luinoline  (about  237^).  The  passage  of  hy- 
drogen through  palladium  is  so  slow  at  this  t>emperature  that 
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patience  failed  me  to  make  more  than  one  determination.  It 
was  begun  on  May  4tli.  On  May  lOtli  pressure  was  still 
rising,  but  very  slowly.  On  May  lltli  it  had  reached  501'7 
millim.  ;  on  the  IHth  it  was  525*2  millim.,  and  on  the  14th 
531*2  millim.  Taking  the  figure  actually  read,  the  fractional 
pressure  (barometer  =  76G'3  millim.)  was  0'G932.  Judging 
from  this  experiment,  the  pressure  would  appear  to  depend  on 
the  temperature  of  the  palladium  and  of  the  hydrogen.  Still, 
it  is  possible  that  had  the  experiment  been  carried  on  sufficiently 
far,  the  pressure  might  have  risen  much  higher. 

Kxperimeiit  12. — The  next  set  of  experiments  was  made  at 
a  higher  temperature — that  of  the  boiling-point  of  dibenzyl- 
ketone  (335°).  The  pressure  registered  at  a  barometric 
height  of  758*7  millim.  was  681*(3  millim.  The  ratio  is 
0*8984,  practically  identical  with  that  obtained  at  the  boiling- 
point  of  bromonaphthalene. 

Experiments  13,  14,  and  15. — The  hydrogen  in  these  experi- 
ments was  mixed  with  50  per  cent,  of  nitrogen,  so  that  the 
exterior  of  the  palladium  tube  was  exposed  to  a  partial 
pressure  of  hydrogen.  The  first  of  this  set  gave  a  pressure 
of  hydrogen  of  3G7'9  millim.,  the  barometer  standing  at 
770*9  millim.  ;  the  second,  352*9  millim.,  barometer  at  771*8 
millim.  ;  and  the  third  362*7  millim.  at  the  same  pressure. 

Experiment  16  was  made  with  a  mixture  of  one  volume  of 
hydrogen  to  three  of  nitrogen  ;  the  read  pressure  was  176*7 
millim.,  the  barometric  height  being  756*5  millim. 

The  ratios  are  : — 

Experiment.         13  14  15 

Ratio  ....     0*4771     0*4573     0-4700.     Mean  0*4681. 

Experiment  16  :     Ratio  0*2336. 

Multiplying  the  first  mean  ratio  by  2,  and  the  second  by 
4,  the  products  are  comparable  with  that  from  pure  hydrogen. 
The  figures  are  : — 

Pure  hydrogen 0*9053 

Hydrogen  +  50  p.  c.  nitrogen    .     .     .     0*9362 
Hydrogen  +  75  p.  c.  nitrogen    .     .     .     0*9344 

The  pressure,  as  might  have  been  anticipated,  is  propor- 
tional to  the  partial  pressure  of  the  external  hydrogen. 

It  is  obviously  possible  to  test  the  percentage  of  hydrogen 
in  coal-gas  by  this  means,  pro^^ded  the  other  constituents  of 
coal-gas  are  unable  to  ])ass  through  palladium.  An  experiment 
with  marsh-gas  showed  that  it  is  not  capable  of  permeating 
palladium  ;  and  the  vapour  of  ether  is  also  unable  to  pass. 
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Experiments  17  and  18. — At  280°  the  pressures  with  a 
sample  of  London  coal-gas  were  3(i4:'-4  millim.,  at  a  barometric 
pressure  of  760*4  millim.  ;  and  301*8  millim.  at  a  barometric 
pressure  of  7G1*5  millim.  The  ratios  are  0'4792  and  0*-4751 
respectively.  Supposing  the  highest  attainable  ratio  to  be 
O'DOaS,  as  deduced  from  the  ten  experiments  with  pure 
hydrogen,  the  percentage  of  hydrogen  is  easily  found  by  the 
ratios  (0-4792  x  100);0-ll053,and  (0*4751  x  100)/0*9053.  The 
numbers  are  52*94  and  52*49  per  cent,  respectively.  It  would 
be  possible  thus  to  have  a  continuous  register  of  the  percentage 
amount  of  hydrogen  in  coal-gas,  provided  the  palladium  did 
not  alter  its  state.  As  it  is,  I  am  afraid  that  the  apparatus 
will  not  retain  its  activity  for  a  sufficiently  long  time.  It 
should  also  be  remarked  that  it  is  necessary  to  wash  the  coal- 
gas  with  a  solution  of  potassium  permanganate,  in  order  to 
free  it  from  sulphur  compounds.  If  this  precaution  is  not 
taken,  the  palladium  becomes  coated  with  a  layer  of  sulphide, 
and  it  ceases  to  be  permeable  to  hydrogen. 

Experiments  were  next  made  in  which  the  palladium  tube 
contained  various  gases. 

E.vpeHment  19. — The  tube  contained  carbon  dioxide.  On 
exposing  it  to  hydrogen  at  280°  the  pressure  rose  with  great 
rapidity — much  more  rapidly  than  had  previously  been 
observed.  The  rise  ceased  at  735  millim.,  the  barometric 
pressure  being  764*0.  The  quotient  is  0*9621,  a  higher 
number  than  any  yet  obtained. 

E.cperiment  20. — Carbon  monoxide  was  in  the  interior;  the 
pressure  rose  rapidly  on  admission  of  hydrogen  to  734*5 
miUim.,  the  barometer  reading  769*5.  The  quotient  is  0*9545, 
also  a  very  high  number.  In  both  of  these  experiments  the 
fall  on  passing  air  over  the  exterior  of  the  tube  was  much 
slower  than  the  rise  with  hydrogen.  The  end  point  was 
difficult  to  note,  for  the  last  change  of  pressure  was  very 
slow.  It  may  be  that  the  exterior  surface  of  the  palladium 
being  exposed  to  hydrogen  alone,  little  difficulty  was  experi- 
enced in  molecules  entering ;  but  that  on  reversing  the 
action,  the  contact  of  hydrogen  with  the  interior  walls  was 
interfered  with  by  the  indifferent  gas  present.  The  same 
phenomenon  had  previously  been  noticed,  but  in  a  minor 
degree.  It  is  noteworthy  that  no  trace  of  water  was  formed 
in  either  case.  Hydrogenized  palladium  is  without  action  on 
carbon  monoxide  or  dioxide  at  280^. 

Experiment  21. — The  tube  was  filled  with  cyanogen.  The 
total  pressure  was  741  millim.,  the  barometer  standing  at 
764*5  millim.  The  quotient  is  0*9693,  a  very  high  number. 
On  substituting  air,  the  cyanogen  exerted  finally  a  pressure  of 
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740  iMillim.  Tliis  would  appear  to  indicate  that  palladium  is 
quite  impermeable  to  cyanogen,  and  is  not  attacked  by  it  at 
280°. 

Experiment  22. — Nitric  oxide  was  introduced  into  the  tube, 
at  a  barometric  ])ressure  (corrected)  of  7(55  miJlini.  On  passing 
hydrogen  the  ])re.ssure  rose  'd(j^  millim.  ;  the  total  pressure  of 
the  gases  in  the  tube-was  o()8  +  7();-^)  =  1131  millim.,  the  baro- 
metric height  being  703  millim.  The  increase  of  pressure  was 
therefore  1131  — 7()5  =  o6G  millim.  Supposing  that  the  nitric 
oxide  had  reacted  with  the  hydrogen,  forming  nitrogen  ;ind 
water,  thus  : — 

2N0    +    2H2    =    2H2O    +    N„ 
4  vols.  2  vols. 

the  pressure  of  the  nitric  oxide  would  have  been  halved,  and 
would  have  amounted  to  765/2  =  382*5  millim.  But  it  is  to 
be  supposed  that  the  resulting  water  would  have  exerted  its 
usual  vapour-pressure  ;  and  as  its  temperature  was  '2'2°,  the 
pressure  of  the  water-vapour  would  be  18'5  jnillim. 

We  have  thus  :—  ^^^iUi^i, 

Pressure  of  Ho +  N2  +  H<,0  vapour  .     368    +763     =1131 
Pressureof  No +  H2O  vapour     .     .     382-5+    185  =  401 

Hence  pressure  of  hydrogen  alone      =    730 

and  the  quotient  730/765  =  0"9543,  a  number  almost  identical 
with  those  previously  obtained. 

Experiment  23. — A  similar  experiment  was  made  with 
nitrous  oxide.  Here,  too,  reduction  occurs  at  280°  ;  but  the 
volume  of  the  residual  nitrogen  is  equal  to  that  of  the  nitrous 
oxide. 

The  initial  pressure  of  the  nitrous  oxide  was  772  millim. 
After  passing  hydrogen,  the  total  pressure  was  148i''5  millim. 
The  diiference,  7 17' 5  millim.,  is  to  be  ascribed  to  hydrogen 
and  water-vapour.  The  barometer  stood  at  761  millim. 
Deducting  18*5  millim.,  the  pressure  of  water-vapour  at  22°, 
the  pressure  of  the  hydrogen  alone  is  699  millim.  And  the 
quotient  699-0/761  =  0-9186. 

The  hydrogen  was  then  removed  by  a  current  of  air  on  the 
external  surfjice  of  the  palladium.  The  pressure  of  the 
nitrogen  was  then  780-5  millim.  Again  restoring  hydrogen 
on  the  exterior,  the  pressure  rose  to  727-5  millim.,  the  baro- 
metric pressure  being  761  millim.  The  pressure  ascribable  to 
liydrogen  and  water-vapour  is  thus  708  millim. ;  subtracting 
the  pressure  of  water-vapour,  22-5  millim.,  the  remainder, 
685'5  millim.,  is  due  to  hydrogen.  The  quotient  is  0-9008 
Here  again  a  reasonable  correspondence  i.s  found. 
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It  is  evitlont  that  in  all  cases  the  pressure  of  the  hydrogen 
in  the  interior  ot"  the  palladium  tube  is  lower  than  the  baro- 
metric pressure,  i.e.  lower  than  the  pressure  of  the  hydrooen 
on  the  exterior.  It  will  be  convenient  here  to  tabulate  the 
ratios  found  : — 

a.  IMean  T-atio  from  hydrogen  and  nitrogen  at  280° .  0'9053 

h.  Katio  at  335° 0-8984 

c.  Itatio  with  50  per  cent,  of  hydrogen  at  335°  .     .  0"9362 

d.  Ratio  with  25  per  cent,  of  hydrogen  at  335°   .     .  0-9344 

e.  Ratio  from  hydrogen  and  carbon  dioxide  at  280°.  0-9621 
/.  Ratio  from  hydrogen  and  carbon  monoxide  at  280°  0"9545 
g.  Ratio  from  hvdroijen  and  cvano(>;en  at  280°     .     .  0'9G93 

I  omit  the  two  last  determinations,  as  uncertainty  was 
introduced  owing  to  the  presence  of  water-vapour. 

On  reviewing  these  results,  it  would  appear  that  the  ratio  is 
not  altered  by  rise  of  temperature  above  280°.  The  same 
number  was  obtained  at  280°  and  at  335°.  But  at  a  lower 
temperature  the  ratio  is  much  smaller,  if,  indeed,  the  end- 
point  was  really  reached.  Dilution  of  the  hydrogen  appears 
to  raise  the  ratio  ;  and  the  presence  of  carbon  dioxide,  carbon 
monoxide,  or  cyanogen  in  the  interior  of  the  palladium  tube 
a])pears  to  be  fiivourable  to  the  passage  of  hydrogen. 

To  what  are  these  results  to  be  ascribed  ? 

Troost  and  Hautefeuille  have  determined  the  pressures  of 
dissociation  of  the  definite  hydride  of  palladium,  PdgH  ( Compt. 
rend.  Ixxviii.  p.  686).  At  130°  the  pressure  is  nearly  equal 
to  that  of  the  atmosphere,  it  is  624  milHm,;  while  at  140°  the 
pressure  is  812  millim.  It  rises  rapidly  with  temperature,  and 
at  the  highest  temperature  given,  170°,  it  amounts  to  the  large 
number  1840  milhm.  It  is  impossible  to  believe,  then,  that 
any  hydride  of  palladium  should  exist  even  at  the  lowest  of 
the  temperatures  employed,  223^.  Yet  palladium  becomes 
quickly  permeable  to  hydrogen  only  at  a  higher  temperature. 

Two  questions  require  answer: — (1)  Why  is  palladium 
permeable  to  hydrogen  ?  and  (2)  Why  is  the  pressure  of 
the  internal  hydrogen  always  less  than  that  of  the  external 
hydrogen  ? 

(1)  It  is  hardly  probable  that  the  palladium  acts  simply  as 
a  filter,  allowing  small  molecules  of  hydrogen  to  pass  while 
blocking  the  passage  of  larger  molecules  of  other  gases. 
Graham,  however,  appears  to  regard  this  as  in  some  measure 
the  cause  of  the  passage.  His  words  are  : — "  Such  j)henomena 
of  gaseous  penetration  appear  to  suggest  a  progression  in  the 
degree  of  porosity.  There  appear  to  be  (1)  pores  through  which 
gases  puss  under  pressure  or  by  capillary  transpiration,  as  in 
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dry  wood  and  many  minerals  ;  (2)  pores  through  which  gases 
do  not  pass  under  pressure,  but  pass  by  their  proper  molecular 
movement  of  diffusion  as  in  artificial  graphite  ;  and  (3)  ])ores 
through  which  gases  ])ass  neither  hy  ca[)illary  trans])iration  nor 
by  their  jjroper  diffusive  movement,  l)ut  only  aft(!r  liquefaction, 
such  as  tiio  pores  of  wrought  metals  and  the  finest  })ores  of 
graphite." 

It  is  noteworthy  that  Graham  considers  that  gases  are 
liquefied  in  the  pores  of  metals.  But  in  the  experiments  here 
described  this  can  hardly  be  the  case.  For  at  270°  and  at 
higlier  tem])eratures  hydrides  of  palladium  do  not  exist,  as  is 
conclusively  shown  byTroost  and  Hautcfeuille  ;  just  as  water 
does  not  exist  in  superheated  steam.  And  yet  it  is  at  these 
temperatures  that  palladium  is  permeable  to  hydrogen,  and 
not  at  temperatures  at  which  hydride  of  palladium  is  stable. 

There  are  several  facts  which  must  be  borne  in  mind  in 
seeking  for  an  interpretation  for  the  phenomenon  of  the 
passage  of  hydi'ogen  through  palladium. 

First.  The  hydrogen  in  the  act  of  passing  is  a  reducing 
agent,  as  shown  by  its  behaviour  towards  the  oxides  of 
nitrogen.  At  such  temperatures  as  were  here  employed, 
hydrogen  is  without  action  on  the  lower  oxides  of  nitrogen. 

Second.  Bellati  and  Lussano  have  shown  {Atti  R.  1st. 
Ven.  i.  series  vii.  p.  1173)  that  hydrogen  "diffuses  "  through 
an  iron  plate  which  is  used  as  a  negative  electrode  on  electro- 
lysing dilute  sulphuric  acid.  Their  observation  has  been 
confirmed  and  amplified  by  Shields  (Chem.  News,  Ixv.  p.  195). 
Shields  has  shown  that  neither  lead  nor  platinum  nor  pal- 
ladium allow  hydrogen  to  pass  under  similar  circumstances, 
and  experiments  made  by  myself  show  that  nickel  does  not 
allow  carbon  monoxide  to  pass  at  temperatures  at  which  that 
compound  is  stable. 

Third.  Iron  and  platinum,  as  shown  by  Deville  and  Debray 
{Compt.  rend.  Ivii.  p.  i)65),  are  permeable  at  a  red  heat  to 
hydrogen. 

I  think  these  considerations  prove  that  it  is  necessary  to 
add  a  fourth  class  to  the  three  classes  suggested  by  Graham. 
Graham's  first  class  involves  actual  holes,  that  is,  passages 
hirge  in  comparison  with  the  molecular  diameter  ;  his  second 
implies  pores  small  compared  with  molecular  diameter,  but 
still  greatly  exceeding  that  diameter  ;  his  third  class  would  be 
termed  "  solid  solution  "  in  the  present  state  of  our  knowledge, 
i.  e.  when  coal-gas  passes  through  india-rubber,  the  latter 
dissolves  the  gas  on  the  side  exposed  to  it,  while  the  gas 
evaporates  from  the  other  side,  so  as  to  render  the  pressure 
of  the  dissolved  gas  equal  on  both  sides  of  the  membrane. 
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Tlio  ca?e  is  precisely  analogous  to  the  passage  of  water  tlirougli 
a  seini-perineaMe  diaj)hragni.  But,  in  order  that  hydrogen 
may  pass  through  iron,  it  must  be  in  the  state  in  which  it  is 
liberated  by  an  electric  current,  or  it  must  be  hot.  That 
hydrogen  will  not  pass  through  palladium  at  the  ordinary 
tem[)erature  appears  to  show  that  the  compound  of  palladium 
autl  hydrogen  has  practically  no  dissociation  pressure  at 
ordinary  temperature  ;  otherwise  the  hydrogen  would  pass  by 
solution,  in  the  same  manner  as  coal-gas  passes  through 
india-rubber,  or  water  through  a  semi-])ermeable  diaphragm. 
That  it  will  not  })ass,  even  when  liberated  by  an  electric 
current  on  one  side  of  the  palladium  membrane,  shoAvs  that  it 
at  once  enters  into  combination  with  the  palladium,  and  is  no 
longer  in  statu  nasce/u/i,  to  use  a  generally  understood  ex- 
pression which  is  indejKMident  of  theory.  But  that  it  passes 
through  hot  palladium  appears  to  show  that  it  is  then  in  a 
state  analogous  to  that  of  electrically  liberated  hydrogen. 

It  is  known  that  electrified  bodies  are  discharged  if  a  flame 
burns  in  their  vicinity.  This  may  be  attributed  to  the 
liberation  of  atomic  oxygen  in  a  kind  of  Grotthus  chain.  For 
it  may  be  imagined  that  when  a  molecule  of  oxygen  encounters 
the  oxidizable  matter  of  a  flame,  it  is  dissociated  :  while  one 
atom  serves  to  oxidize  the  carbon,  the  other  exchanges  with  a 
neighbouring  molecule,  and  a  succession  of  exchanges  occur 
till  the  atomic  oxygen  near  the  electrified  body  receives  or 
communicates  a  charge,  and  restores  the  potential  of  the 
charged  body  to  that  of  surrounding  objects. 

To  ascertain  whether  a  flame  of  oxj'gen  burning  in  hydroo-en 
would  similarly  cause  the  hydrogen  to  assume  the  atomic  state, 
a  ])iece  of  apparatus  was  contrived  in  which  such  a  flame 
burned  in  close  proximity  to  a  very  thin  iron  plate,  on  the 
other  side  of  which  a  Torricellian  vacuum  was  maintained. 
No  hydrogen  passed  through  the  plate  :  hence  either  the 
hydrogen  was  not  atomically  transferred,  as  oxygen  is  sup- 
posed to  be  under  similar  circumstances,  or  such  atoms  were 
unable  to  pass  through  the  plate  as  they  would  have  done  if 
liberated  electrically.  It  must  be  noticed,  however,  that  it  is 
conceivable  that  the  double  atom  of  hydrogen  which  we  term 
a  molecule  may  have  united  directly  with  the  oxygen,  without 
separating  into  its  two  components.  The  result  of  this  ex- 
periment is  therefore  inconclusive. 

It  appears  to  me  necessary  to  suppose  that  at  a  temperature 
far  above  that  at  which  hydride  of  palladium  is  capable  of 
existence,  the  palladium  has  still  the  power  of  so  attracting 
the  hydrogen  that  the  molecule  is  split.  This  necessarily 
implies    a   gain   of  energy,  so  far  as   the   splitting    of   the 


218  Prof.  M.  P.  Rudski  on 

hydrogen  inoloculo  is  conoerned,  for  iiny  energy  lost  hy  the 
temporary  and  transient  union  of  hydrogen  and  panadiiini 
is  at  once  gained  dnring  its  escape  on  the  other  side  of  the 
partition.  But  the  hy(h-ogen  in  expanding,  Avliich  it  does  on 
passing  through  the  partition,  loses  energy,  and  hence,  on  the 
whole,  energy  will  probahly  be  lost  during  the  process.  It 
is  to  such  theories,  I  think,  that  we  must  look  to  explain  the 
passage  of  hydrogen  through  a  palladium  diaphragm. 

(2)  In  answering  the  question  why  the  pressure  raised  by 
the  entering  hydrogen  is  never  equal  to  that  of  the  atmosphere, 
I  think  it  must  be  admitted  that  the  gas  contained  in  the 
palhidium  vessel  is  not  without  influence  on  the  passage  of 
the  hydrogen.  A  diminution  of  the  pressure  of  the  external 
hydrogen  by  the  addition  of  nitrogen  considerably  increases 
the  partial  pressure  of  the  internal  hydrogen.  Here  the 
action  of  external  nitrogen  apparently  neutralizes  partially 
the  effect  of  the  internal  nitrogen,  and  more  hydrogen  pene- 
trates the  metallic  diaphragm.  With  gases  other  than 
nitrogen  in  the  interior,  the  })ressure  of  the  hydrogen 
becomes  more  nearly  equal  to  that  on  the  exterior.  The 
constancy  of  the  results,  however,  proves  that  the  deficiency 
is  not  due  to  experimental  error. 

This  whole  subject  is  full  of  difficulty.  Experiments  are 
in  progress  on  the  absorption  of  gases  by  platinum,  and  on 
the  passage  of  gases  through  other  metallic  diaphragms,  which 
may  ultimately  render  an  explanation  possible.  But  I  have 
thought  it  desirable  to  place  these  experiments  on  record, 
incomplete  as  they  are,  rather  than  wait  for  a  complete 
solution  to  the  problem. 

I  cannot  conclude  without  acknowdedging  the  able  manner 
in  which  my  late  assistant,  Mr.  Percy  Williams,  has  aided  me 
in  carrying  out  these  experiments. 


XXIII.  Note  on  the  lilgidity  of  the  Earth. 
Bij  M.  P.  RuDSKi,  Odessa*. 

PROF.  NEWCOMB  f  has  estimated  the  Rigidity  of  the 
Earth  from  the  observed  427  days^  |  period  of  the  Vari- 
ations of  Latitude,  and  found  it  to  be  somewhat  greater  than 
that  of  steel.  His  estimation  being  a  rough  one,  I  have 
undertaken  a  more  precise  calculation  with  the  help  of  the 
formulas  of  Thomson  and  Tait. 

*  Communicated  by  the  Autbor. 
t  Monthly  Notices  Astrou.  Soc.  1892,  pp.  336-341. 
I  The  recent  investigations  of  the  astronomers  of  Poulkova  conflrm 
also  this  period. 


the  Rigidity  of  the  Earth.  210 

Prof,  Newcomb  begins  with  the  remark  that  the  condition 
for  the  possibility  of  the  427  days'  period  is,  that  the  pole  of 
the  principal  axis  shall  be  at  a  distance  from  the  North  Pole 
[that  is  from  the  point  which  would  be  the  pole  of  rotation 
and  inertia  if  the  perturbation  did  not  exist]  equal  to  f-  of  the 
distance  between  the  pole  of  rotation  and  the  Xorth  Pole. 
(See  fig.  1.)     Thus  the  pole  of  rotation  R  revolves  in  nearly 


P,  the  North  Pole. 

P',  pole  of  the  principal  axis. 

R,  pole  of  rotation. 

O,  centre  of  inertia. 

305  days  about  the  pole  of  inertia  P',  but  this  latter  and  also 

R  revolve  about  the  North  Pole  in  427   days.     The   little 

circle  is  rollinfi  on  the  greater. 

The  precise  statement  of  the  problem  is  the  following  : — 
The  equations  of  motion  relatively  to  axes  revolving  with 

angular  velocities  p,  q,  r  are  of  course  : 


Suppose  that  the  body  is  elastic,  that  Xq,  y^,  Zq  are  the  coordi- 
nates of  particles  belonging  to  their  undisfurJ>ed  positions, 
suppose  that  ^,  tj,  ^  are  the  displacements,  suppose  that  the 
revolving  axes  are  fixed  relatively  to  the  coordinates  a'o,?/o,  ^o? 
then  .Ty,  y^,  Zq  are  constants,  and  as 

^  =  .ru  +  ?, 

*  =  -^U  +  b; 

-y-j  reduces  to  -j\,  and  so  on. 

Further,  neglecting  f,  ?;,  ^  in  comparison  with  .ry,  y^,  ^g. 
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and  writing  again  for  ,7'^,  ?/o,  -uj   '''';  ^j  ~j  we  have  the  equa- 
tions : — 


^t 


'f-^'-:;?+^'4f-''(''-')+K^'-i)+'-(S-^'-)]=^- 


The  precise  integration  of  these  equations  is  impossible, 
but  we  may  avail  ourselves  of  the  circumstance  that  in  the 
present  problem  the  quantities 

d^    drj    d}^ 

dt^   di^   dt 
are  quite  insignificant  in  comparison  to  other  terms.     We 
put 

dt      dt      dt 
we  remark  further  that  the  terms 

dr        dq        ,    .    ., 

-yj,+^tt,^^^^^^^^^^', 

being  the  components  of  a  rotation  superimposed  on  the 
strain,  shall  give  no  deformation  of  the  body,  and  reduce 
the  equations  to  the  form  : 

p\_  — x{q^ -^r  r'^)  +ypq  +  zpr\='K, 


But  if  a,  hy  c  are  the  direction  cosines  of  the  axis  R,  then 

p  =  a(o, 
q  =  b(i), 

where  &>  is  the  angular  velocity  about  the  axis  R,  which  in 
the  present  problem  is  evidently  constant.  Further,  the 
forces  X  contain  the  attraction  of  the  particles  and  the  com- 
ponents of  elastic  forces.  So  we  may  write  our  equations  in 
the  form 


_„^         dS  dY  deb     ^ 

a.c  iLc  iLv 

.           d8  dY  d(b     ^ 

dij  dij  dy 

dS  dY  d(b     ^ 


(I.) 
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where  n  is  the  coefficient  of  rigidity, 

m   „  „  incoinpressibility, 

V  is  the  potential  of  attraction, 

p  means  the  mean  density, 

dx      dy      dz ' 

V*  is  the  known  Laplacian  symbol. 

V  may  now  be  divided  in  two  parts,  the  first  corresponding 
to  the  potential  of  the  unstrained  body,  the  other  containing 
all  the  terms  which  arise  in  consequence  of  the  deformation  : 
so  we  may  write 

On  the  other  hand,  with  the  help  of  the  formula 

a^  +  Z>2  +  c2  =  l, 
we  may  write  for 

a'^  +  c^,     l-h% 
a'^  +  h^,     l-c\ 

Now  if  the  Z  axis  of  coordinates  coincides  with  the  j^olai' 
axis  of  the  earth  corresponding  to  the  unstrained  state,  the 
potential 

Yi  +  pai%a^^+y^) 

exerts  no  deformation,  so  that  in  equations  (I.)  V  reduces  to 
Vg  and  </)  becomes 

(fi=-P^[x^a''+  y%^  +  2^  (c2  _  1 )  +  ■2xy  ab  +  2xz  ac  +  '2yz  he] . 

We  see  that  (^  is  a  solid  harmonic  of  the  second  degree. 
But  the  disturbing  potential  is 

To  find  it,  we  proceed  after  the  method  of  Prof.  Darwin*, 
and  obtain  readily 

w^=^^^+*=i9;r^-*-  •  •  •  ("•) 

*  "  On  Bodily  Tides,"  Phil.  Trans,  for  1879,  p.  9.  The  calculus  is 
"  literatim  "  the  same. 
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Here  we  have  made  tlio  supposition  that  the  body  is  inconi- 
j^re-ss/'ble.      [11  means  the  mean  radius  of  the  Earth.] 

We  must  now  calculate  the  ])roducts  and  the  moments  of 
inertia  about  old  axes  after  deformation. 

As  this  calculation  implies  the  knowledf^e  of  the  displace- 
ments, we  shall  take  the  expressions  of  the  displacements 
given  by  Thomson  and  Tait  *  for  the  case  of  a  sphere 


Before  calculating  the  products  of  inertia  we  remark  that 
the  deformation  is  evidently  symmetrical  with  respect  to  the 
plane  passing  through  the  axis  of  z  and  the  axis  of  rotation. 

Hence,  taking  this  plane  for  the  plane  XZ  t,  we  obtain 
first,  if  D,  E,  F  are  the  products  of  inertia, 

D=F=0; 

secondly, 

(fi  =  P^  [a%z^-a;'')-2a:zac].  .     .     .      (IV.) 
Now,  the  calculation  of 

with  the  help  of  the  formulas  IT.,  III.,  and  IV.  is  very  easy, 
and  gives 

where  M  is  the  mass  of  the  earth, 

u  the  equatorial  velocity  {u  =  (oJl). 

We  shall  also  need  the  difference  C  — A.  This  difference, 
being  very  little  changed  by  the  deformation,  may  be 
directly  calculated  from  the  known  values 

C  =  0-3321  .  MR2, 

A  =  0-3310  .  MR^ 
so  that 

C-A  =  0-0011MR2. 

*  Treat,  on  Nat.  riiil.  arts.  837,  838._ 

t  In  this  manner  we  introdnce  coordinates  movinij  respectively  to  the 
body,  but  evidently  it  does  not  chaug-e  anything  in  the  results. 
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Xow,  by  a  known  theorem,  if 

D  =  F  =  0, 

tlio  moments  of  inertia  about  the  new  principal  axes  are  the 
roots  of  the  equation 

(H-A)^2  +  (H-B)?/2+(H-C)^2  +  2E.r~=0,     (V.) 

where  A,  B,  C  are  the  given  moments  aboiit  the  old  axes. 
In  the  present  case  we  may  put 

A  =  B. 

Now,  if  the  angle  between  the  axis  of  the  new  greatest 
moment  of  inertia  and  the  axis  of  z  is  6,  then  by  the  trans- 
formation 

d;  =  .riCOS^  +  -i  sin^, 

z=  —Xi  sin  6-{-Zi  cos  9, 

we  may  easily  find  the  angle  6  from  the  formula  V.     We 
obtain 

tan  2^=-^^ (VI.) 

But  by  definition  the  angle  6  (<POP')  is  equal  to  f  of 
the  angle  FOR,  and 

c  =  cos(POR) 

a  =  sin  (FOR) 

As  the  angles  FOR  and  FOF'  are  very  small,  their  cosines 
are  nearly  equal  to  unity,  and  their  sines  are  nearly  equal  to 
the  arcs  ;  but  the  arc  FOR  is  equal  to  |-  of  the  arc  FOF' 
[the  arc  6'].  Hence,  neglecting  small  quantities  of  second 
order,  we  obtain  from  the  formula  VI. 

i ^-p     .    ^^'    .    .    .    .    (VII) 

7~19n  +  2^/3R    00011  ^         > 

But  Frof.  Newcomb  thinks  that  one  fourth  of  the  angle 
FOF'  may  be  attributed  to  the  influence  of  the  Ocean. 
Further,  as  the  })roduct  of  inertia  E  standing  in  the  nume- 
rator of  the  right-hand  member  of  VI.  depends  principally 
on  the  deformation  of  superficial  layers,  and  for  that  reason 
the  mean  density  in  E  must  be  smaller  than  the  mean  density 
of  the  Earth — we  must  nudtiply  the  right-hand  member  of 
VII.  by  a  factor  smaller  than  unity.  We  take,  with  Frof. 
Newcomb,  the  mean  eft'ective  density  to  be  O'G  of  that  of 
steel,  i.  e.  4'68,  and  multiply  the  right-hand  member  of  VII. 

I'fi'S 
with    ^  _  .     It  is  to  be   remarked  that  by  the  meaning  of 
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mean  densities  p  contained  in  VII.,  they  are  all  to  be 
taken  inferior  to  the  mean  density  of  the  Earth.  Now  the 
formula  VII.  changes  to 

3  2  X  4-G8  X  u^ 

1 


[i9-"  +  2,r] 


5-5  X  0-0011 

P 

?<  =  46,500  centim.  per  sec, 
R=  637,000,000  centim., 
(7  =  981  centim.  per  sec. 
/3  =  4-68  [Prof.  Newcomb^s  effective  mean  density]. 

With  these  data, 

71=1615x109. 

This  coefficient  of  rigidity  is  nearly  twice  as  great  as  the 
coefficient  of  rigidity  of  steel  after  Everett  [819  X  10=*] .  By 
certain  combinations  of  the  chosen  effective  mean  densities 
in  the  numerator  and  denominator  of  VII.,  also  putting  again 
^  instead  of  f  in  the  left-hand  member,  we  may  render  the 
coefficient  of  rigidity  smaller.  But  it  remains  much  greater 
than  the  coefficient  for  steel. 

The  proof  of  the  rigidity  of  the  Earth  from  the  tidal  pheno- 
mena was  subject  to  certain  doubts^,  but  now  it  is  strongly 
supported  by  the  test  of  the  phenomenon  of  Variation  of 
Latitudes. 

M.  Gylden  f  has  presented  some  objections  to  the  views 
of  Lord  Kelvin  and  Prof.  Newcomb.  Without  discussing 
his  paper,  we  remark  only  that  we  can  interpret  his  analysis 
as  corresponding  to  the  case  of  an  ahsoluielij  rigid  earth  with 
certain  fluid  or  generally  mobile  parts.  Of  course  he  has 
found  that  these  mobile  parts  must  be  greater  than  the 
Oceans.  We  have  taken  the  Eai'th  as  incompressible.  It  is 
known  that  this  assumption  has  a  very  little  influence  on 
the  final  results.  In  a  quite  similar  case,  that  of  the  tidal 
problem,  Mr,  Love  X  ^^'^  obtained  nearly  the  same  results  on 
the  hypothesis  of  compressibility  [_ni  =  2n\  as  on  the  hypo- 
thesis of  perfect  incompressibility  [/n  =  oo  ]. 

*  See  Prof.  Darwin's  paper,  Proc.  Eoy.  Soc.  London,  Nov.  1886. 

t   Comjit.  rendus,  vol.  cxvi.  (1893),  pp.  476-479. 

X  Transactions  Cambr.  Phil.  Soc.  vol.  xv.  pp.  107-118, 
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XXIV.   On  the  Electrification  of  Air.      />>/  Lord  Kelvin, 
F.R.S.,  and  Magnus  Maclean,  M.A.,  F.R.S.E* 

§  1.  npHAT  air  can  be  electrified  either  positively  or  nega- 
JL  tively  is  obvious  from  the  fact  that  an  isolated 
spherule  of  pure  \vater,  electrified  either  positively  or  nega- 
tiA'ely,  can  be  wholly  evaporated  in  airf.  Thirty-four  years 
ago  it  was  pointed  out  by  one  of  us|  as  probable  that,  in 
ordinary  natural  atmospheric  conditions,  the  air  for  some 
considerable   height  above  the  earth's  surface  is  electrified  § 

*  Communicated  by  the  Authors  ;  having  been  read  before  the  Royal 
Society,  May  31,  1894. 

t  This  demonstrates  an  afRrmative  answer  to  the  question,  Can  a 
molecule  of  a  gas  be  charged  with  electricity  ?  (J.  J.  Thomson,  '  Recent 
Researches  in  Electricity  and  Magnetism,'  §  3(3,  p.  53),  and  shows  that 
the  experiments  referred  to  as  pointing  to  the  opposite  conclusion  are  to 
be  explained  otherwise. 

Since  tliis  was  written  we  find,  in  the  'Electrical  Review'  of  May  18, 
on  page  571,  in  a  lecture  by  Elihu  Thomson,  the  following: — "It  is 
known  that  as  we  leave  the  surface  of  the  earth  and  rise  in  the  air  there  is 

an  increase  of  positive  potential  with  respect  to  the  gTound It  is 

not  clearly  proven  that  a  pure  gas,  raretied  or  not,  can  receive  and  convey 
a  charge.  If  we  imagine  a  charged  drop  of  water  suspended  in  air  and 
evaporating,  it  follows  that,  unless  the  charge  be  carried  off  in  the  vapour, 
the  potential  of  the  drop  would  rise  steadily  as  its  surface  diminished, 
and  would  become  infinite  as  the  drop  disappeared,  unless  the  charge 
were  dissipated  before  the  complete  drying  up  of  the  drop  by  dispersion 
of  the  drop  itself,  or  conveyance  of  electricity  by  its  vapour.  The  charge 
would  certainly  require  to  pass  somewhere,  and  might  leave  the  air  and 
vapour  charged." 

It  is  quite  clear  that  "must"  ought  to  be  substituted  for  "might"  in 
this  last  line.  Thus  the  vagueness  and  doubts  expressed  in  the  first  part 
of  the  quoted  statement  are  annulled  by  the  last  three  sentences  of  it. 

X  "  Even  in  fair  weather  the  intensity  of  the  electric  force  in  the  air 
near  the  earth's  surface  is  perpetually  fluctuatin<Jr.  The  speaker  had  often 
observed  it,  especially  during  calms  or  very  light  breezes  from  the  east, 
varying  from  40  Dauiell's  elements  per  foot  to  three  or  four  times  that 
amount  during  a  few  miiuites,  and  returning  again  as  rapidly  to  the  lower 
amount.  More  frequently  he  had  observed  variations  from  about  30  to 
about  40,  and  back  again,  recurring  in  uncertain  periods  of  perhaps  about 
two  minutes.  These  gradual  variations  cannot  but  be  produced  by  elec- 
trified masses  of  air  or  cloud,  floating  by  the  kicality  of  observation." — 
Lord  Kelvin's  '  Electrostatics  and  Magnetism,'  art.  xvi.  §  282. 

§  "  The  out-of-doors  air  potential,  as  tested  by  a  portable  electrometer 
in  an  open  place,  or  even  by  a  water-dropping  nozzle  outside,  two  or 
three  feet  from  the  walls  of  the  lecture-room,  was  generally  on  these 
occasions  positive,  and  the  earth's  surface  itself  therefore,  of  course,  nega- 
tive— the  common  fair-weather  condition — which  I  am  forced  to  conclude 
is  due  to  a  paramount  influence  of  positive  electricity  in  higher  regi(Mis  of 
the  air,  notwithstanding  the  negative  electricity  of  the  air  in  the  lower 
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and  that  the  incesf^ant  variations  of  electrostatic  force  which 
he  had  observed,  minute  after  minute,  during  calms  and  light 
winds,  and  often  under  a  cloudless  sky,  were  due  to  motions 
of  large  quantities  of  positively  or  negatively  electrified  air  in 
the  innnediato  neighbourhood  of  the  place  of  observation. 

§  2.  It  was  proved*  by  observations  in  the  Old  College  of 
Glasgow  University  that  the  air  was  in  general  negatively 
electrified,  not  only  indoors,  within  the  old  lecture-room  f  of 
Natural  Philosophy,  but  also  in  the  out-of-doors  space  of  the 
College  C'Ourt,  open  to  the  sky  though  closed  around  with 
high  buildings,  and  between  it  and  the  top  of  the  College 
Tower.  The  Old  College  was  in  a  somewhat  low  situation, 
surrounded  by  a  densely  crowded  part  of  a  great  city.  In 
the  new  University  buildings,  crowning  a  hill  on  the  western 
boimdary  of  Glasgow,  similar  phenomena,  though  with  less 
general  prevalence  of  negative  electricity  in  the  air,  have  been 
observed,  both  indoors,  in  the  large  Bute  Hall,  and  in  many 
other  smaller  rooms^  and  out-of-doors,  in  the  court,  which  is 
somewhat  similar  to  the  courts  of  the  Old  College,  but  much 
larger.  It  is  possible  that  the  negative  electricity  found 
thirty  years  ago  in  the  air  of  the  Old  College  may  have  been 
due  to  its  situation,  surrounded  by  houses  with  their  fires,  and 
smoking  factory-chimneys.  In  the  New  College  much  of  the 
prevalence  of  negative  electricity  in  air  within  doors  has,  how- 
ever, been  found  to  be  due  to  electrification  by  the  burning 
lamp  I  used  with  the  quadrant-electrometer ;  and  more 
recent  observations,  with  electrification  by  flame  absolutely 
excluded,  throw  doubt  on  the  old  conclusion,  that  both  in 
town  and  country  negative  electrification  is  the  prevailing 
condition  of  natural  atmospheric  air  in  the  lower  regions  of 
the  atmosphere. 

§  3.  The  electric  ventilation  found  in  the  Old  College,  and 
described  in  §  299  of  '  Electrostatics  and  Magnetism,'  accord- 
ing to  which  air  drawn  through  a  chink,  less  than  ^-inch 
wide,  of  a  slightly  open  window  or  door,  into  a  large  room 


stratum  near  the  earth's  fiirface.  Ou  the  two  or  three  occasions  when 
the  in-door  atmospheric  electricity  was  found  positive,  and  therefore  the 
surface  of  the  floor-walls  and  ceiling  negative,  the  potential  outside  was 
certainly  positive,  and  the  earth's  surface  out-of-doors  negative,  as  usual 
in  fine  weather." — Ibid.  §  300. 

*  Ibid.  (J.  2,  ^  283. 

t  Ibid.  §§  296-300. 

X  "Electrification  of  Air  by  Combustion,"  Magnus  Maclean,  M.A., 
F.K.S.E.,  and  Makita  Goto,  Philosophical  Society  of  Glasgow,  Nov.  20, 
1889;  "Electrification  of  Air  bv  Water-Jet,"  Magnus  Maclean,  M. A., 
r.R,S.E.,  and  Makita  Goto,  Thilosophical  Magazine,'  August  1890. 
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showed  the  electrification  which  it  had  on  the  other  side  of 
the  chink,  whether  that  was  the  natnral  electrification  of  the 
open  air,  or  positive  or  negative  electrification  produced  hy 
aid  of  a  spirit-lamp  and  electric  machine  in  an  adjoining 
room,  has  been  tried  again  in  the  New  College  with  quite 
corresponding  results.  It  has  also  been  extended  to  the 
drawing  in  of  electrified  air  through  a  tube  to  the  enclosure 
represented  in  fig.  1  of  the  ])resent  pa})er  ;  with  the  result 
that  the  water-dropping  test  intlicated  in  the  sketch  amply 
sufficed  to  show  the  electrification,- and  verify  that  it  was 
always  the  same  as  that  of  the  air  outside.  When  the  tube 
was  filled  with  loosely  packed  cotton-wool  the  electrification 
of  the  entering  air  was  so  nearly  annulled  as  to  be  insensible 
to  the  test. 

§  4.  The  object  proposed  for  the  experiments  described  in 
the  present  communication  was  to  find  if  a  small  unchanged 
portion  of  air  could  be  electrified  sufficiently  to  show  its  elec- 
trification by  ordinary  tests,  and  could  keep  its  electrification 
for  any  considerable  time  ;  and  to  test  whether  or  not  dust  in 
the  air  is  essential  to  whatever  of  electrification  might  be 
observed  in  such  circumstances,  or  is  much  concerned  in  it. 

§  5.  The  arrangement  for  the  experiments  is  shown  in  the 
diagram  (fig.  1).     A  A  is  a  large  sheet-iron  vat  inverted  on 
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a  large  wooden  tray  B  B,  lined  with  lead.  By  filling  the 
tray  with  water  the  air  is  confined  in  the  vat.  There  are  two 
boles  in  the  top  of  the  vat :  one  for  the  water-dropper  C,  tind 

Q2 


228 


Lord  Kelvin  and  Mr.  Magnus  Maclean  on 


and  one  lor  tlie  cliargino-  wire  D.  Both  tlie  water -dropper 
and  tlio  cliargiii^-  wii-e,  ending  with  a  pin-])oint  as  sharj)  as 
})Ossible,  are  insulated  by  solid  ])arafHn,  which  is  surrounded 
by  a  metal  tube,  as  shown  in  halt  size  in  fig.  2.     To  start 
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with  they  were  supported  by  pieces  of  vulcanite  embedded  in 
paraffin.  But  it  was  found  that  after  the  lapse  of  some  days 
(])ossibly  on  account  of  ozone  generated  by  the  incessant 
brush-discharges),  the  insulation  had  utterly  failed  in  both  of 
them.  The  vulcanite  pieces  Mere  then  taken  out,  and  solid 
])araifin,  with  the  metal  guard-tube  round  it  to  screen  it  from 
electrically  influencing  the  water-dropper,  was  substituted. 
This  has  proved  quite  satisfactory  :  the  water-dropper,  with 
the  flow  of  water  stopped,  holds  a  positive  or  a  negative 
charge  for  hours. 

§  6.  A  quadrant-electrometer  E  (described  in  'Electro- 
statics and  Magnetism,'  §§  346-358)  was  set  up  on  the  top 
of  the  vat  near  the  water-dropper,  as  shown  in  fig.  1.  It  was 
used  with  lamp  and  semi-transparent  scale  to  indicate   the 
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difference  of  potential  between  the  water-dropper  and  tlie  vat. 
Tlie  sensibility  of  the  electrometer  was  21  scale-divisions 
(half-millimetres)  per  volt;  and  as  the  scale  was  90  centim. 
long,  difference  of  potentials  up  to  43  volts,  positive  or  nega- 
tive, could  be  read  by  adjusting  the  metallic  zero  to  the 
middle  of  the  scale.  A  frictional  plate-electric  machine  was 
used,  and  by  means  of  it,  in  connexion  with  the  pin-point, 
the  air  inside  the  vat  could  be  electrified  either  positively  or 
negatively. 

§  7.  The  vat  was  fixed  in  position  in  the  Apparatus  Room 
of  the  Natural  Philosophy  Department  of  the  University  of 
Glasgow  on  the  13th  of  December,  1893,  and  for  more  than 
three  months  the  air  inside  was  left  undisturbed  except  by 
discharges  from  the  pin-point  through  the  electrifying  wire, 
and  by  the  spray  from  the  water-dropper.  Thus  the  air  was 
becoming  more  and  more  freed  of  dust  day  by  day.  Yet  at 
the  end  of  the  four  months  we  found  that  the  air  was  as  easily 
electrified,  either  positively  or  negatively,  as  it  was  at  the 
beginning  ;  and  that  if  we  electrify  it  strongl}'-  by  turning 
the  machine  for  half-an-hour,  it  retains  a  considerable  portion 
of  this  electrification  for  several  hours. 

§  8.  Observations  were  taken  almost  daily  since  the  13th 
December  ;  but  the  following,  taken  on  the  8th  of  February, 
the  12th  of  March,  and  the  23rd  of  April,  will  serve  as 
specimens,  the  results  being  shown  in  each  case  by  a  curve. 
At  all  these  dates  the  air  must  have  been  very  free  from  dust. 
Both  during  the  charging  and  during  the  observations  the 
case  of  the  electrometer  and  one  pair  of  quadrants  are  kept 
metallically  connected  to  the  vat.  During  the  charging  the 
water-dropper  and  the  other  pair  of  quadrants  were  also  kept 
in  connexion  with  the  vat.  Innnediatelv  after  the  charmnfif 
was  stopped  the  chargmg  wire  was  connected  metallically  to 
the  outside  of  the  vat,  and  left  so  with  its  sharp  point 
unchanged  in  its  position  inside  the  vat  during  all  the 
observations. 

§  9.  Curve  1.  Fehruary  8,  1894.— The  friction-plate 
machine  was  turned  positive  for  half-an-hour.  Ten  minutes 
after  the  machine  stopped  the  water-dropper  was  filled  and 
joined  to  one  pair  of  quadrants  of  the  electrometer,  while  the 
other  pair  was  joined  to  the  case  of  the  instrument.  The 
first  reading  on  the  curve  was  taken  four  minutes  after- 
wards, that  is  fourteen  minutes  after  the  machine  stojiped 
running  (18  volts). 

Curve  2.  March  3,  1894. — The  friction-plate  machine  was 
turned  positive  for  five  minutes.  The  water-dropper  was 
filled  and  joined  to   the  electrometer  immediately  after  the 
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machine  stopped  turning.  The  spot  was  off  the  scale,  and 
nine  minutes  elapsed  before  it  appeared  on  the  scale.  The 
first  reading  on  the  curve  was  taken  one  minute  after- 
wards, or  ten  minutes  after  the  machine  stopped  turning 
(35;25  volts). 

Curve  3.      March  12,   1894. — A  Voss    induction-machine 
was  joined  to  the  charging  wire,  and  run  by  an  electric  motor 
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for  4  hours  19  minutes.  A  test  was  appHed  at  the  beginning 
of  the  run  to  make  sure  that  it  was  charging  negatively  ;  and 
a  similar  test  when  it  was  disconnected  from  the  charging 
wire  in  the  vat  showed  it  to  be  still  charging  negatively. 
The  water-dropper  was  joined  to  the  electrometer,  and  the 
spot  appeared  on  the  scale  immediately.  The  first  reading 
on  the  curve  was  taken  half  a  minute  after  the  machine  was 
disconnected  (30" 65  voltsj 
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Curve  4.  April  23,  1894. — The  friction-plate  machine 
was  turned  positive  for  30  seconds,  with  water-dropper 
runnin<^  and  joined  to  the  electrometer.  20  seconds  after  the 
machine  stoiJix'd  the  spot  appeared  on  the  scale,  and  the 
reading-  li  minutes  after  the  machine  stopped  turning  is  the 
first  point  on  the  curve  (7*3  volts). 

Curve  5.  April  23,  1894. — The  friction-plate  machine 
was  turned  negative  for  30  seconds,  with  the  water-dropper 
running  and  joined  to  the  electrometer.  10  seconds  after- 
wards the  spot  a{)])eared  on  the  scale,  and  the  reading  70 
seconds  after  the  machine  stopped  turning  is  the  first  })oint 
on  the  curve  (7"6  volts). 

The  curves  show,  what  we  always  found,  that  the  air  does 
not  retain  a  negative  electrification  so  lono^  as  it  retains  a 
positive.  We  also  found,  hv  giving  equal  numhers  of  turns 
to  the  machine  that  the  immediately  resulting  difference  of 
])otential  hetween  the  water-dropper  and  the  vat  was  greater 
for  the  negative  than  for  the  positive  electrification  ;  though 
the  quantity  received  from  the  macliine  was  probably  less  in 
the  case  of  the  negative  electrification,  because  the  negative 
conductor  was  less  well  insulated  than  the  positive. 

§  10.  On  the  21st  of  March,  two  U-tnbes  were  put  in  below 
the  edge  of  the  vat,  one  on  either  side,  so  that  it  might  be 
possible  to  blow  dusty,  or  smoky,  or  dustless  air  into  the  vat. 
To  one  tube  was  fitted  a  blowpipe-bellows,  and  by  })lacing  it 
on  the  top  of  a  box  in  which  brown  paper  and  rosin  were 
burning,  the  vat  was  filled  with  smoky  air.  Again,  several 
layers  of  cotton-wool  were  placed  on  the  mouth  of  the  bellows, 
so  as  to  get  dustless  air  into  the  vat.  The  bellows  were  worked 
for  several  hours  on  four  successive  days,  and  we  found  no 
a})preciablo  difference  (1)  in  the  ease  with  which  the  air 
could  be  electrified  by  discharges  from  the  wire  connected  to 
the  electric  machine,  and  (2)  in  the  length  of  time  the  air 
retains  its  electrification. 

But  it  was  found  that,  as  had  been  observed  four  years  ago 
with  the  same  apparatus*,  with  the  water-dropper  insulated 
and  connected  to  the  electrometer,  and  no  electrification  of 
any  kind  to  begin  with,  a  negative  electrification  amounting 
to  four,  five,  or  six  volts  gradually  supervened  if  the  water- 
dropper  was  kept  running  for  60  or  70  minutes,  through  air 
which  was  dusty,  or  natural,  to  begin  with.  It  was  also  found, 
as  in  the  observations  of  four  years  ago,  that  no  electrification 
of  this  kind  was  produced  by  the  dropping  of  the  water 
through  air  purified  of  dust. 

The  circular  bend  of  the  tube  of  the  water-dropper  shown 
*  Maclean  and  Goto,  '  Pliilosopliical  Magazine,'  August  1890. 
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in  the  drawin>2;  was  made  for  the  purpose  of  acting  as  a  trap 
to  prevent  the  natural  dusty  air  of  the  loeaUty  from  entering 
the  vat  when  the  water-dropper  ran  empty. 

§  11.  The  equihbrium  of  electrified  air  within  a  space 
enclosed  by  a  fixed  bounding  surface  of  conducting  material 
presents  an  interesting  illustration  of  elementary  hydrostatic 
principles.  The  condition  to  be  fulfilled  is  simply  that  the 
surfaces  of  equal  electric  "  volume-density  "  are  surfaces  of 
equal  })otential,  if  sve  assume  that  the  material  density  of  the 
air  at  given  temperature  and  pressure  is  not  altered  by  elec- 
trification. This  assumption  we  tem])orarily  make  from  want 
of  knowledge ;  but  it  is  quite  possible  that  experiment  may 
prove  that  it  is  not  accurately  true  ;  and  it  is  to  be  hoped  that 
experimental  investigation  will  be  made  for  answering  this 
very  interesting  question. 

§  12.  For  stable  equilibrium  it  is  further  necessary  that  the 
electric  density,  if  not  tmiform  throughout,  diminishes  from 
the  bounding  surface  inwards.  Hence  if  there  is  a  portion  of 
non-electrified  air  in  the  enclosure,  it  must  be  wholly  sur- 
rounded by  electrified  air. 

§  13.  We  may  form  some  idea  of  the  absolute  value  of  the 
electric  density,  and  of  the  electrostatic  force  in  different  parts 
of  the  enclosure,  in  the  electrifications  found  in  our  experi- 
ments, by  considering  instead  of  our  vat  a  spherical  enclosure 
of  diameter  intermediate  between  the  diameter  and  depth  of 
the  vat  which  we  used.  Consider,  for  example,  a  spherical 
space  enclosed  in  metal  of  100  centim.  diameter,  and  let  the 
nozzle  of  the  water-dropper  be  so  placed  that  the  stream 
breaks  into  drops  at  the  centre  of  the  space.  The  potential 
shown  by  the  electrometer  connected  with  it,  beino-  the  difi'er- 
ence  between  the  potentials  of  the  air  at  the  boundary  and 
at  the  centre,  will  be  the  difference  of  the  potentials  at  the 
centre  due  respectively  to  the  total  quantity  of  electricity  dis- 
tributed through  the  air  and  the  equal  and  opposite  quantity 
on  the  inner  boundary  of  the  enclosing  metal  ;  and  we  there- 
fore have  the  formula  : — 


V  =  4.J%('^-9a, 


where  Y  denotes  the  potential  indicated  by  the  water-dropper, 
a  the  radius  of  the  spherical  hollow,  and  p  the  electric  density 
of  the  air  at  distance  r  from  the  centre.  Supposing  now,  for 
example,  p  to  be  constant  from  the  surface  to  the  centre 
(which  may  be  nearly  the  case  after  long  electrification  as 
performed  in  our  experiments),  we  find  \  =  %Trpa^  ;  whence 
p  =  3V/27ra2. 
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To  particularize  further,  suppose  the  potential  to  have  been 
38  volts  or  0"127  electrostatic  C.G.S.  (which  is  less  than  the 
greatest  found  in  our  experiments)  and  take  a  =  50  centim.  : 
w^e  find  /D  =  2"4x  10"''.  The  electrostatic  force  at  distance  r 
from  the  centre,  being  ^  ir  pr,  is  therefore  equal  to  10~*r. 
Hence  a  small  body  electrified  with  a  quantity  of  electricity 
equal  to  that  possessed  by  a  cubic  centimetre  of  the  air,  and 
placed  midway  (r  =  25)  between  the  surface  and  centre  of  the 
enclosure,  experiences  a  force  equal  to  2*4  X  10~^  25,  or 
G  X  10~^,  or  approximately  6  x  10~'^  grammes  v\'eight.  This  is 
4'8  per  cent,  of  the  force  of  gravity  on  a  cubic  centimetre  of 
air  of  density  1/800. 

§  14.  Hence  we  see  that,  on  the  supposition  of  electric 
density  uniform  throughout  the  spherical  enclosure,  each 
cubic  centimetre  of  air  experiences  an  electrostatic  force 
towards  the  boundary  in  simple  proportion  to  distance  from 
the  centre,  and  amounting  at  the  boundary  to  nearly  10  per 
cent,  of  the  force  of  gravity  upon  it ;  and  electric  forces  of 
not  very  dissimilar  magnitudes  must  have  acted  on  the  air 
electrified  as  it  actually  was  in  the  non-spherical  enclosure 
used  in  our  experiments.  If  natural  air  or  cloud,  close  to  the 
ground  or  in  the  lower  regions  of  the  earth's  atmosphere,  is 
ever,  as  in  all  probability  it  often  is,  electrified  to  as  great  a 
degree  of  electric  density  as  we  have  found  it  within  our 
experimental  vat,  the  natural  electrostatic  force  in  the  atmo- 
sphere, due  as  it  is,  no  doubt,  to  positive  electricity  in  very 
high  regions,  must  exei'cise  an  important  ponderomotive  force 
quite  comparable  in  magnitude  with  that  due  to  difference  of 
temperatures  in  different  positions. 

It  is  interesting  to  remark  that  negatively  electrified  air 
over  negatively  electrified  ground,  and  with  non-electrified 
air  above  it,  in  an  absolute  calm,  would  be  in  unstable  equili- 
brium ;  and  the  negatively  electrified  air  would  therefore  rise, 
probably  in  large  masses,  through  the  non-electrified  air  up 
to  the  higher  regions,  where  the  positive  electrification  is 
supposed  to  reside.  Even  with  no  stronger  electrification 
than  that  which  we  have  had  within  our  experimental  vat, 
the  moving  forces  would  be  sufficient  to  produce  instability 
comparable  with  that  of  air  warmed  by  the  ground  and  rising 
through  colder  air  above. 

§  15.  During  a  thunderstorm  the  electrification  of  air,  or 
of  air  and  the  watery  spherules  constituting  cloud,  need  not 
be  enormously  stronger  than  that  found  in  our  experiments. 
This  we  see  by  considering  that  if  a  uniformly  electrified  globe 
of  a  metre  diameter  produces  a  difference  of  potential  of 
38  volts  between  its  surface  and  centre,  a  globe  of  a  kilometre 
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dinnietor,  electrified  to  the  same  electric  density,  reckoned 
accordin<i;  to  the  total  electricity  in  any  small  volume  (elec- 
tricity of  air  and  ot"  spherules  of  water,  if  there  are  any  in  it), 
would  produce  a  difference  of  potential  of  38  million  volts 
between  its  surface  and  centre.  In  a  thunderstorm,  flashes 
of  Hghtning  show  us  differences  of  potential  of  millions  of 
volts,  but  not  perhaps  of  many  times  38  million  volts,  between 
places  of  the  atmosphere  distant  from  one  another  by  half  a 
kilometre. 


XXV.  Preliminary  Note  on  the  Spectrum  of  the  Electric 
f>ischarge  in  Lignid  Oxygen,  Air,  and  Nitrogen.  13y 
Professors  Liveing  and  Dewar^. 

IX  makinor  the  experiments  here  described  we  desired,  if 
possible,  to  observe  the  emission-spectra  of  the  several 
substances,  stimulated  by  the  electric  discharge,  while  at 
temperatures  of  180°  to  200°  below  zero.  It  seemed  probable 
that  the  characters  of  these  spectra  would  give  some  indica- 
tions of  the  physical  state  of  the  substances  operated  on. 

In  order  to  prevent  the  rapid  heating  of  the  electrodes  by 
the  discharge,  they  were  made  of  considerable  size.  One  was 
a  disk  of  platinum  about  one  centimetre  in  diameter,  convex 
on  one  side,  and  having  its  convexity  turned  towards  the 
other  electrode,  which  was  made  of  a  piece  of  platinum  wire 
about  two  millimetres  thick.  Even  these  electrodes  were 
much  heated,  became  red-hot  when  they  were  not  in  the 
liquid,  but  the  spark  passed  through  the  gas  immediately 
above  the  liquid.  When  actually  immersed  in  the  liquid 
they  could  hardly  have  been,  except  locally  at  the  point  of 
discharge,  at  any  temperature  sensibly  different  from  that  of 
the  liquid.  Experiments  were  made  also  with  electrodes  of 
aluminium,  but  with  no  different  results  as  regards  the  spec- 
trum except  the  introduction  of  the  shaded  bands  due  to 
alumina  instead  of  the  lines  of  platinum. 

The  liquids  experimented  on  were  contained  in  double  test- 
tubes  of  large  dimensions,  having  the  space  between  the  two 
tubes  highly  exhausted.  The  electrodes,  insulated,  except  at 
the  extremities,  by  glass  tubing  and  wax  or  gutta-percha, 
were  passed  through  a  rubber-stopper  which  closed  the  tube. 
Through  this  stopper  was  also  passed  a  glass  tube,  which  was 
left  open  while  experiments  were  made  at  the  atmospheric 
pressure,  but  was  connected  with  a  powerful  rotary  air-pump 
when  it  was  desired  to  exhaust  the  gas  in  the  tube. 
*  Communicated  by  the  Authors. 
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Liquid  oxyoen,  air,  and  nitrogen,  like  non-electrolysable 
compound  liquids,  offer  very  great  resistance  to  the  passage 
of  an  electric  discharge,  so  that  with  a  powerful  induction-coil 
we  could  haidly  make  the  s])ark  pass  through  a  thickness  of 
one  millimetre  of  liquid.  When  the  thickness  of  liquid  tra- 
versed was  less  than  this,  a  succession  of  sparks  could  be 
maintained ;  but  the  resistance  appeared  to  be  very  great,  and 
the  disruptive  effect  on  the  electrodes  sufficient  to  discolour 
the  licpiid  by  the  particles  thrown  off  their  surfaces. 

The  discharge  through  the  liquid  in  all  cases  gave  a  con- 
tinuous spectrum  and  some  bright  lines  traceable  to  the 
electrodes,  while  the  rays  which  we  suppose  to  have  been 
emitted  by  the  molecules  of  the  liquid  were  less  conspicuous. 
It  seems  not  unlikely,  therefore,  that  the  continuous  spectrum 
was  due  to  the  particles  thrown  off  the  electrodes. 

Liguid  Oxygen. 

When  both  electrodes  were  immersed  in  liquid  oxygen 
boiling  at  atmospheric  pressure,  and  therefore  at  about 
—  180°  i).,  and  the  distance  between  the  electrodes  about 
one  millimetre  or  less,  the  spectrum  of  the  spark,  without  jar, 
was  chiefly  a  continuous  one,  brightest  in  the  yellowish-green 
but  extending  for  some  distance  both  on  the  red  and  on  the 
blue  side.  The  absorption-bands  of  oxygen  were  conspicuous 
on  this  bright  background.  A  few  bright  lines  were  also 
seen,  of  which  the  most  prominent  were  three  in  the  green 
and  yellowish-green,  with  the  approximate  wave-lengths 
505,  533,  and  547.  These  lines  were  not  much  brighter  than 
the  continuous  spectrum.  Glimpses  of  other  lines  were  seen, 
but  too  faint  and  intermittent  to  be  measured.  Of  these  lines 
that  with  wave-length  about  533  is  no  doubt  due  to  oxygen, 
for  it  is  described  as  a  triple  line  of  the  discharge  in  vacuous 
oxygen  tubes  by  Piazzi  Smyth,  and  as  a  double  line  by 
Schuster.  The  other  two  lines  appear  to  be  lines  of  platinum, 
5059  and  two  lines  5475,  5478,  according  to  Thalen. 

The  introduction  of  a  Leyden  jar  into  the  circuit  increased 
the  brilliance  both  of  the  continuous  spectrum  and  of  the 
lines,  or  of  some  of  them,  and  brought  out  some  additional 
lines  ;  but  the  intermittent  character  of  the  sparks  made  it 
almost  impossible  to  measure  the  places  of  any  of  the  hues. 

AVhen  the  discharge  from  a  Wimshurst  machine  was  used 
instead  of  that  from  the  coil,  only  a  continuous  spectrum, 
with  the  usual  oxygen  absorptions,  was  seen.  No  bright 
lines  could  be  detected  on  the  continuous  spectrum. 

By  keeping  only  the  lower  electrode  (the  convex  disk) 
immersed    in    the  liquid,    so    that   the    spark    passed    partly 
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tliroiigh  the  liquid  and  partly  throiigh  the  gas  inimodiately 
above  it,  the  discharge  took  ])Iace  more  easily,  and  the  con- 
tinuous spectrum  became,  relatively  to  the  lines,  less  bright. 
AVithout  the  jar,  however,  the  spectrum  had  generally  the 
same  character  as  before.  The  three  lines  above  mentioned 
were  still  the  most  conspicuous  bright  lines.  On  putting  the 
jar  into  the  circuit,  however,  many  more  bright  lines  came 
out.  Tlie  well-known  orange  line  of  oxygen,  X6171,  ap- 
peared expanded  into  a  band  with  its  sharper  edge  on  the 
more  refrangible  side  at  a  wave-length  of  about  015,  and 
fading  towards  the  red  but  traceable  as  far  as  X618.  Schuster 
and  Piazzi  Smyth  give  a  compound  line  at  about  wave-length 
X6156;  and  it  is  possible  that  this  band  may  represent  this 
compound  line.  It  will  be  noticed  that,  as  to  the  shading,  it 
follows  the  character  of  A  and  B,  but  with  the  dispersion  we 
used  it  was  not  possible  to  resolve  it  into  lines.  Probably, 
under  the  circumstanceSj  the  lines  of  which  we  may  suppose 
the  band  composed  would  be  so  much  expanded  as  to  overlap 
one  another.  Besides  this  band,  blue  lines  were  conspicuous 
at  wave-lengths  about  435,  441,  459,  465,  470,  all  corre- 
sponding to  known  lines  of  oxygen.  The  green  line  of 
platinum  at  wave-length  about  530  came  out  brightly,  as 
well  as  platinum  lines  at  about  X583  and  A,  580.  Another 
line,  less  bright,  appeared  at  wave-length  about  557,  and  at 
times  a  second  line  near  it  at  about  555.  These  have  not 
been  described  as  oxygen  lines  by  other  observers,  but  they 
fall  within  one  of  the  green  bands  described  by  Schuster  as 
seen  in  the  negative  glow  in  a  vacuous  oxygen  tube. 

We  next  proceeded  to  exhaust  the  gas  above  the  liquid  in 
the  vessel,  until  the  pressure  was  reduced  to  about  1  centim. 
of  mercury.  The  liquid,  of  course,  boiled  away  ftist  until  the 
temperature  had  fallen  to  something  like  — 200°  ;  and  the 
gas  at  the  reduced  pressure  otlered  comparatively  little  resist- 
ance to  the  passage  of  the  discharge. 

So  long  as  both  electrodes  were  immersed  in  the  liquid,  the 
reduction  of  pressure  and  of  temperature  did  not  make  any 
marked  difference  in  the  appearance  of  the  spectrum.  But 
as  the  liquid  evaporated  and  only  the  lower  electrode  was 
immersed,  so  that  the  discharge  was  partly  through  the  gas, 
the  continuous  spectrum  was  much  weakened,  and  two  bright 
green  bands  came  out  extending  from  about  A,  521  to  A,  531, 
and  from  about  \  553  to  \  561.  This  was  without  a  jar  in 
the  circuit.  The  bands  were  nearly  uniformly  bright  with 
both  edges  diffuse.  They  were  nmcli  better  seen  when  both 
electrodes  were  out  of  the  liquid,  and  were  brightest  in  the 
glow  which  surrounded  the   poles.     They  were  equally  well 
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seen  in  tlie  glow  iibout  both  poles,  and  equally  well  when  the 
electrodes  were  cold,  and  when  they  were  hot,  even  red-hot. 
There  was  a  third  much  fainter  band  in  the  orange  a  little 
less  refrangible  than  the  D  lines  of"  sodium.  There  is  no 
doubt  that  these  bands  are  the  same  as  have  been  described 
by  Schuster  in  the  negative  glow  in  a  vacuous  oxygen-tube. 

When  a  jar  was  put  in  the  circuit,  these  bands  disappeared 
or  nearly  so.  While  one  electrode  remained  in  the  liquid,  a 
good  many  bright  lines  came  out  on  putting  the  jar  into  the 
circuit.  One  of  these  was  a  line  at  wave-length  about  557, 
the  same  as  previously  seen,  nearly  in  the  middle  of  one  of 
the  green  bands.  In  fact,  it  seemed  to  replace  the  band  when 
the  jar  was  put  into  the  circuit.  It  was  not,  however,  so 
permanently  seen  as  some  of  the  other  lines.  Only  a  few  of 
these  other  lines  were  measured.  One  appeared  to  be  an 
oxygen  line  at  about  X  544  ;  a  pair  at  about  X  56(5  may  have 
been  air-lines  as  the  oxygen  usually  contains  a  little  air. 
Another  was  a  platinum  line  about  \  455. 

The  line  above  mentioned,  X  557,  appears  to  be  of  some 
interest  because  it  falls  very  near  the  place  of  the  auroral  line, 
and  the  conditions  under  which  it  is  produced  resemble,  in 
regard  to  the  low  temperature,  and  to  some  extent  in  regard 
to  the  pressure,  those  in  which  Auroras  are  produced. 
The  place  of  this  line  was  measured  several  times,  but  the 
circumstances  of  these  experiments  were  not  very  favourable 
for  exact  measurements.  The  measure  which  we  marked  as 
tbe  best  gave  a  wave-length  for  the  line  5572,  but  other 
measures  gave  figures  between  that  and  5578.  It  seems, 
therefore,  not  improbable  that  this  line  may  be  identical  with 
the  auroral  line,  of  which  the  exact  wave-length  cannot  even 
now  be  said  to  be  quite  certainly  determined,  but  which  has 
probably  the  value  5571. 

The  identity  of  the  line  we  have  observed  with  the  auroral 
line  cannot  be  said  to  be  proved  as  yet.  Further  observation 
is  needed,  and  we  hope  to  carry  our  experiments  further. 
The  broad  green  bands  do  not  seem  to  be  connected  with  a 
low  temperature,  but  were  produced  by  the  discharge  without 
a  jar  ;  this  line  was,  so  far  as  we  observed,  only  produced 
when  one  electrode  was  immersed  in  the  liquid,  and  therefore 
cold,  and  when  ajar  was  in  circuit. 

The  passage  of  tlic  discharge  through  the  liquid  produced 
much  ozone.  Not  only  was  the  smell  of  ozone  very  strong, 
but  the  liquid  took  the  indigo  tint,  deeper  than  the  blue  of 
ordinary  oxygen,  which  is  characteristic  of  ozone.  On  one 
occasion,  after  the  sparks  had  been  passed  through  the  liquid 
for  a  short  time,  an  explosion  ensued  which  shattered  the 
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vessel.     "We  can  assign  no  cause  for  this,  unless  it  were  an 
explosion  of  ozone. 

Liijuid  Air. 

The  etfects  of  a  discharge  through  liquid  air  were  very 
similar  to  those  produced  with  liquid  oxygen,  so  long  as  the 
pressure  was  that  of  the  atmosphere,  and  no  jar  was  in  eircuit. 
There  was  the  same  continuous  spectrum.  When  a  jar  was 
used  a  much  larger  number  of  lines,  generally  resembling  the 
ordinar}'  air-lines,  were  seen  but  not  measured.  When  the 
pressure  was  reduced,  the  usual  banded  spectrum  of  nitrogen 
was  seen,  and  was  strong  relatively  to  the  spectrum  of  oxygen. 
As  the  hquid  evaporated,  and  thereby  lost  more  nitrogen  than 
oxygen,  the  two  green  bands  due  to  oxygen  appeared  to  be- 
come stronger  actually  as  well  as  relatively  to  the  nitrogen 
bands. 

In  this  case  the  discharge  produced  oxides  of  nitrogen, 
which  were  detected  in  the  residual  gas  when  the  air  had  all 
evaporated. 

Liquid  Nitrogen. 

We  next  tried  liquid  nitrogen.  At  the  pressure  of  the 
atmosphere,  both  electrodes  in  the  liquid,  and  no  jar,  the 
spectrum  was  continuous  with  three  bright  lines  in  the  green 
and  yellowish-green,  generally  resembling  the  three  lines  seen 
in  liquid  oxygen.  On  taking  measures  of  their  wave-lengths 
it  was  found  that  they  were  platinum  lines,  the  same  as  had 
been  seen  in  oxygen  at  wave-lengths  about  505,  530,  and  5-17. 
The  oxygen  line  at  533  was  not  seen.  Besides  these  three 
lines,  a  faint  very  diffuse  line  was  observed  at  about  X  501, 
and  glimpses  of  blue  bands  of  the  usual  banded  spectrum  of 
nitrogen.  When  only  one  electrode  Avas  immersed  in  the 
liquid,  the  line  at  about  \  501  was  more  distinct.  We  have 
no  doubt  that  this  represents  the  strong  double  line  of  nitrogen 
in  that  position.  When  the  jar  was  in  the  circuit,  the  spec- 
trum was  a  series  of  bright  lines  similar  to  those  given  by 
gaseous  nitrogen  at  atmospheric  pressure. 

When  the  gas  above  the  liquid  was  pumped  out  until  the 
pressure  fell  to  about  1  centim.  of  mercury,  one  or  both  elec- 
trodes being  immersed,  and  no  jar  used,  the  band-spectrum 
of  nitrogen  aj)peared.  On  putting  on  the  jar  this  was  re- 
placed mainly  by  the  line-spectrum. 

Spectrum  of  the  Spark  in  Water. 

For  the  sake  of  comparison  we  next  observed  the  spectrum 
of  the  spark  between  j)latinum  electrodes  in  distilled  water  at 
the  ordinary  temperature  and  pressure.     When  no  jar  was 
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used  the  spectrnm  was  continuous,  with  the  red  line  (C)  of 
hydrooen  conspicuous,  and  the  F  line  just  visible,  and 
glimpses  of  the  three  platinum  lines  in  the  green  and  yellowish- 
green.  When  the  jar  was  put  into  the  circuit  the  hydrogen 
lines  became  very  diffuse,  but  the  jdatinum  lines  came  out 
much  more  distinctly,  and  the  readings  proved  their  identity. 
There  wore  no  lines  which  we  could  identify  with  oxygen  lines. 
The  water  became  quite  brown  with  the  particles  thrown 
off  the  [)latinum  wires  used  as  electrodes. 
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President,  in  the  Chair. 

Mr,  C.  J.  Alford,  F.G.S.,  in  explanation  of  specimens  of  auriferous 
rocks  from  Mashonaland  exhibited  by  him,  stated  that  several  of 
them  were  vein-quartz  occurring  as  segregations  in  the  slates, 
generally  forming  veins  between  the  cleavage-planes.  Another 
specimen  was  a  mass  of  chromate  of  lead,  with  pyromorphite  and 
other  lead  minerals,  occurring  in  masses  in  decomposed  and  dislo- 
cated talcose  slate  in  the  Penhalouga  Mine  near  Umtali,  and  probably 
resulting  from  the  alteration  of  masses  of  galena  by  weathering, 
as  a  broken  vein  of  galena  was  found  in  close  proximity.  This 
Crocoisite  was  supposed  to  be  a  somewhat  rare  mineral,  but  he 
had  found  it  and  also  the  native  red  oxide,  Minium,  in  several  places 
in  South  Africa.  The  most  interesting  specimen  was,  bowevcr,  a 
mass  of  Diorite  showing  visible  gold  tbroughout  the  rock,  an  assay 
of  which  gave  upwards  of  130  ounces  of  gold  per  ton.  From 
information  obtained  from  the  prospector  who  made  the  discovery, 
he  gathered  that  the  deposit  was  a  dyke  of  Diorite  running  for  a 
considerable  distance,  about  8  feet  in  width,  flanked  on  one  side 
by  granite  and  on  the  other  by  slates.  There  were  extensive 
ancient  workings  extending  to  a  depth  of  about  60  feet,  and  the 
prospecting  shafts  had  not  gone  much  below  that  depth,  so  not 
much  information  was  obtainable  at  present.  The  Diorite  showed 
a  development  of  Epidote,  but  little  or  no  quartz ;  and  the  gold 
ajipeared  to  enter  in  an  extraordinar)'  manner  into  all  of  the  com- 
posing minerals.  Mr.  Alford  hoped,  after  his  next  visit  to  Mashona- 
land, to  be  in  a  position  to  lay  before  the  Society  more  definite 
information  regarding  these  interesting  rocks. 

The  following  communications  were  read  : — 
1.  'On  some  cases  of  the  Conversion  of  Compact  Greenstones 
into  Schists.'     By  Prof.  T.  G.  Bonney,  D.Sc,  LL.D.,  F.E.S.,  F.G.S. 
By  the  path  leading  from  the  Bernina  Hospice  to  the  Griim  Alp 


The  Waldensian  Gimsses.  241 

(Engadine)  some  masses  of  compact  green  schist  are  seen,  inter- 
calated in  a  rather  crushed  gneiss.  Tliey  prove  to  be  intrusive  dykea 
modified  by  pressure.  Microscopic  examination  of  specimens  from 
these  reveals  no  trace  of  any  definite  structure  indicating  an  igneous 
rock  ;  a  slice,  cut  from  one  of  the  masses  within  an  inch  or  so  of  a 
junction,  shows  it  to  be  a  foliated  mass  of  minute  chlorite  or 
hydrous  biotite,  with  granules  of  epidote  (or  possibly  some  sphcne) 
and  of  a  water-clear  mineral,  perhaps  a  secondary  felspar.  An  actual 
junction  shows  a  less  distinct  foliation  and  some  approach  to  a 
streaky  structure.  A  slide  from  the  middle  of  another  dyke  (about 
18  inches  thick)  exhibits  a  more  coarsely  foliated  structure  and 
minerals  generally  similar  to  the  last,  except  that  it  may  contain  a 
little  actinolite  and  granules  of  haematite  (?)  and  the  clear  mineral, 
in  some  cases,  seems  to  be  quartz.  The  structure  and  most  of  the 
minerals  appear  to  be  secondary.  Chemical  analysis  shows  the  rock 
to  have  been  an  andesite.  A  specimen  from  a  third  dyke  is  generally 
similar,  but  is  rather  less  distinctly  foliated. 

A  somewhat  similar,  but  rather  larger  intrusive  mass  by  the  side 
of  the  Lago  Bianco  shows  more  actinolite  and  signs  of  i^riraary  felspar, 
with  other  minerals.  Here  the  rock  retains  some  likeness  to  a 
diabase.  The  resemblance  of  certain  of  these  rocks  to  somewhat 
altered  sediments  is  remarkable.  The  Author  considers  the  bearing 
of  this  evidence  upon  other  and  larger  masses  of  '  green  schist ' 
which  occur  in  the  Alps,  and  expresses  the  opinion  that  their 
present  mineral  structure  may  be  the  result  of  great  pressure  acting 
on  more  or  less  basic  igneous  rocks. 

2.  '  The  Waldensian  Gneisses  and  their  Place  in  the  Cottian 
Sequence.'     By  J.  "Walter  Gregory,  D.Sc,  F.G.S. 

The  lower  part  of  the  sequence  of  the  Cottian  Alps  has  been 
universally  divided  into  three  series,  of  which  the  lowest  has  been 
regarded  as  a  fundamental  (basal)  Laurentian  gneiss.  It  is  the 
object  of  the  present  paper  to  show  that  this  rock  is  really  intrusive 
in  character  and  Upper  Tertiary  in  age.  The  writer  endeavours  to 
show  this  by  the  following  line  of  argument: — (1)  The  gneiss  con- 
sists of  onlv  isolated  outcrops  instead  of  a  continuous  band,  and  these 
occur  at  different  positions  and  not  always  at  the  base  of  the  schist 
series  ;  (2)  the  gneiss  is  intrusive,  because :  (a)  it  includes  fragments 
of  the  overlying  series  instead  of  vice  versa,  (h)  it  sends  off  dykes  of 
aplite  into  the  surrounding  schists,  (<•)  it  metamorphoses  the  rocks 
with  which  it  is  in  contact,  and  {d)  the  schists  are  contorted  near 
the  junction;  (3)  the  gneisses  are  further  shown  to  be  later  than 
the  igneous  rocks  intrusive  into  the  '  pietre  verdi'  series,  as  these 
never  traverse  the  gneiss. 

No  positive  opinion  as  to  the  age  of  the  overlying  schists  is 
expressed  in  the  paper,  though  it  is  pointed  out  that  the  recent  dis- 
covery of  radiolarian  muds  in  the  series  may  necessitate  their 
inclusion  in  the  Upper  ralseozoic.  The  freshness  of  the  gneisses, 
the  fact  that  these  have  not  been   affected  by  the  early  Tertiary 
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earth-movomcnts,  and  the  absence  of  authentic  specimens  of  the 
gneiss  in  the  Crelaccous,  Eocene,  and  Arioceue  conglomerates,  renders 
their  late  Tertiary  age  higlily  probable. 

The  nature  of  the  contact-metamorphism  and  the  origin  of  the 
gneissic  structure  are  discussed,  and  a  classification  ollered  of  the 
earth-movements  in  the  Cottian  Alps. 

February  2l8t. — Dr.  Henry  "Woodward,  F.E.S.,  President, 
in  the  Chair. 
The  following  communications  were  read  : — 
1.  '  On  the  llelations  of  the  Basic  and  Acid  Rocks  of  the  Tertiary 
Volcanic  Series  of  the  Inner  Hebrides.'     By  Sir  Archibald  Geikie, 
D.Sc,  LL.D.,  F.R.S.,  F.G.S. 

After  an  introductory  sketch  of  his  connexion  with  the  inves- 
tigation of  the  Tertiary  volcanic  rocks  of  Britain,  the  Author 
proceeds  to  describe  the  structure  of  the  ground  at  the  head  of  Glen 
Sligachan,  Skye,  which  has  recently  been  cited  by  Prof.  Judd  as 
affording  inclusions  of  Tertiary  granite  in  the  gabbro,  and  as  thus 
demonstrating  that  the  latter  is  the  younger  rock.  He  first  shows 
that  the  gabbro,  instead  of  being  one  eruptive  mass,  consists  of 
numerous  thin  beds  and  sills  of  different  varieties  of  gabbro,  some 
of  which  were  injected  into  the  others.  These  various  sheets, 
often  admirably  banded,  can  be  seen  to  be  truncated  by  the  line  of 
junction  with  the  great  granophyre-tract  of  Glen  Sligachan.  A  large 
mass  of  coarse  agglomerate  is  likewise  cut  off  along  the  same  line. 
These  structures  are  entirely  opposed  to  the  idea  of  the  gabbro  being 
an  eruptive  mass  which  has  broken  through  the  granophyre.  They 
can  only  be  accounted  for,  either  by  a  fault  which  has  brought  the 
two  rocks  together,  or  by  the  acid  rock  having  disrupted  the  basic. 
But  there  is  ample  evidence  that  no  fault  occurs  at  the  boundary- 
line. 

The  granophyre  becomes  fine-grained,  felsitic,  and  spherulitic 
along  its  margin,  where  it  abuts  against  the  complex  mass  of 
basic  rocks.  These  struclurcs  continue  altogether  independent  of 
the  varying  distribution  of  the  gabbros,  and  are  seen  even  where 
the  granophyre  runs  along  the  side  of  the  agglomerate.  Similar 
structures  are  of  common  occurrence  along  the  margins  of  the 
granophyre-bosses  and  sills  of  the  Tuner  Hebrides,  being  found 
not  only  next  the  gabbro,  but  next  the  Jurassic  sandstones  and 
shales.  They  are  familiar  phenomena  of  contact  in  all  parts  of  the 
"world,  and  are  sufficient  of  themselves  to  show  that  the  granophyre 
of  Skye  must  be  later  than  the  gabbro. 

The  Aiithor  then  describes  three  consiucuous  dykes,  from  8  to 
10  feet  broad,  which  can  be  seen  proceeding  from  the  main  body  of 
granophyre  and  cutting  across  the  banded  gabbros.  One  of  these  is 
traceable  for  more  than  800  feet  in  a  nearly  straight  line.  The 
material  composing  these  dykes  is  identical  with  that  constituting 
the  marginal  portion  of  the  granophyre-mass.  It  presents  the  most 
exquisite  floAv-structure,  with  abundant  rows  of  sphei'ulites.     The 
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Author  exhibited  a  photograph  of  one  of  the  dykes  ascending 
vertically  through  the  gabbros.  Numerous  dykes  and  veins  of  the 
same  material,  not  visibly  connected  with  the  main  granophyre- 
mass,  traverse  the  gabbros  of  the  ridge  of  which  Druim  an  Eidlinc 
forms  a  part.  Some  of  these  are  described  in  the  paper,  and 
it  is  shown  that  the  flow-structure  follows  the  irregularities  of 
the  gabbro-walls  and  sweeps  round  enclosed  blocks  of  altered 
gabbro.  The  '  inclusions '  described  by  Prof.  Judd  are  portions 
of  these  dykes  and  veins.  There  is  not,  so  far  as  the  Author  could 
discover,  a  single  granite-block  enclosed  in  the  gabbro  anywhere  to 
be  seen  at  this  locality.  He  therefore  claims  not  only  that  his 
original  description  of  the  relations  of  the  rocks  was  perfectly 
correct,  but  that  the  evidence  brought  forward  to  contradict  it  by 
Prof.  Judd  furnishes  the  most  crushing  testimonj^  in  its  favour. 

2.  '  Xote  on  the  Genus  Naiadites,  as  occurring  in  the  Coal 
Formation  of  Xova  Scotia.'  By  Sir  J.  AVilliam  Dawson,  K.C.M.G., 
LL.D.,  F.R.S.,  F.G.S.  With  an  Appendix  by  Dr.  Wheclton  Uind, 
B.S.,  F.E.C.S.,  F.G.S. 

March  7th. — Dr.  Henry  Woodward,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read : — 

1.  '  The  Svstematic  Position  of  the  Trilobites.'  By  H.  M.  Bernard, 
Esq.,  M.A.,F.L.S.,F.Z.S. 

2.  '  Landscape  Marble.'  By  Beeby  Thompson,  Esq.,  F.G.S., 
F.C.S. 

The  Cothara  Stone  is  a  hard,  close-grained,  argillaceous  limestone 
with  conchoidal  fracture.  The  dark  arborescent  markings  of  the 
stone  rise  from  a  more  or  less  stratified  dark  base,  spread  out  as 
they  rise,  and  terminate  upwards  in  wavy  banded  portions  of  the 
limestones.  In  some  specimens  two  'landscapes'  are  seen,  one 
above  the  other,  each  rising  from  a  distinct  dark  layer. 

The  Author  describes  the  microscopical  and  chemical  characters 
of  the  rock,  and  its  mode  of  occurrence,  and  discusses  the  explana- 
tions which  have  been  put  forward  to  account  for  its  formation, 
especially  that  of  Edward  Owen,  who  in  1754  gave  the  first  published 
description  of  the  Cotham  Stone,  and  that  advanced  by  Mr.  H.  B. 
Woodward  in  the  '  Geological  Magazine  '  for  1892.  He  then  pro- 
poses a  new  explanation  to  account  for  the  formation  of  the  rock, 
and  maintains  that  its  peculiar  characters  are  due  to  interbedded 
layers  of  vegetable  matter,  which  decomposed  and  evolved  carbonic- 
acid  gas  and  marsh-gas.  This  decomposition  continued  while  several 
inches  of  new  sediment  were  laid  down,  the  result  being  that  arbor- 
escent markings  were  produced  along  the  lines  taken  by  the  escaping 
bubbles,  and  that  the  ujjward  pressure  of  these  gases,  after  their 
escape  had  been  prevented  l)y  increasing  coherence  or  greater 
thickness  of  the  upper  layers  of  sediment,  caused  the  corrugations 
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ia  the  upper  surface  of  the  stone.  He  further  discusses  the  com- 
position of  the  stone,  and  describes  experiments  which  he  made  to 
illustrate  his  views. 

3.  '  On  the  Discovery  of  Molluscs  in  the  Upper  Keupor  at 
81ircwley,  in  Warwickshire.'  By  the  llev.  P.  li.  Brodie,  M.A., 
E.G.S. 

March  21st.— Dr.  Henry  Woodward,  F.R.S.,  Tresident, 
in  the  Chair. 

The  following  communications  were  read : — 
1.  'On  the  Origin  of  certain  Novaculites  and  Quartzites.'     By 
Frank  llutle}',  Esq.,  F.G.S.,  Lecturer  on  Mineralogy  in  the  lloyal 
College  of  Science,  London. 

The  novaculites  of  Arkansas  have  already  been  admirably 
described  by  Mr.  Griswold  in  vol.  iii.  of  the  Arkansas  Survey 
lleport  for  1890.  One  of  the  characteristic  microscopic  features 
in  Ouachita  stone  is  there  stated  to  consist  in  the  presence  of 
numerous  cavities,  often  of  sharply-defined  rhombohcdral  form, 
which  Mr.  Griswold  considers  to  have  been  originally  occupied  by 
crystals  of  calcite  or  dolomite. 

The  Author,  while  admitting  that  the  cavities  were  no  doubt 
once  filled  by  the  latter  mineral,  ventures  to  differ  from  Mr.  Griswold, 
and  some  of  the  authorities  he  cites,  concerning  the  origin  of  the 
rock.  Crystalline  dolomites,  when  dissolving,  become  disintegrated 
into  minute  but  well-formed  rhombohedra.  As  the  process  of 
dissolution  proceeds  these  crystals  may  become  so  eroded  that 
the  rhombohcdral  form  is  no  longer  to  be  recognized.  The  Author 
points  out  that  no  inconsiderable  proportion  of  the  cavities  in 
Ouachita  stone  present  irregular  boundaries,  such  as  the  moulds  of 
partially  eroded  rhombohedra  would  show.  He  then  offers  a 
fresh  interpretation  of  these  cavities,  so  far  as  the  origin  of  the 
rock  is  concerned  : — 

1st.  He  assumes  that  beds  of  crystalline  magnesian  limestone 
have  been  slowly  dissolved  by  ordinary  atmospheric  agency  and  the 
percolation  of  water  charged  with  carbonic  acid  or  other  solvent. 

2nd.  That,  as  the  limestone  was  being  dissolved,  it  was  at  the 
same  time  being  replaced  by  silica,  which  enveloped  minute  isolated 
crystals  and  groups  of  crystals,  some  perfect,  others  in  various  stages 
of  erosion. 

3rd.  That  the  silica  assumed  the  condition  of  chalcedony,  its 
specific  gravity,  as  stated  by  Mr.  Griswold  and  as  determined  by 
the  Author,  being  low  in  comparison  with  that  of  quartz. 

4th.  The  residuum  of  the  original  dolomite  or  dolomitic  limestone 
was  removed,  leaving  the  perfect  and  imperfect  rhombohcdral 
cavities. 

A  calciferous,  gold-bearing  quartzite  from  the  Zululand  gold- 
fields  is  described  and  a  similar  origin  is  ascribed  to  it,  but  in 
this  case  the  original  rock  appears  to  have  been  simply  a  limestone, 
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not  a  dolomite.  The  gold  seems  to  occur  chiefly  in  the  calcareous 
portions  of  the  rock.  The  Author  has  also  been  tempted  to  suggest 
a  similar  origin  for  the  saddle-reefs  of  the  Bendigo  gold-ticld.  In 
all  of  these  cases  the  train  of  reasoning  is  based  upon  the  con- 
clusions arrived  at  in  his  previous  paper  '  On  the  Dwindling  and 
Disapi)earance  of  Limestones.'  He  indicates  that  the  stratigrapliical 
relations  of  the  Arkansas  uovaculites,  as  described  in  Mr.  Griswold's 
Keport,  are  such  as  to  warrant  the  assumption  that  limestones  once 
occurred  in  the  position  now  occupied  by  beds  of  novaculite.  Many 
collateral  matters  are  dealt  with  in  the  paper  which  cannot  bo 
given  in  abstract  :   among  them  is  an  attempt  to  classify  quartzites. 

2.  '  Xote  on  the  Occurrence  of  Ferlitic  Cracks  in  Quartz.'  By 
W.  W.  Watts,  Esq.,  M.A.,  F.G.S. 

The  Author  of  this  communication  described  some  specimens  of 
the  porphyritic  pitchstone  of  Sandy  Eraes  in  Antrim,  wliich  are 
deposited  in  the  Museum  of  Science  and  Art  in  Dublin,  and  in  that 
of  Practical  Geology  in  Jermyu  Street.  They  exhibit  admirable 
examples  of  perlitic  structure  in  the  brown  glassy  matrix  and  the 
presence  of  polygonal,  circumferential,  and  radial  cracks  is  noticed. 
The  porphyritic  crystals  of  quartz  are  traversed  by  curved  fissures  of 
retreat,  not  so  perfect  as  those  found  in  the  glass,  but  better  than 
those  usually  produced  by  the  rapid  cooling  of  Canada  balsam.  The 
fissures  in  the  quartz  are  frequently  prolonged  into  the  matrix, 
undergoing  only  a  ver}"  slight  and  almost  imperceptible  deviation  in 
direction  at  the  junction.  But  in  addition  to  this  the  quartz  is 
often  found  to  act  as  a  centre  of  strain,  the  inner  cracks  of  the 
perlite  being  wholly  in  quartz,  the  next  traversing  both,  and  the 
outer  ones  in  glass  only.  In  other  examples  the  outer  cracks  of  a 
matrix  perlite  sometimes  enter  the  quartz,  while  in  others  polygonal 
cracks  occur,  and  join  up  in,  the  quartz  and  give  off  radial  cracks 
precisely  like  those  of  the  matrix.  These  observations  lead  to  the 
conclusion  that  the  quartz  and  glass  must  have  contracted  at  about 
the  same  rate,  and  that  the  observation  of  perlitic  structure  in  a 
rock  with  trachytic  or  felsitic  matrix  by  no  means  proves  that  the 
rock  is  necessarily  a  devitrified  glass.  References  are  given  to 
somewhat  similar  observations  by  Fouque  and  Michel-Levy,  and  by 
Iddinffs. 


XXYII.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  THERMAL  BEHAVIOUR  OF  LIQUIDS. 
BY  PROF.  BATTELLI. 

To  the  Editors  of  the  Philosophical  Magazine. 

Gentlemen", 

T  HAVE  been  prevented  for  a  considerable  time  from  attending  to 

-"-     my  usual  studies  by  serious  domestic  trouble,  and  tlius  I  was 

not  able  at  once  to  read  and  consider  the  observations  of  Professors 
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Ramsay  and  Young,  in  the  February  number  of  the  Philosopliical 
Magazine,  on  the  results  obtained  by  myself  and  others  on  the 
state  of  matter  at  the  critical  point. 

In  the  first  j)lace,  the  authors  observe  that  there  are  contradictions 
between  the  results  arrived  at  by  Galitzine,  de  Heeu,  and  Zambiasi, 
and  those  obtained  by  myself  ;  and  these  contradictions  are  reduced 
in  the  main  to  the  two  following: — 

(A)  That  according  to  my  observations  the  meniscus  disappears 
during  the  heating  at  a  temperature  higher  than  the  true  critical 
temperature,  whilst  according  to  the  observations  of  Galitzine, 
de  lleen,  and  Zambiasi,  the  dimness  forms  during  the  cooling  at  a 
lower  temperature  than  the  critical  one. 

(B)  That  Zambiasi  and  I  found  that  the  dimness  (or  cloudiness) 
during  the  cooling  process  is  produced  at  a  lower  temperature 
when  the  substance  contained  in  the  experimenting  tube  is  in  a 
larger  quantity,  whilst  de  Heen  found  just  the  contrary,  and 
Galitzine  came  to  the  conclusion  that  the  temperature  of  the 
cloudiness  is  "  practicallv  independent  of  the  relative  quantity  o£ 
liquid." 

It  will  be  well  to  examine  more  closely  what  are  the  foundation 
and  value  of  these  contradictions. 

The  first  does  not  exist.  In  fact  from  the  experiments  both  of 
Galitzine  and  myself,  in  the  most  favourable  conditions  the  dis- 
appearance of  the  meniscus  to  the  last  trace  of  it  occurs  at  a  higher 
temperature  than  that  which  one  perceives  in  the  ordinary  mode 
of  observation,  and  the  disappearance  itself  takes  place  at  a  higher 
temperature  than  that  at  which  the  cloudiness  afterwards  takes 
place.  Whilst  also  it  results  from  my  experiments  that  the 
cloudiness  takes  place  at  a  lower  temperature  than  the  true  critical 
temperature,  in  conformity  \\ith  the  result  obtained  by  the  other 
three  observers.  That  Zambiasi  found  the  temperature  of  the 
disappearance  of  the  meniscus  coincident  with  that  of  the  cloudi- 
ness, must  certainly  be  attributed  to  his  mode  of  observing  the 
temperature. 

In  regard  to  the  second  point,  on  the  contrary,  the  difference 
exists,  and  therefore  merits  fresh  experiments  in  order  to  arrive 
at  a  definitive  decision. 

I  would  notice  that,  in  the  many  observations  made  by  me 
with  several  tubes  containing  various  quantities  of  substance,  I 
had  each  time  a  couple  of  these  tubes  iu  identical  conditions,  and 
the  observation  of  these  tubes  \\"as  very  clear  and  contemporaneous  : 
therefore  it  may  be  that  the  difference  depends  on  the  methods  of 
observation  more  or  less  adapted  to  the  end  in  view,  and  thus  it 
seems  to  me  that  I  am  right  iu  insisting  on  my  conclusions,  which, 
however,  I  shall  be  i-eady  to  give  up  when  decisive  experiments 
have  settled  the  question. 

The  reasons  alleged  by  Professors  Ramsay  and  Toung  for  de- 
claring incorrect  the  experiments  in  question,  which  lead  to  conclu- 
sions differing  from  their  ideas  on  the  point,  are  the  following : — 
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(1)  That  in  our  apparatus  we  could  not  have  a  perfectly  uniform 
temperature ; 

{'2)  That  we  did  not  make  certain  of  dealing  with  perfectly  pure 
liquids  and  entirely  deprived  of  air. 

As  to  the  uniformity  of  the  temperature,  Signor  Galitzine  has 
already  replied,  in  the  April  number  of  the  Philosophical  Magazine, 
that  the  criticism  regarding  him  was  not  well  founded. 

I  can  now  repeat  the  same ;  for  I  must  remind  the  reader  that 
for  heating  I  used  petroleum  distilled  at  determined  temperatures, 
the  vapours  of  which  circulated  in  a  stove  with  double  sides,  iu  the 
interior  of  which  a  closed  glass  globe  contained  the  tubes.  The 
length  of  these  was  a  little  more  than  the  fourth  part  of  the  length 
of  the  entire  globe,  and  they  were  j^laced  in  the  middle  of  it,  in 
correspondence  with  the  height  of  the  mouth  of  the  tubes  which 
conducted  the  petroleum-vapour  into  the  stove. 

I  have  already  noted  that  an  even  temperature  was  preserved  in 
the  stove  up  to  exactly  j\  degree  for  ten  or  fifteen  minutes  before- 
hand, and  sometimes  even  for  a  longer  period ;  thus  it  is  abso- 
lutely impossible  to  suppose  that  there  was  not  a  uniform  tem- 
perature in  the  globe,  and  especially  in  the  small  space  occupied 
by  the  little  tubes. 

As  regards  the  absolute  purity  of  the  liquids  and  the  entire 
absence  of  air,  one  cannot  perhaps  give  a  categorical  reply  ;  from 
all  the  memoirs  on  the  subject,  however,  it  would  aj)pear  the 
greatest  care  was  taken  to  that  end  by  every  experimentalist. 

But  admitting  that  the  apparent  difference  depends  on  the 
impurity  of  the  substance  or  on  the  presence  of  air,  still  one  could 
]iot  altogether  impugn  the  conclusion  at  m  hich  we  have  arrived. 

In  fact  one  could  not  explain  merely  by  the  hypothesis  of 
Andrews  the  fact  described  in  §  7  of  my  first  memoir  (JVtwuo 
Cunetito  Genn.  for  Feb.  1893),  namely,  that  iu  two  bulbs  placed  in  a 
stove  at  the  same  height,  and  connected  by  a  small  capillary  tube 
in  the  form  of  a  [i,  one  of  which  contains  liquid  ether  and  not  the 
other,  when  they  become  heated  above  the  critical  temperature, 
and  then  slowly  cool,  the  characteristic  cloudiness  a])pears  only  in 
the  bulb  which  originally  contained  the  liquid.  Isoi',  according  to 
the  same  hypothesis,  would  the  conduct  of  the  isocores  in  regard 
to  the  critical  temperature  be  as  it  is  in  reality,  as  I  demonstrated 
in  §  10  of  the  same  memoir. 

Finally,  the  fact  observed  by  Galitzine  (Wied.  Ann.  vol.  50.  p.  541) 
is  in  contradiction  to  the  ideas  of  Messrs.  Eamsay  and  Young, 
namely,  that  if  the  two  branches  of  a  tube  are  separated  at  the  U 
by  a  little  column  of  mercury,  and  the  one  branch  is  filled  entirely 
with  ether  and  the  other  partially,  when  the  tube  becomes  heated 
above  the  critical  temperature  the  movement  of  the  column  of 
mercury  from  the  first  branch  towards  the  second  does  not  cease, 
even  if  the  temperature  is  increased  to  209°-5  C. 

I  was  proving  the  same  thing  mIicu  Galitzine's  paper  appeared, 
using  for  this  purpose  a  straight  tube  instead  of  a  curved  one,  and 
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tlie  ol)servations  wQve  most  carefully  made,  and  some  of  them  were 
repeated  by  Messrs.  Cagnato  and  IStrapazzon. 

The  result  arrived  at  by  me  is  considered  incorrect  by  Messrs, 
Eamsay  and  Young — that  "the  vapour-pressure  at  a  given  tempe- 
rature depends  on  the  relative  volumes  of  liquid  and  gas,"  because 
it  is  "absolutely  opposed"  to  their  experiments,  and  they  thus 
maintain  tliat  my  liquids  must  have  contained  some  other  liquid, 
or  that  they  contained  a  permanent  gas. 

But  I  rejtly  that  the  memoirs  which  describe  my  experiments 
detail  all  the  minute  care  taken  by  me  in  order  to  obtain  pure 
liquids ;  and  they  also  give  the  calculation  (in  the  case  of  ether 
and  of  carbonic  sulphide)  which  shows  that  the  increase  of  pressure 
could  not  be  attributed  to  gas  which  might  casually  have  remained 
in  the  experimental  globe. 

I  would  rather  observe  that,  in  order  to  observe  such  a  pheno- 
menon, an  apparatus  is  necessary  which  enables  us — as  in  my 
case — slowly  to  compress  the  vapour,  and  to  maintain  it  for  a 
time  under  constant  pressure. 


ON  THE  FOEMATION  OF  FLOATING  METAL  LAMINJE. 
BY  F.  MYLIUS  AND  O.  FROMJI. 

The  following  are  the  results  of  this  investigation  : — 

1.  Oxidizable  metals  such  as  zinc,  iron,  cobalt,  cadmium,  copper, 
silver,  and  antimony,  have  the  property  that  ^hen  separated  by 
electrolysis  they  float  on  the  surface  of  solutions  of  their  salts  in 
cohei-ent  lamina). 

2.  This  diffusion  depends  on  two  circumstances — firstly,  the 
presence  of  an  impurity  vvliich  does  not  mix  \\ith  water;  and, 
secondly,  the  chemical  action  of  the  oxygen  present.  The  same 
effect  is  produced  by  sulphur  on  the  halogens. 

3.  For  the  spi-eading  of  the  metals  on  the  boundary  of  two 
media,  the  thickness  of  the  oily  layer  is  not  of  essential  importance. 

4.  The  form  of  the  bounding  surface  has  no  appreciable  influence 
on  the  phenomenon  :  hence  the  spreading  occurs  even  when  one 
medium  is  in  the  form  of  drops. 

5.  Oxides  and  sulphides  which  conduct  the  current  have  the 
property  of  spreading  out  on  the  bounding  surface ;  thus,  for 
instance,  the  lower  degrees  of  oxidation  of  silver  and  of  cadmium, 
peroxide  of  lead,  subsulphide  of  copper. 

G.  The  growth  of  the  floating  laminae  is  influenced  by  the 
capillary  attractions  which  those  parts  of  the  liquid  experience 
from  ^^hich  the  precipitate  is  deposited. 

7.  During  the  passage  of  the  current  a  tension  is  often  observed 
which  disap])ears  when  the  current  is  broken,  and  apparently 
depends  on  the  diff'erence  of  potential,  like  the  surface-tension  of 
mercury  when  it  is  polarized. — A\'iedemann"syl;(/(rt7f»,  No.  4, 1894. 
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XXVTII.  On  the  Vclocit//  of  Sound  in  Air,  Gases,  and  Vapours 
for  Fare  Sotes  of  different  Fitch.  Bij  J.  Websteh  Low, 
Ph.D.,  B.A* 

§  1.  Introduction. 

BY  the  publication  of  Regnault'sf  ?yQ^i  work  and  the 
immediate  corroboration  of  his  results  bj  Le  Roux|,  tlio 
general  confidence  in  the  previously  accepted  value  of  the 
velocity  of  sound  was  severely  shaken.  Since  then  several 
experimenters  have  sought,  by  measuring  the  wave-lengths  of 
notes  of  different  pitch,  to  arrive  indirectly  at  the  velocity  of 
sound.  With  this  object  Kundt§  and  Kayser||  have  utilized  the 
former's  dust-tigui-es,  Schneebelilf  and  SeelDeck'^^  Quincke^s 
interference-tubes  ft;  find  all  have  agreed  in  finding  a  greater 
velocity  for  the  higher  notes  than  for  the  lower  ones,  a  result 
the  reverse  of  that  found  by  Regnault  and  Konig||. 

From  theoretical  considerations,  Hehnholtz§§   and  Kirch- 
hoff'llll  have  shown  that  fi'iction  and  the  conduction  of  heat 

*  Comniunirated  bv  the  Author. 

t   Compt.  Reml.  Ixvi.  pp.  209-220;  Mem.  de  VInst.  xxv.  (I8(i7), 
X  Ann.  de  Cliem.  4  serie,  xii.  pp.  34o-418. 

§  Poo'g.   Ann.  cxxvii.  p.  497   (1866);    and  cxxxv.   pp.  837-372  and 
527-.'56r  (18<38). 

II  Wied.  Ann.  ii.  pp.  218-241  (1877);  and  vi.  p.  4G5  (1879). 
11  Pogg.  Avn.  cxxxvi.  p.  29G  (1809). 
«*  Pogg.  Ann.  cxxxix.  p.  104  (1870). 
tt  Quincke,  Pogg.  Ann.  cxxviii.  p.  177  (18G6). 
\\  Konig,  jSJcm.  de  tlnst.  xxxvii.  p.  43o. 

§§    Verhandlunfien  des  natiti-.-histor,  medicin.  JWeins  zu  Ileidvlhern  vmn 
Jahre  1863,  iii.  p.  10. 

II  ll  Pogg.  Ann.  cxxxiv.  p.  177  (1808). 
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iiuist  greatly  affect  the  wave-lcnotli  and  tlio  velocity  of  sound 
in  narrow  tubes.  Their  theory  af^rees  only  imperfectly  with 
the  results  of  Kundt,  who  employed  mixed  notes  ;  with  those 
of  Schneebeli,  Seebeck,  and  Kayser,  however,  all  of  whom 
"used  pure  musical  tones,  the  accord  is  somewhat  better.  The 
methods  of  the  last  named  inquirers,  though  correct  in  prin- 
ci])le,  are,  however,  in  detail  lia])le  to  various  objections  ;  I 
have  therefore  subjected  tlu^  whole  question  of  the  indirect 
determination  of  the  velocity  of  sound  to  a  fresh  investigation. 
The  questions  I  set  myself  for  answer  were  : — 

1.  How  does  the  velocity  of  sound  vary  in  air  and  gases  for 
pure  notes  of  different  pitch  in  tubes  of  different  diameter  ? 

2.  How  can  the  true  velocity  of  sound  in  unlimited  space 
be  determined  from  that  found  in  tubes  ? 

§  2.  Afethod  of  the  Inquire/. 

At  the  suggestion  of  Prof.  Quincke  I  measured  the  wave- 
lengths for  tuning-forks  of  known  vibration-frequency  by 
means  of  his  interference-tubes.  I  observed,  not  one  minimum 
of  vibration-intensity,  as  Seebeck  had  done,  but  successive 
maxima,  by  shortening  the  tubes  by  one,  two,  or  more  half 
wave-lengths.  My  apparatus  (fig.  1)  consisted  of  a  wide 
glass  tube  0  U,  closed  at  the  bottom  with  a  cork  and  a  stop- 
cock H.  From  H  a  long  piece  of  guttapercha  tubing  led  to 
a  water-bottle  F  ;  a  second  piece  of  narrower  tubing  con- 
nected the  side-tube  A,  distant  about  5  centimetres  from  the 
u|)]ier  end  of  the  main  tube,  with  the  ear  of  the  observer  at  0, 
ending  in  a  glass  })ipe  coated  with  sealing-wax,  so  as  to  fit 
exactly  into  the  outer  ])assage  of  the  ear.  By  raising  and 
lowering  the  bottle  F  a  swinnner  B  could  be  brought  to  any 
desired  ])oint  of  the  interference-tube,  and  the  exact  position 
of  its  upper  smooth  surface  could  be  read  off  on  a  millimetre- 
scale  fixed  behind  the  tube.  The  swimmer  consisted  of  a 
cork  4  centim.  long,  loaded  at  the  lower  end  with  lead  and 
coated  with  stiff  ])a})er  and  paraffin.  The  cork  had  almost 
the  same  diameter  as  the  tube. 

The  theory  of  vibrating  air-columns,  as  developed  by 
Kirchhoff,  postulates  a  regular  motion  of  the  air-particles 
parallel  to  the  axis  of  the  tube.  In  the  course  of  my  experi- 
ments, howe\er,  whether  the  bare  prong  or  the  resonance- 
box  of  the  tuning-fork  was  held  over  the  o])ening  of  the  tube, 
or  the  fork-handle  pressed  firmly  against  any  point  of  its 
sides,  or  the  fork,  with  box  attached,  removed  to  any  part  of 
the  room,  I  failed  to  observe  any  change  in  the  positions  of 
the  maxima.     These  positions  could,  however,  be  most  easily 
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and  distinctly  found  bv  usino-  tlie  flat  side  of  the  bare  prono-. 
Some  of  the  earh'est  reailings  were  taken  witli  the  resonanee- 
box  ;  but  I  soon  laid  it  aside,  as  the  strono-  resonance  of  the 
box  obscured  too  much  the  maximum  of  resonance  of  the  tube. 


Fi{r.  1. 


Fie:.  2. 


In  a  tube  like  that  represented  in  fig.  1  the  air-cohnnn  can 
resonate  in  two  different  ways.  In  the  one  case  a  loop  forms 
at  the  sid(?-piece  A,  and  a  minimum  of  intensity  is  heard 
through  the  tulnng  A  C.  The  distance  of  the  loop  from  the 
reflecting  surface  of  the  swimmer  is  then  an  odd  multiple  of 
a  quarter  wave-length.  Raise  the  swinnner  through  a  dis- 
tance equal  to  the  length  A  0,  increased  by  the  amount  of 
Rayleigh's  correction*  for  open  pipes,  then  a  loop  forms  at  0, 
a  greater  change  of  density  takes  place  at  A,  and  a  maximum 
of  intensity  is  heard  through  A  C.      The   distance   of   the 

*  +0-82  X  radius  of  the  pipe.  Vide  Lord  llayleigh's  'Sound,'  vol.ii. 
§  -307,  and  Appendix  A. 

S2 
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swinimor  now  from  tlio  o.nd  0,  incroaseJ  by  rJavlcioli's  cor- 
rection, is  an  odd  nndtiplo  of  a  quarter  wavo-lcnoth.  The 
difFcrence  between  two  successive  maxima  or  minima  is  thus 
half  a  wave-length.  After  careful  trial  I  found  that  tho 
maxima,  at  all  events  for  my  oar,  could  be  fixed  with  much 
gr(>ater  precision  than  the  minima. 

From  the  observed  half  wave-length,  Vq,  the  velocity  of 
sounil  in  dry  air  at  O'^  temperature  and  7G0  millim.  pressure 
was  calculated  by  means  of  the  formula 


^    XA       at       3  S\ 


t'here 


71  =  the  vibration-frequency  of  the  fork, 
X  =  the  observed  Avave-length, 
a  =  the  coefficient  of  expansion  of  air, 
t  =  the  temperalure  of  the  air  in  degrees  Cent., 
S  =  the  vapour-tension  of  water, 
and       B=  the  barometric  height. 

Any  influence  of  the  intensity  or  vis  viva  of  vibration  upon 
the  velocity  of  sound,  which  Regnaulf^  thought  he  had  dis- 
covered, but  which  liinkf  has  with  justice  disputed,  I  could 
not  observe.  Kundt*  also  and  Kayser*  have  found  the 
velocitj-  of  sound  invariable  for  different  degrees  of  vibration- 
energy  of  the  sounding  body. 

In  making  my  observations  I  proceeded  in  the  following 
manner : — With  the  water-bottle  in  the  hand  I  raised  and 
lowered  the  swinuner  a  few  times  until  I  had  with  tolerable 
certainty  ascertained  the  positions  of  the  maxima.  More  than 
one  reading  of  the  same  maximum  at  tho  same  time  I  never 
took  ;  I  rather  returned  to  it  four  or  five  times  in  order  to 
get  my  observations  as  independent  of  one  another  as  jiossible. 

The  temperature  was  observed  above  and  below  at  the 
beginning  and  the  end  of  each  experiment. 

The  tuning-forks  c,,  e^,  a,,  Ci,,  c,ij  were  all  made  by  Konig, 
of  Paris.  Tiie  vibration-frequencies  of  the  first  four  were 
found  to  be  in  the  ratio  of  4  :  5  :  G  :  8,  but  r^^^  made  1023"25 
vibrations  when  e^  made  512. 

I  used  three  different  tubes,  which  were  of  the  same  length, 
1250  millim.,  and  of  which  the  diameters  were  28  millim., 
17*1  millim.,  and  9*35  millim. 

In  order  to  convey  a  clear  idea  of  the  degree  of  precision 
of  which  the  method  is  capable,  I  shall  quote  the  details  of  a 

*  Regnault,  KuiuU,  Kayser  (see  footnotes,  (uitc,  p.  24d). 
t  I'ogg.  Ann.  cxlix.  p.  540  (187.:];. 


Air  St\:  for  Pure  y^uti's  of  di (fere at  Pitch. 


253 


sinnjlc  experiment  taken  at  random  t'roia  my  journal.  This 
was  one  of  a  series  made  at  the  beginning;  of  the  iniiuiry, 
^vhen  I  had  joined  two  tubes  together  in  order  to  follow  the 
maxima  as  far  down  into  the  tube  as  possible.  As  was  to  bo 
expected  ou  aceount  of  the  decreasing  intensity,  the  readings 
became  more  difficult  the  farther  they  were  removed  from  the 
source  of  sound.  After  convincing  myself  in  this  way  that 
the  wave-length  remainetl  constant,  I  determintnl  only  the 
uppermost  maximum  and  the  lowermost  that  could  be  distinctly 
observed,  divided  their  ditt'erence  by  the  number  of  half  wave- 
lengths contained  in  the  interval  passed  through,  and  arrived 
in  this  way  at  the  mean  half  wave-leusth. 


Fork  r,„  n     .     .     . 
Tube  11.,  diameter 
Mean  temperature 
Va[)our-tension 
Barometric  heiolit 


=  512. 

=  17*1  millim. 

=  12°-3  C. 

=  10-5  millim. 

=  75-1  millim. 


Readinss  for  the  Maxima. 


Temp. 

1. 

2 

3. 

4. 

5. 

G. 

7.  " 

millim. 

millim. 

ntillim. 

millim. 

millim. 

millim. 

millim. 

12 

157 

483 

811 

1130 

14G4 

17U2 

2122 

123 

157 

484 

812 

1138 

14G6 

1703 

21  ly 

12-3 

15G-5 

484 

811 

1139 

14C.G 

1792 

2121 

12-7 

1575 

485 
484 

812 
8115 

1140 

1137-7 

14C.7 

17'J1 

2121 

Mean  123 

157* 

14G6-3 

l7y2-7 

21-2U-7 

Half  Wave 

-lengths. 

Velocilv. 

327  millim. 

32G  3  metre 

327-5 

32(Vy      „ 

326-2 

325G      „ 

328-G 

327-8     „ 

S2G-4 

325-8      „ 

'^IS 

327-4     „ 

Mean    .... 

326-6     „ 

*  The  first  quai-tor  -n-ave-lenfrth  in  the  above  experiment,  increased  by 
IJayleij.'-h's  conection  (157+0-82  radius),  gives  a  velocity  of  327'4  metre. 
1  very  often  calculated  the  velocity  iu  this  way,  and  ahvavs  found  nearly 
the  same  value  as  from  the  other  readings.  iSuch  values  were,  however, 
lujver  included  in  the  mean. 
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From  the  abovo  fignros  it  is  ])l:iin  tliat  tlio  ni(*tlioJ,  even 
for  a  tyro,  iiiake.s  considerable  pretensions  to  exactness  ;  after 
many  months  of  practice,  however,  the  limits  of  error  became 
still  closer. 

Table  showing  the  observed  Mean  Velocities  in  Air. 


Internal 
diameter 

Cr 

c,. 

9,- 

c... 

c,„- 

of  the 
tube. 

n^2bQ,. 

m=320. 

M=384. 

w=512. 

«= 1023-25. 

I 

millim. 

28 

metre. 
327-29 

meti'e. 
327-50 

metre. 
327-69 

metre. 
328-33 

metre. 
328-68 

II 

17-1 

325-24 

325-54 

326-03 

326-70 

327-80 

Ill 

9-35 

320-60 

321-19 

321-88 

323-60 

325-29 

§  3.  Kirchhoff^s  Formida  discussed. 

In  the  light  of  these  results  let  us  test  KirchhofF^s*  theore- 
tical formula  for  the  velocity  of  sound  in  tubes  : — 


.=„( 


2r^7rn'^ 

where 

V  =  the  observed  velocity  in  tubes, 

a  =  the  velocity  in  unlimited  space, 

r=the  radius  of  the  tube, 

?i  =  the  vibration-frequency  of  the  tuning-fork, 

and      7= a  constant  for  friction  and  conduction  of  heat. 

For  the  same  tube  the  product  (a  — r)  ^n  must  be  constant, 

as  also  {a  —  v)2r  for  the  same  tone. 

Then  from  two  results  with  the  same  fork  and  different 

tubes  we  get 

UiTi  — r^jj'a 
a , 

ri  — rg 

where  rj  and  i\  denote  the  velocity  and  the  radius  of  the 
wider  tube,  i'2  and  r^  the  same  quantities  for  the  narrower 
one.  Thus,  by  combining  in  pairs  the  results  contained  in 
the  vertical  colunms  of  the  above  table,  we  should  always  get 
the  true  velocity  of  sound  in  the  open  air.  My  results  calcu- 
lated in  this  way  are  as  follows  : — 

*  Pogg.  Ann  cixxiv.  p.  177  (18G8) ;  or  Kircliliofl''si  Gcs.  Ahh.  p.  543. 
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Tuning-fork. 

Tubes 
I.  and  II. 

Tubes 
I.  and  III. 

Tubes 
II.  and  HI. 

Mean. 

c  

metre. 
3303 

330-3 

3301 

3;jo-7 

330-3 

metre. 
330-0 

330-G 

330-5 

330-7 

330-5 

metre. 
331-1 

330-0 

330-y 

330-0 

330-G 

metre. 
330-07 

33000 

330-50 

330-07 

330-47 

7, 

c   

o,„     

Mean   

330-582 

It'  this  be  the  true  vcloeitv  of  sound  in  the  open,  then  the 
vahies  of  {a  —  v)'2r  taken  vertically  in  the  first  of  the  following 
tables,  and  those  of  (a  — r)  v  n  taken  horizontally  iu  the 
second,  should,  as  required  by  Kirchhoff's  formula,  be  constant. 

Table  I. 
Values  of  {a  —  v)2r. 


Internal 

diameter 

e,. 

ff,- 

c„. 

''j/i- 

of  the 
tube. 

«=25(i. 

«  =  320. 

«=384. 

?j=512. 

«  =  1023-25, 

millim. 

28 

0-09843 

008020 

0-08093 

OOGSOl 

0-05321 

171 

9825 

8018 

7780 

C034 

4753 

9-35 

0807 

8778 

8132 

0527 

4945 

Table  II. 

Values  of  (a  —  v)  \^n. 


Internal 
diameter 

c,. 

e,. 

9.- 

c,,. 

c,„. 

of  the 
tube. 

n  =  256. 

«=320. 

7j=384. 

n=bV2. 

«  =  1023-25. 

millim. 
28 

52-64 

55-09 

5602 

50-91 

00-77 

17-1 

85-43 

9014 

8915 

87-78 

88-90 

9-35 

159-7 

108-0 

170-4 

1580 

109-2 
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(Considering  tliat  any  error  in  tlio  observed  value  of  i' 
becomes  greatly  magnified  in  the  above  numbers,  the  small 
deviations  from  a  constant  mean  are  almost  negligible.  The 
generally  excellent  agreement  between  theory  and  experi- 
ment, when  rt  =  330"58  metre,  speaks  for  the  correctness  of 
this  number  as  the  true  value  of  the  velocity  of  sound. 

If  with  this  value  we  calculate  the  constant  y  fur  the  dif- 
ferent tubes,  we  find  the  foUuwiug  results  : — 


Tube. 

c,. 

^,. 

ffr 

c  ^. 

o,„. 

] 

0-007902 

0-0082(55 

0  008500 

0007G42 

0-009122 

II 

7830 

8262 

82()4 

8040 

8149 

Ill 

8002 

8418 

85^13 

7916 

8480 

Mean  =  0007989. 

This  experimental  mean  0"0071)89  tallies  very  closely  with 
0*00742,  the  theoretical  value,  calculated  by  means  of 
Kirchhoff's  formula*  from  0.  E.  Meyer's f  constant  of 
friction  of  air  and  Maxwell's  theory  of  the  conduction  of 
heat. 

We  may  also  calculate  k,  the  ratio  of  the  specific  heats,  by 
the  fornuila 


W^^' 


where    B  =  0"7G0    metre,    Q  =  13"51iG,    </  =  d'iil    metre,    and 
A   -J 

^^~77a" 

By  substituting  these  values  and  putting  a  =  oo0"582  metre 
W'C  find 

k=l'od47, 

while  all  previous  values  lie  Ijetwcen  l'411l  and  l'o845. 

*  /-     /«      ^A    /- 


where 

r/  =  tlie  true  value  of  the  velocity  of  sound  in  air, 
/)  =  'Se\\U>ns        „  „  „ 

^  =  a  constant  for  conduction  of  heat, 
i;=a  constant  for  friction. 

Vide  Kirchhoff's  Gcs.  Abh.  p.  543. 
t  I'o^g.  Anil,  xxxii.  p.  042. 


.1//'  lyc.ybr  rare  JS'otes  of  d'qfc'n'itt  J'/U/i.  '2b7 

My  ro.sults  for  air  may  be  siinimecl  up  as  follows  : — 

1.  Tho  velocity  of  sound  in  narrow  glass  tubes  is  smaller 
than  in  the  open'jiir  ;  it  inereases  with  the  diameter  of  tho 
tube  and  the  pitch  of  the  note. 

2.  The  loss  which  the  velocity  of  sound  sufl'ers  in  narrow 
glass  tubes  is  inversely  pro})ortional  to  the  diameter  and  the 
square  root  of  the  vibration-frequency.  In  other  words,  the 
formula 

_  ._ y  _ 

2)'^'7rn 

is  correct  if  a,  the  true  velocity,  =o30-582  metre*,  and 7,  the 
constant  for  friction  and  conduction  of  heat,  =O"0O7*J8i). 
0.  The  ratio  of  the  specific  heats  for  air  is  1'3D-17*. 

§  4.  Carhonlc  Acid, 

The  alteration  of  the  apparatus  necessary  for  the  a])plication 
of  this  method  to  gases  depends  upon  the  density  of  the  gas. 

For  carbonic  acid  everything  remained  the  same  as  for  air, 
with  the  exception  of  a  small  change  at  the  side-piece  A. 

As  the  main  tube  had  to  remain  open,  the  chief  difiicidty 
lav  in  keeping  the  gas  pure.  The  air  could  either,  by  dif- 
fusion, penetrate  into  the  tube,  or,  by  the  lowering  of  the 
water-column,  be  drawn  into  it.  The  diflficulty  was  over- 
come in  the  following  manner. 

The  three  arms  of  a  T  (fig.  2)  were  fitted  with  pieces  of 
gutta-percha  tubing,  of  which  the  one  led  to  the  side  tube  A, 
the  other  to  the  gas-apparatus,  and  the  third  to  the  ear  of  the 
observer.  The  T-piece  was  fixed  so  high  and  so  inclined  to 
one  side,  that  the  heavy  gas  flowed  in  a  natural  maimer  into 
the  main  tube. 

The  gas  was  generated  in  a  Kipp's  apparatus  from  oyster- 
shells  and  hydrochloric  acid,  and  conducted  through  a  system 
of  wash-bottles  and  pearl-tubes  saturated  with  a  solution  of 
sodium  carbonate.  The  method  of  filling  was  as  follows  : — 
The  swimmer  was  raised  to  A  and  the  stopcock  II  closed. 
After  tho  gas  luid  Howed  a  short  time  through  the  ear-tubing, 
it  was  firmly  clamped.  The  gas  could  now  only  escape 
through  the  side  j)iece  A,  and  thus  the  air  still  remaining  in 
the  upper  portion  of  the  main  tube  was  rapidly  expelled.  The 
open  end  at  0  was  then  made  air-tight  and  the  stopcock  H 
opened.  The  energy  of  the  generation  of  the  gas  drove  the 
water  out  of  the  tube  back  into  the  bottle,  but  alwavs  against 
a  small  counter-pressure,  as  I  always  took  care  that  the  surface 
*  Currected  on  page  204. 
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of  tlio  water  in  the  bottle  stood  liigher  tlian  tlu;  surracc  of 
tliat  in  tlie  tube.  In  this  way  it  was  impossible  for  tlie  air  to 
])eiU!trate  into  the  tube,  even  thoug-h  the  apparatus  had  not 
been  air-tight.  Everything  was,  however,  always  perfectly 
air-tight.  When  the  tube  was  full,  the  sto])per  at  0  and  the 
clainj)  on  the  ear-tubing  were  removed,  the  tuning-fork  bowed, 
and  the  positions  of  the  maxima  ascertained  exactly  as  in  the 
case  of  air.  While  the  observations  were  being  made,  the 
gas  a[)paratus  reinained  inaction,  so  that  a  slow  steady  stream 
of  ])ure  carbonic  acid  poured  through  tlui  up[)er  portion  of 
the  tube  and  overflowed  its  edges. 

The  observed  half  wave-length  was  corrected  to  0°  C,  and 
760  millim.  in  dry  gas  by  means  of  a  formula  analogous  to 
the  one  used  for  air. 


Table  showing  the  observed  mean  velocities  in  CO.?. 


By  combining  the  results  in  the  vertical  colunnis  in  pairs 
as  ex})lainetl  on  page  254  for  air,  we  find  the  following  values 
for  the  velocity  of  sound  in  carbonic  acid  in  unlimited  space. 


Tuning-fork. 

Tubes 
I.  and  II. 

Tubes 
I.  anrl  III. 

Tubes 
II.  and  III. 

Mean. 

millim. 
256-7 

256-8 

256-8 

257-0 

257-0 

millim. 
256-7 

257-1 

257-2 

257-2 
257-2 

millim. 
256-7 

257-2 

257-5 

257-2 

257-2 

Mean  

millim. 
256-7 

257-U3 

257-17 

257-13 

257-13 

f, 

a 

c  „    

257-03 

For  the  purpose  of  comparing  my  results  for  air  and  car- 
bonic acid  with  those  of  other  observers,  I  have  constructed 


Air  i.^-c.for  Part'  Notes  ofdiferent  Pitch. 


'>yj 


the  following  bible,  in  which  the  values  for  carbonic  acid  aro 
refer rctl  to  those  for  air  as  unitv. 


Dulong  * . 

1 
Regnaultt.    Wiillner  J. 

Kimclt§. 

Low. 

Ail-  

CO, 

1 
0-7856 

1 
0-8'J09 

1 
0-7812 

1 

0  7785 

1 
0-77750 

To  test  further  the  validity  of  Kirchhoff's  formula,  I  have, 
as  before,  calculated  the  products  {a—v)2r  and  (<t  — <•)  ^ n 
for  a  =  257'03  metre.  The  results,  taken  vertically  in  th'j 
first  tixble  and  horizontally  in  the  second,  should  be  constant. 

Table  I. 
Values  of  {a  —  v)2r. 


Tube. 

c^. 

e,. 

ffr 

^ii* 

£■„,. 

I 

0-04620 

0-03640 

003273 

0-02745 

0-01848 

II 

4275 

3540 

3061 

2856 

2137 

Ill 

4161 

3741 

3385 

3123 

2374 

Table  II. 
Values  of  {a  —  v)  v  a. 


Tube. 

Cr 

e,. 

ffr 

c„. 

c„. 

I 

26-40 

23-26 

2293 

22-17 

21-11 

II 

3'J99 

37-03 

3509 

37-79 

39-98 

Ill 

71-24 

71-47 

70-94 

7556 

81-25 

Here,  again,  the  deviations  from  a  constant  mean  are  quite 
unimportant,  and  are  evidently  due  to  small  errors  of  ob- 
servation. 

*  Ann.  (k  C'him.  et  cle  P/ii/'i.  torn.  x.  p.  41. 
t  Rei^ault,  see  footnotes,  p.  24'J. 
X  LehrljWih  der  Physik,  '\\\  Aufl.  1,  p.  804, 
§  Kundt,  see  footnetej,  p.  249. 
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TIic  v;ilu('s  o['y,  tlui  coiishuit  I'or  riictiou  ami  coudiictioii  of 


heat,  are  as  follows:  — 


Tube. 

(■,. 

e,. 

ffr 

c ,. 

^,-,- 

I 

UUOO'oDl) 

0-UU4400 

0001424 

0004284 

0004078 

n 

4718 

43(i7 

41.37 

4457 

470(5 

.  Ill 

4.302 

4(>i5 

4575 

4873 

5240 

Mean =0  004577. 

The  ratio  of  the  specific  heats,  calculated  in  the  same  way 
as  for  air,  I  found  to  be  1'2(?83.  Kuntgen^  gives  l'o052  and 
Miillert  1-2G53. 

To  recapitulate, — 

1.  Kirchhoff's  formula  for  the  determination  of  the  velocity 
of  sonnd  in  tubes  holds  good  for  carbonic  acid  as  well  as  for 
air  if  the  velocity  in  the  free  gas  =  257'03  metref,  and  the 
constant  for  friction  and  conduction  of  heat  =0*004577. 

(2)  The  ratio  of  the  specific  heats  for  carbonic  acid  is 
l-2«8ot. 

§  5.  JJijdi'0(jen. 

The  remodelling  of  the  apparatus  for  gases  lighter  than  air 
caused  much  trouble.  In  its  final  form  I  simply  inverted  the 
whole  ajiparatus  iis  employed  for  carbonic  acid.  It  was 
now  in  fact  a  si|)hon  ;  the  open  end  of  the  tube  was  below 
and  the  stopcock  above.  The  few  drops  of  water  that  trickled 
out  I  led  aside  with  a  tail  of  lamp-wick.  The  method  of 
filling  was  the  same  as  for  carbonic  acid,  only  here  every- 
thing was  inverted. 

On  account  of  the  extraordinary  tenuity  of  this  gas,  the 
wave-lengths  are  very  great,  and  much  longer  tubes  than 
before  were  necessiiry.  1  soon  found  that  the  energy  of  the 
vibrating  mass  of  the  gas  was  too  small  to  set  the  membrane 
of  the  tymjianum  properly  in  vibration,  and  that  exact  readings 
of  the  maxima  were  unattainable. 

The  following'-  readings  were  taken  with  tube  II.  and  fork  c,, 
at  a  temperature  of  15    0.  : — 

*  Fogg.  At]7i.  cxlviii.  p.  012  (187 i). 
t   W  ied.  Ann.  xviii.  p.  110  {1863). 
J  Corrected  on  page  204. 
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-^  niillim. 

?\,  motro. 

"  1185 

12<U)-1 

1120 

1172-0 

1175 

1250(; 

iii;o 

i-2;-i4-2 

1150 

i22a-a 

1145 

1217-9 

1220 

1297-5 

Moan  1230-5 

ivos  1200-77 

and   11()G-G7,  but 

the; 

nnmbers 
are  |)robably  too  small. 

According  to  a  few  experiments  which  I  made  later  with 
coal-gas.  the  form  of  the  apparatus  that  was  used  for  carbonic 
acid  seems  also  suitable  for  gases  lighter  than  air.  In  this 
case,  however,  the  observer  must  operate  as  rapidly  as  possible. 

§  G.  Mixtures. 

I  also  applied  the  method  with  good  success  to  mixtures  of 
air  and  vapours.  The  form  of  the  apparatus  was  the  same  as 
for  air,  only  that  in  this  case  the  bottle  was  filled  with  the 
evajtorating  li(piid  instead  of  v.ith  water. 

1  raised  the  liquid  in  the  tube  as  far  as  the  side-piece  A, 
then  let  it  slowly  sink  and  remain  standing  for  a  time,  which 
varied  from  a  few  seconds  to  two  hours.  The  temperature 
for  all  the  experiments  was  constant  (17°  C).  With  tube  II. 
and  fork  r^^,  1  took  six  sets  of  readings  given  below.  At  the 
beginning  of  each  set,  one  or  two  half  wave-lengths  come 
where  only  very  little  vapour  was  present.  Then  with  in- 
creasing saturation  the  half  wave-lengths  gradually  decrease, 
until  in  the  immediate  neighbourhood  of  the  liquid  they 
become  constant. 

Experiments  with  Ethyl-ether  Yajiour. 


1. 

2. 

3. 

4. 

5. 

6. 

Surface 

of  etlier 

below. 

illim.^lCO 

l;-i3 



156 

153 

159 

144 

154 

14.j 

151 

153 

15r> 

130 

143 

]30 

132 

132 

132 

109 

110 

108 

•112 

110   ■ 

114 

108 

110 

114 

112 

112 

112 

112 

110 

110 

113 

113 

110 

lUU 

109 

100 

110 

110 

110 

Surface  of  ether  above. 
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The  mean  of  tlie  last  yix  lialf  Avave-lengtlis  in  the  immediate 
neio]i])ourliood  of  the  surface  of  the  li(|iii{l  is  lOll-r)  millim. 
The  velocity  of  sound  in  air  v  is  calculated  by  the  formula 


where  B  denotes  the  l)arometric  height,  Q  the  specific  gravity 
of  mercury,  g  the  accelerating  force  of  gravity,  a  the  density 
of  air  referred  to  water,  and  k  the  ratio  of  the  sjx'cific  heats. 
The  analogous  fornnda,  when  va})our  is  present,  is 

V'^= - 

(J         CTj 

(Tq   p  —  8       o-Q    u^' 
k  '    pQ  >i  •  po 

where    ?<  =  density    of   the    vapour  compared    with   air,    and 

«  =  thermal  coefficient  of  expansion  of  gases. 

Or 


v^ 


V       P       h     V) 
_  Bo .  Qo  •  .^  •  ^  l  +  «^ . 

'  _  /   7.  \  S{  niiliim.  ' 


or  I  l  +  at 


V 


Density     

Sp.  heat  const,  pressure 
ISp.  heat  const,  volume 
Partial  pressure  


^<- 

01 

'  the  above 

I  add 

Air. 

1 

Ether  vapoiir. 

ai  =  na  =  2'G0  cr 

k 

h 

/>— S 

S 
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Pressure  ;)  =  B  .  Q  .  o', 
/)o=Bn.Qo..<7, 
=  0-7(>0  X  13-50G  X  9-810  metre. 

If  l\  ho  \ho  unknown,  then 

hi 


h= 


(!jJ(i+«0-i}^+l 


B}'  substitutino; 

/•   ^1-39G8,  a=0-00oG6r), 

u  =2-600,  t  =17°C., 

ro  =330-88  metre,  B  =  0-750  metre, 

r  =  2  X  102o-2:)  X  0-1095  metre,  8  =  0-38528  metre, 

we  get  as  ratio  of  the  specific  heats  of  ethyl-ether 

yt=  1-0202. 

Jnerrer*  found  1*097  (at  20°)  and  Miillert  1-0288  (between 
45°--4and  22°-5). 

A  phenomenon,  similar  to  the  one  observed  in  a  mixture  of 
air  and  vapour,  I  found  also  in  a  mixture  of  air  and  carbonic 
acid. 

In  the  manner  already  described  I  filled  the  tube  half  full 
with  carbonic  acid,  then  turned  the  eras  off  and  let  the  water 
sink.  The  upper  portion  of  the  tu])('  was  thus  filled  with  air 
aiul  the  lower  with  carbonic  acid.  With  fork  (',,j  and  tube  II. 
I  found  the  followin<i  readinffs : — 

Surface  of  the  water  below. 

165  165  •)      . 

165  165)  ^^"*- 

150  140 

135  135 

130  130)       ,      .       ., 

130  i3(^,j  carbonic  acid. 

Surface  of  the  water  above. 

In  both  columns  the  two  first  half  wave-lengths  agree  with 
those  previously  found  for  ])ure  air,  the  two  last  with  those  for 
jiure  carbonic  acid.  This  is  a  sim{)le  method  of  ascertaining 
with  fair  exactness  the  relative  velocities  of  sound  in  air  and 
carbonic  acid  or  other  suitable  gases. 

*  Wifd.  ^7???.  xxxvi.  p.  209  (1889). 
t  Wied.Ajin.  xviii.  p.  116  (IB.'JS). 
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§7. 

After  my  experiments  were  finished  I  had  some  doubt  as 
to  whether  the  vibration-frequency  of  ^ ^  was  exactly  25().  I 
decided  tlie  point  l)y  means  of  an  electric  registration  method. 
A  small,  thin,  pointed  piece  of  platinum-plate  was  attached 
to  tlie  end  of  one  of  the  ])ronf;;s  of  the  fork,  and  the  vibration- 
curves  were  traced  on  a  metal  cylinder  coated  with  blackened 
])aper.  A  weak  induction-currc^it,  with  mercury  contact  with 
the  seconds-pendu hnn  of  a  clock  of  known  daily  error,  was 
generated  and  conducted  by  the  platinum  point  to  the 
blackened  paper.  The  number  of  waves  between  the  marks 
of  the  sparks,  taken  two  and  two,  gave  the  double  vibration- 
frequency  of  the  fork.  As  a  result  I  found  that  C/  made 
2i')(]'2'd  vibrations  per  second.  This  necessitated  suu^U  cor- 
rections in  my  results,  which  are  shown  below. 


Velocity 

of  Sound. 

Uncorrected. 

Corrected. 

Eegnault  *. 

Air 

330-582  m. 

2r)7-03    lu. 

1230  5      m. 

17i3-77    m. 

330-88  ni. 

257-2')   ni. 

1237-6     ni. 

175-93   111. 

330-7  m. 

25'J-57  ni. 

1200-77  &  1100-07  ni. 

178  8  m.t 

Carbonic  Acid  ... 
Hydrogen 

Ether  Vapour  ... 

Corresponding  corrected  Ratios  of  tlie  Specific  Heats. 


Low. 

Roatgen  j. 

P.  A.  Miiller  §. 

Air 

1-3'.)0S 
1-2914 
1-3004 
10244 

1-4053 
1-3052 
1-3852 

1  4002 
1-2053 

1-0288  (.at  22°) 
1094-1- 

Carbonic  Acid  ... 
Hydroffcn 

Ether  Vapour  ... 

*  Mhn.  (Jc  rinsf.  xxxvii.  p.  133;   Compf.  Bend.  Ixvi.  p.  219  (18G8). 
t  .Iii('>;or,  Wit'd.  Ann.  xxxvi.  p.  209  (1889). 
X  Pog-g-.  An7i.  cxlviii.  p.  GOG  (1873). 
§  Wied.  Ann.  xviii,  p.  IIG  (1880> 
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The  experiments  with  hydrogen  can  only  be  leoarded  as 
approximately  eorreet. 

My  re.suhs  for  the  velocity  of  sound  in  air  and  carbonic 
acid  in  glass  tubes  of  different  diameters  are  in  full  agreement 
with  Kirchhotf's  theoretical  formula  founded  upon  the  con- 
sideration of  the  friction  and  the  conduction  of  heat  of  gases. 

The  velocity  of  sound  in  free  s])ace  for  air  and  carbonic 
acid  is,  according  to  my  results,  invariable  for  tones  of 
different  pitch  and  intensity. 

It  is  my  pleasant  duty  to  express  here  to  Professor  Quincke 
my  heartie?:t  thanks  for  his  kind  support  and  instructive 
counsel  during  the  prosecution  of  the  above  inquiry. 

The  Phyt-ical  Institute,  Heidelberg, 
January  1894. 


XXIX.   The  Hatchet  Planimeter.     By  F.  W.  Hill*. 

T^HE  hatchet  planimeter  consists  essentially  of  a  tracing- 
point  and  a  convex  chisel-edge  rigidly  connected,  the 
point  and  the  edge  being  in  the  same  plane.  When  the 
point  is  moved  along  any  line,  the  edge  describes  a  curve  of 
pursuit. 

The  object  of  this  paper  is  to  investigate  how  the  instru- 
ment may  be  used  to  determine  areas. 

Let  the  tracer  start  from  a  point  0  inside  the  area,  move 
along  any  line  to  the  perimeter,  then  round  the  perimeter  and 
back  along  the  same  line  to  0  ;  the  solution  of  the  problem 
consists  in  finding  an  expression  for  the  angle  AOB  be- 
tween the  initial  and  final  positions  OA,  OB  of  the  line 
joining  the  tracing-point  and  chisel-edge. 

All  atlempts  to  express  the  area  of  the  curve  in  terms  of 
this  angle  proved  futile  except  in  a  few  special  cases,  such  as 
the  circle  and  square;  but  the  magnitude  of  the  angle  may  be 
found  in  the  form  of  an  infinite  series,  the  most  important 
term  of  which  is  a  multiple  of  the  area.  The  complexity 
of  the  result  would  seem  to  show  that  no  simple  geometrical 
explanation  is  possible. 

Let  the  tracer  move  a  distance  r  along  a  straight  line  (fig.  1) ; 
then,  if  y^,  ^'  be  the  initial  and  final  inclinations  cf  the  rod  to 
the  line,  c  the  length  of  the  rod,  it  is  easily  proved  that 

tan^  =  <<tan'}J (1) 

*  Communicated  by  the  Physical  Society  :  read  June  22,  1894. 
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Let  the  area  of   the  curve  be  divided   into   infinitesimal 
triangles  having  their  vertices  at  a  point  0  inside  the  curve, 

Fier.  1. 


and  for  their  bases  elements  of  the  perimeter,  the  problem  is 
best  attacked  by  making  the  tracer  move  round  each  of  these 
triangles  in  turn,  travelling  along  every  radius-vector  twice, 
in  opposite  directions.     Taking  any  triangle  OPQ  (fig.  2), 

Fie:.  2. 


let  0,  d  +  dO  be  the  inclinations  of  OP,  OQ  to  a  fixed  line 
OX;  0.  </)',  (f>'  +  d(f)',  </)  +  (/(/),  the  inclinations  of  the  rod  to  the 
fixed  line  in  the  positions  8iO,  S.P,  S3Q,  S,0  respectivelv;  r, 
r+dr  the  lengths  of  OP,  OQ.  i  .  '    j 

Then  by  (1) 


and 


tan 


tan — ^  =e   ^  tan  — -^       .     .     . 

O  +  d0-£-d£  _-rj^^^j  +  de-<f>-d<f> 

for  the  motions  from  0  to  P,  and  from  Q  to  0 ;  hence 
dd-dc})'    ^__(h        dd-dcf> 
sin  {6- if)')  ~       c       sin{0-(f,)'      '     ' 


(2) 


(o) 


the  Hatchet  Planimeter.  2G7 

Also  from  (1)  by  difForentiating, 
dx   _  dr 

Now  if  i/r  be  the  angle  between  OP  and  the  tangent  PQ, 
the  inclinations  of  the  rod  to  PQ  are  1/^  —  ^  +  0' at  P,  and 
yjr-e  +  (fi'-\-d(j)'  at  Q,  and  the  length  P  Q  is  ds; 

therefore  d(f)'  _  ds 

sin  {f-6  +  (f>')  ~  7' 
or 

c</<^'={sin'«/rcos  (^  — (/)')  — cos i/r  sin  {0-'(}i')\ds 

=  rdd  cos  {d-(f)')+dr<m  [B-c^'). 

Substituting  this  value  of  (/0'  in  (3), 

cde-rdd  cos  {6 -4>')  c(dd-~d<f>) 

sm{d-<j>')  '~     ^    ^sin(^-0)' 

or 

sm{U  —  (f>)       2  \        c/  2  2  \        c/  2 

=  ^(l-^).ecot-/  +  -(l  +  -).    .tan^ 
by  (2); 

/  ,.2  ,.i  ,.6  \ 


Or 


This  equation  gives  the  change  in  the  direction  of  the  iod 
when   the  tracing-point  has    moved    round    an    elementary 

T2 
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trianole,  and  integratino-  ronnd  the  curve  there  results,  for 
the  angle  between  the  initial  and  final  positions  of  the  rod, 
the  expression 

where  A  is  the  area  of  the  curve,  and  the  integrations  extend 
from  ^  =  0  to  6=271.  Thus  if  the  greatest  Lireadth  of  the 
curve  is  less  than  the  length  of  the  planimeter,  the  most  im- 
portant term  in  the  expression  is  A,  and  it  remains  to  estimate 
the  effect  of  the  other  terms. 

First,  considering  those  terms  Avhich   de])end  only  on  the 
position  of  0, 


1    r  4  7/1      AA2 


8 

■where  Ak'^  is  the  moment  of  inertia  of  the  area  about  the 
polar  axis  through  O.  This  term  is  therefore  least  when  0  is 
the  mass-centre  of  the  area. 

—7-—,  1  r^dd  is  less  than  vn  I  -  I  > 
144  c'' J  144  Vc/' 

where  a  is  the  greatest  radius-vector  from  0,  and,  if  -  is  as 


oreat  as  k  ?  is  less  than  one  iier  cent,  of  the  area. 
*^  b 

Of  the  terms  depending  on  (f)  the  most  im])ortant  is 
ipcos(^-c/>)./^. 

In  these  small  terms  the  value  of  c'^(f)  at  any  point  may  be 
taken  to  be  the  area  of  that  part  of  the  curve  already  de- 
scribed by  the  tracing-point,  and  the  terms  can  be  evaluated 
when  the  equation  of  the  curve  is  known.  If,  however,  the 
area  of  the  curve  is  less  than  that  of  a  square  of  side  c,  so 
that  the  greatest  value  of  ^  is  less  than  1,  it  is  easy  to 
approximate. 

^^  {r^  cos  {d-(f>)d<f>=  r|^  fr^  cos  ddd  +  ^^  \  r^cf)  sin  0d0 

-~  (r^(t>^  cos  0de+.  .  . 
Now,  the  axis  of  .r  being  the  initial  position  of  the  rod, 
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6c  J  cj  c   ' 


3c 

where  x  is  the  abscissa  of  the  mass-centre  of  the  area.     The 

other   terms  are   multipUed   l>y  (-)  ,  and  being  integrals  of 

oscilhiting  quantities  are  very  small. 
Thus 

where  P  is  very  small. 

If  0  is  the  mass-centre  of  the  curve  k^  is  a  minimum  and 
a'  =  0.     In  this  case 

-.2 


='*=a(i +;,,,) 


very  ne.irly,  where   Ap^  is  the  moment  of  inertia  about  the 
polar  axis  at  the  mass-centre. 

If  0  is  not  near  the  mass-centre,  let  the  tracing-point  be 
moved  again  round  the  perimeter,  following  the  "aine  path 
as  before,  but  with  the  initial  direction  of  the  instrument 
exactly  reversed  ;  the  effect  of  this  is  to  change  the  sio-n  of  c 
and  to  give  ° 


hence 


c^' 


c^  A  /•'■* 


c<P  being  the  distance  between  two  indentations  may  perhaps 

be  measured   to   within  -ji,(,  inch,  so   that   there  will    be  an 

error  in   c^O  of  at  least  gL  gq.  i„ch,  if  r  is   10  inches  :  if, 

Ak^  .  .  . 

therefore,  ^r~^  is  less  than  ^\,  sq.  inch,  it  may  be  neglected. 

Of  curves  with  the  same  greatest  breadth,  the  circle  has  the 

Ak'^ 
greatest  area,  and  ^-^  is  less  than  ^q  sq.  inch  for  a  circle  of 

radius  1^  inches. 

Finally,  then,  if  0  be  near  the  mass  centre,  and  the  greatest 

breadth  be  less  than  3  inches,  the  formula  c^<l>  =  A  will  give  a 

result  as  accurate  as  the  nature  of  the  instrument  will  allow ; 

AJc^ 
for  greater  areas  the  value  of  y^-  must   be   estimated  and 

^c 

taken  into  account.     Also   it  is  easily  verified  that  if  ^  is 

less  than  ^-,  or  the  area  less  than  23  sq.  inches,  it  is  sufficient 

to  measure  the  chord  of  the  arc  £'^  instead  of  the  arc. 
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XXX.  Magnetic  Shielding  hy  a  Hollow  Iron  Cylinder.  Simplest 
Case.    By  John  Perry,  F.R.S."^ 

ICONSIDEU  goin*);  and  return  electric  conductors  cacli  at 
a  distance  a  i'roni  the  axis  in  a  diametral  plane  of  the 
hollow  cylimler,  the  current  in  each  Ixnng  0. 

As  to  the  inducing  magnetic  ])otential,  all  over  one  half  of 
the  cylindric  surface  of  radius  a  the  potential  is  constant,  ttC, 
and  all  over  the  other  half  it  is  constant,  being  —  ttC.  At  a 
point  P  whose  distance  from  the  axis  is  r,  the  angle  made  by 
the  axial  plane  through  P  and  the  plane  through  the  con- 
ductors being  6,  it  is  evident  that  V,  the  inducing  potential, 

V  =  4C  f'- sin  ^  + J,  "■  sin  36'+ J ^sin  56'4  &c.\ 
\7'  o  r  f)  r  / 

as  this  becomes  +7rC  or  —  ttC  where  r  =  a,  and  also  satisfies 

v'v=o. 

Let  the  coefficient  of  sin  n6  in  V  be  denoted  by  A?  ~"  ;  let 
the  corresponding  coefficients  be  A,?'''  +  A?*~"  for  the  total 
(induced  })lus  inducing)  potential  inside  the  tube;  A2»*"  +  B2?~" 
total  in  the  iron  and  By?'^"  in  outside  space.  Let  the  inside 
and  outside  radii  of  the  iron  cylinder  be  a^  and  a^.  Then,  on 
stating  the  equality  of  the  potentials  just  inside  and  just 
outside  the  two  surfaces,  and  also  that  the  normal  induction 
is  the  same  on  both  sides,  we  have  four  equations,  which 
enable  the  coefficients  Aj,  Ag,  B2,  and  By  to  be  calculated. 
The  two  important  ones  are 

where  e  stands  for  a{'^la2'''\ 

and  A,=  ~kp{l-.)la,"\p^-c), 

where  p  =  (fi  +  l)(fjL  —  l). 

If  we  take  03=^1  +  ^?  ^^^^1  ^  i^  small,  since  fx,  is  large  in  iron, 
we  have  approximately 


B,  =  A/(l  +  i^„i). 


The  high(;r  terms  are  unimportant.  Taking  the  first :  the 
unshielded  potential  was  4:Car~  sin  6,  and  it  is  converted  by 
shielding  into  4C«  sin  6/r{l  +  ^/ji,t/ai}. 

Thus,  taking  /x=1200,  ai  =  150  cm.,  t  =  5  cm.,  the  first  and 
most  im])ortant   term  is  reduced    to    the  ]/21st  part  of   its 
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unsliiekled  value.  The  other  terms  are  reduced  to  l/Glst, 
1/lOlst,  l/141st,  &c.,  parts  of  their  unsliielded  vahics. 

In  tliis  case  the  potential  inside  is  very  little  less  than 
when  there  uas  no  iron,  A^  be i no-  — A/a,'"  for  all  values  of  t 
until  t  is  small  ;  of  course  Ai  is  0  when  t  is  0. 

It  is  easy  to  extend  the  reasoning  to  several  envclo])ing 
cylinders  of  iron,  or  to  the  case  of  any  distribution  of  inducing 
potential  which  does  not  vary  in  a  direction  parallel  to  the 
axis. 


XXXI.  The  Clark  Cell  tchen  Producing  a  Current.  By 
iS.  Skinner,  M.A.,  Lecturer  at  Clare  College,  and  Demon- 
strator at  the  Cavendish  Lahoratorg,  Cambridge^. 

§  1.  Introduction. 

THE  electromotive  force  of  the  Clark  cell  when  not  pro- 
ducing any  current  has  been  frequently  determined,  and 
Las  l)een  found  to  be  of  so  constant  a  value  that  it  is  now  used 
tis  a  standard.  These  vahies  of  E.M.F.  are  for  the  cell  when 
its  poles  are  not  united  by  a  conductor.  In  the  following  ai: 
account  is  given  of  a  series  of  experiments  made  on  cell 
when  producing  currents,  with  the  view  of  ascertaining, 
(1)  how  far  the  total  electromotive  force  round  the  circuit 
differs  from  that  of  the  open  cell,  and  {'2)  how  this  new  value 
for  the  E.M.F.  changes  when  the  current  is  maintained.  If 
these  quantities  can  be  accurately  measured,  it  follows  that  a 
cell  might  be  used  for  producing  currents  of  known  value. 
Some  experiments  have  been  made  on  subject  (2)  by  Threlfall 
and  Pollock  (Phil.  Mag.  November  1889),  and  their  results 
are  compared  with  mine  iu  Sect.  8. 

§  2.  The  Cells. 

The  experiments  were  made  on  three  cells,  all  much  larger 
than  the  ordinary  Board-of-Trade  pattern  of  Clark  cell. 

Cell  B,  made  July  1891,  is  the  cell  no.  90  described  on 
p.  558  of  the  paper  by  Mr.  Glazebrook  and  the  author,  Phil. 
Trans.  1892,  A.  The  area  of  its  exposed  zinc  surface  is 
approximately  14*4  square  centimetres. 

Cell  L,  made  Xovember  1892,  is  a  much  larger  cell  fitted 
up  in  a  cylindrical  jar  22  centim.  high  and  I'd  centim.  in 
diameter.  The  zinc  plate  exposes  an  area  of  about  95  square 
centimetres. 

Cell  N,  made  July  1893,  is  intermediate  in  size  and 
exjjoses  about  29  square  centimetres  of  zinc  surface. 

*  Communicated  by  the  Physical  Society  :  read  June  22,  1894. 
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In  Jill  three  cells  the  zinc  plate,  a  i)iece  of  common  zinc 
sheet,  is  placed  horizontally,  and  they  have  the  same  E.M.F. 
within  2  i)urts  in  5000. 

§  3.    The  Effect  of  Uniting  the  Poles  of  a  Cell. 

Let  a  cell  of  electromotive  force  E  and  internal  resistance 
R  have  its  poles  joined  by  a  wire  of  resistance  r  ;  then, 
providing  ii  and  r  are  constant,  and  there  is  no  polarization, 

the  potential- difference  between  the  poles  will  be  V)  ,  "•     I^j 

however,  there  is  polarization,  then  this  potential-difference 

will  be  ^ —  ,  where  e  is  the  value  of  the  electromotive  force 
R  +  r' 

required  to  produce  the  observed  current. 

The  value  of  —  (E— g)  is  the  electromotive  force  of  polari- 
zation. 

In  the  large  Clark  cells  described  above  E  and  e  are  nearly 
equal  when  the  current  is  not  larger  than  '01  ampere  ;  this 
small  difference  is  the  subject  of  the  following  measurements. 
To  obtain  it,  it  is  clearly  necessary  to  find  the  value  of  the 

potential-difference  -n ,   and  of  the  resistances  R  and  r. 

ix-rr 

The  measurements  for  R  are  contained  in  8ect.  4  ;  r 
consisted  of  thick  wire  coils  or  of  a  sj)ecial  wire  resistance 
immersed  in  a  large  tank  of  paraffin  oil ;  and  the  measure- 
ments pf  the  potential-differences  are  contained  in  Sect.  6. 

We  shall  now  give  an  illustration,  taken  from  an  actual 
experiment,  of  what  happens  when  the  poles  of  a  cell  are 
united.  On  July  25th  the  cell  L  had  an  electromotive  force, 
Avith  its  poles  open,  represented  by  5009  on  the  compensator. 
The  poles  were  then  joined  by  a  resistance  of  1000  legal  ohms, 
and  their  potential-difference,  taken  as  quickly  as  possible, 
was  then  rather  more  than  4983  and  rather  less  than  4984. 
Then  a  resistance  of  500  legal  ohms  was  substituted  for  the 
1000  ;  the  potential-difference  fell  to  4959.  Next,  with  200 
legal  ohms  the  potential-difference  was  4885.  Lastly,  the 
poles  were  opened,  and  the  electromotive  force  of  the  cell  was 
found  to  be  5009. 

It  is  seen  from  these  numbers  that  the  cell  recovered  its 
electromotive  force  entirely  after  the  various  operations,  and 
this  is  a  typical  instance  of  the  behaviour  of  the  cells.  It 
should  be  mentioned  here  that  these  tests,  as  well  as  tests  on 
two  other  cells,  were  made  in  the  interval  between  the  two 
sets  of  resistance  observations  recorded  in  the  colunm  of  the 
table  §4,  headed  "  July  25th,  Before— After.'^ 
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§  4.  Measurement  of  the  Internal  Resistance  of  the  Cells. 

The  important  determination  of  the  resistance  of  the  colls 
was  made  by  the  method  of  Opposition,  and  by  the  use  of  an 
Alternating  Current.  By  opposing  any  two  of  the  cells,  the 
resulting  electromotive  force  was  so  small  that,  making  them 
an  arm  in  a  Wlu'atstone's  arrangement,  there  was  no  deflexion 
in  the  bridiie-aalvanometer.  The  bridge  was  fed  with  an 
alternating  intermittent  current  by  means  of  the  commutator 
used  bv  Mr.  T.  C.  Fitzpatrick  in  his  electrolytic  measurements, 
B.  A.  Report,  188G,  p.  328. 

In  this  method  the  comnmtator  is  arranged  to  suiiply  the 
currents  in  the  galvanometer-circuit  always  in  the  same 
direction,  so  that  an  ordinary  sensitive  mirror-galvanometer 
can  be  used.  The  drum  of  the  commutator  has  on  each 
circular  face  eight  insulated  sectors  of  brass,  those  on  one 
side  being  larger  than  those  on  the  other.  The  larger  sectors 
are  connected  by  brushes  to  the  batterj'-circuit,  and  the  smaller 
to  the  galvanometer-circuit.  They  are  arranged  so  that  the 
battery  connexion  is  always  closed  before  that  of  the  galvano- 
meter, and  is  always  broken  after  that  of  the  galvanometer. 
A  more  complete  description  of  the  commutator,  which  works 
excellently,  will  be  found  in  the  paper  already  n)entioned. 
Two  or  three  Leclanche  cells  were  used  as  the  battery. 

The  method  of  connecting  two  cells  together  so  as  to  have 
small  resulting  electromotive  force  is  particularly  ap{)licable 
in  the  case  of  ("lark  cells,  for  they  may  be  obtained  of  nearly 
equal  electromotive  force.  In  the  case  of  the  cells  we  are 
discussing,  as  mentioned  in  §  2,  the  greatest  difference  was 
never  more  than  2  in  5000. 

The  errors  to  which  this  method  of  measuring  battery- 
resistance  is  liable  are  two  :  first,  from  self-induction,  and 
second,  from  polarization  at  the  electrodes.  The  only  con- 
ductor containing  self-induction  of  any  magnitude  is  the 
galvanometer- coil,  and  as  the  method  is  a  zero  method  this 
does  not  matter.  The  second  error  is  eliminated  by  using  an 
alternating  current.  However,  following  Fitzpatrick's  method, 
tests  were  specially  made  for  polarization  by  var^'ing  the  ratio 
of  the  arms  and  by  varying  the  speed  of  the  commutator. 
For  instance,  on  one  occasion  the  resistance  was  between  11*0 
and  ll'l  with  the  usual  speed  for  working;  when  the  speed 
was  more  than  doubled,  the  resistance  retained  the  same  value. 

The  three  cells  were  measured  in  pairs,  and  the  results  in 
legal  ohms  are  given  in  the  following  table,  where  C  is  the 
resistance  of  the  connecting  wires. 

The  words  "  Before,'*  "After,"  refer  to  the  relation  pf  these 
measurements  to  those  recorded  in  §  6. 
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Cells. 

July  20tb. 

ib°-8. 

July  23rd. 

18°. 

July  24th. 

17°-8. 

July  25tli, 
17°-8. 

After. 

Before. 

Before.       After. 

N-l-B+C  

13-20 

12-8 

13-1 

13-25        13-11 

L+B+C 

11 -()9 

10-8 

1105 

11-15        11-10 

N+L+C 

11-04 

10-7 

10-9 

10-98        10-90 

C    

0-93 

0-93 

From  wlii 

ch  are  calculated  the  ful 

owing  values  of  resistance : — 

L    

4-30 

3-88 

3-96 

3-97            3-98 

N    

5-81 
6-40 

5-88 
5-99 

6-01 
0-16 

G-07           5-99 
6-25            019 

B    

The  teniperature.s  are  those  of  the  Avater-bath  in  which  the 
cells  stood  ;  the  cells  were  not  moved  diirino-  the  whole  of 
the  measurements.  It  will  be  noticed  that  the  resistance  of 
the  cells  is  lower  at  high  than  at  low  temperature.  This 
agrees  with  the  fact  that  electrolytes  decrease  in  resistance 
with  increase  of  temperature. 

§  5.    Tlie  Resistances,  and  Apparatus  for  Comparison  of 
Electron  lot  ire  Forces. 

The  compensating  apparatus  was  the  same  as  that  de- 
scribed in  §  8  of  the  ])aper  by  Mr.  Glazebrook  and  the  author 
already  quoted.  However,  in  the  place  of  the  Leclanche 
cells  there  described  to  produce  the  main  current,  I  used 
one  or  two  laroe  Clark  cells.  The  reason  for  this  change 
arose  from  the  irregular  behaviour  of  the  Leclanche  cells, 
when  changes  were  made  in  the  amount  of  current  taken  from 
them.  The  results  of  eleven  series  of  observations  were 
rendered  useless  on  this  account.  When  only  one  Clark  was 
used  in  the  main  circuit,  the  standard  cell  for  refei-ence  was 
a  Helmholtz  mercurous-chlui'ide  cell,  §  7.  When  two  (lark 
cells  were  used,  the  standard  was  some  other  Clark  cell  which 
was  kept  at  rest. 

The  circuits,  through  which  the  currents  from  the  cells 
under  test  were  taken,  consisted  of  thick  wire  coils  from  a 
legal  ohm  resistance-box  for  the  values  1000,  500,  200  legal 
ohms,  antl  of  a  german- silver  wire  of  147  legal  ohms  wound 
on  an  ebonite  frame,  which  was  pLiced  in  a  tank  of  paraffin 
oil.  This  gernian-silver  wire  was  always  used  when  the 
current  was  maintained  for  any  length  of  time,  as  from  its 
construction  its  temperature  could  be  very  accurately  observed. 
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§  ().  Determination  of  the  Electromotive  Force  of 
Polarization. 
By  means  of"  the  nietliod  doscribod  in  §5  the  results  in  the 
followino-  table   Avere  obtained.     The  units  of  electromotive 


force  are 

approxnnately  ^^ 

volts. 

Poten 

ial-dilference  for  the  cell  pro 

ducing 

Cell  and 
Date. 

E.M.F.  of 
cell  open 

approximately : — 

•0014  ampere 

r=1000 

legal  ohms. 

■002S  ampere 

r  =  500 
legal  ohms. 

•007  ampere 

r=-200 
legal  ohms. 

•01  ampere 

r=147 
legal  ohms. 

L.  July  20... 

5010 

4837 

L.      „     23... 

5009 

4985 

4901-5 

4890-5 

L.     „    25... 

5009 

4983-5 

4959 

48S5 

N.     „    25... 

5007-5 

4959-5 

4912 

B.     „    25... 

5007 

4971-5 

4938-5 

4841 

The  simplest  way  to  examine  these  results  will  be  to  cal- 
culate the  electromotive  force  required  to  produce  the  observed 
current,  when  the  cells  are  producing  currents  of  different 
values.     Using,  then,  the  equation 

R  +  r 

-  X  potential-difference, 


e  = 


with  values  of  E,  from   §  4  and  of  r  from  §  5,  we  have  the 
followinor  values  of  e  : — 


E. 

e 
for  -0014 
ampere. 

e 
for  -U028 
ampere. 

e 
for  -007 
ampere. 

e 
for  -01 
ampere. 

L    

5010 

4981 

L    

5009 

5005 

5001 

4988 

L    

5009 

5005 

4999 

4983 

N    

5007-5 

4989 

4971 

B    

5007 

5003 

5000 

4990 

From  which  we  obtain  the  values  for  E— g,  the  electro- 
motive force  of  polarization  being  —  (E  — t^). 
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E-e 
for  0014 
ampere. 

E-c 
for  -0028 
ampere. 

E-e 
for  -007 
ampere. 

E-e 
for  01 
ampere. 

L    

4 
4 

18-5 
4 

8 
10 

36  5 

7 

21 

26 

17 

29 

L    

L    

N    

B    

It  will  be  observed  that  for  a  given  cell  the  electromotive 
force  of  polarization  is  directly  proportional  to  the  current- 
density. 

§  7.  Efect  ivith  Time,  the  Current  being  maintained. 
The  experiments  to  be  described  in  this  section  show  how 
the  potential-difference  varies  when  the  cell  is  allowed  to 
produce  a  current  for  some  time.  For  these  experiments  the 
standard  of  reference  was  a  set  of  Helmholtz  cells  described 
in  the  paper  quoted  above,  p.  618  ;  they  were  immersed  in  a 
tank  of  paratfin  oil.  On  January  17th  they  were  submitted 
to  a  very  rigorous  test  for  constancy,  extending  over  four 
hours,  a  Clark  cell  being  the  standard.  It  is  not  necessary 
to  say  anything  further  about  them. 

Fig.  1. 


The  arrangement  used  in  the  experiments  is  illustrated  in  the 
accompanying  diagram  (fig.  1),  which  clearly  explains  itself. 
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A  sinorle  Clark  cell  was  used  in  the  main  circuit  for  the 
reason  tliat  it  is  so  much  more  steady  than  the  usual  two  Le- 
clanche  cells,  viJe  §  8.  The  complete  results  of  a  single 
experiment  are  given  in  the  following  tahle  : — 


Time. 

E.M.F. 

Temperature. 
Oil. 

Temperature. 
Water. 

h      111 

o 

o 

11     14 

Helmholtz  6S90+ 

13 

12 

12    ir. 

0891- 

13 

121 

2    27 

0.^91  + 

13-2 

12  3 

2    33 

Clark  L  througli  147  L.  obms. 

2    30 

Clark  L      9447  + 

2    37 

9447  + 

2    38o 

9447  + 

2    49 

9447 

2    59 

9440  + 

3      5o 

9440 

3     13 

9440- 

3    20 

9445+ 

3    29 

9415- 

12-4 

3    33 

Clark  off 

3    35 

HelmboltzOS9l  + 

i:!3 

4      4 

0!S91  + 

l:i-4 

12-5 

UnitE.M.F.= 


E.M.F.  Clark 
lOUOO 


Another  set  of  observations  is  given  in  the  accompanying 
diagram  (fig.  2). 

Fig.  2. 

Jan.  16th,  1893.     Temperature  12°.— At  A,  the  Clark  cell  L  ^^as  short- 
circuited  by  147  ohms.     At  B,  the  circuit  was  broken. 

, .   .      „^,  ^.  ^        Clark 
t  ,ut  oi  lvM.F.=  ^3^,^ 


2h.o0m.  2.40  'JJM  :<  h.  3.1u  '-VZU  6M0 

Tlme. 
The  four  experiments  made  by  this  method  gave  an  av 


erase 
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lull  of  7  units  in  tlio  lionr,  and  from  the  tabic  §  6  we  have 
the  polarization  on  immediately  making  contact  equal  to  29 

units  (  -~r--- ),  or  58  of  our  present  units. 
\ oOOO  / 

The  polarization,    or   —  (E— e),   for    a  current-density   of 

^-T^ri 7^ — V  for  cell  L    may    at    any   time    be     expressed 

lOOcentim.^  j  j  f 

approximately  by 

-(58  +  70, 

where  t  is  the  time  in  hours,  and  the  unit  of  E.M.F.    is 

Clark       T-,  ,  .         1,     ii  •    • 

—         .     ±ixpressed  m  volts  tins  is 

-(•00834  + -001  0- 

It  is  deduced  from  experiments  on  cell  L,  and  only  indicates 
the  sencral  order  of  maf>nitude  of  the  eflfect  with  the  other 
cells. 

§  8.   Conclusion. 

Throughout  the  calculations  it  has  been  assumed  that  the 
total  electromotive  force  round  the  circuit  is  equal  to  that  of 
the  cell  at  rest ;  and  therefore  that  the  electromotive  force 
overcoming  polarization  can  be  obtained  by  subtracting  from 
the  electromotive  force  of  the  cells  at  rest  the  observed  cur- 
rent. With  the  exception  of  small  Peltier  effects,  I  know  of 
nothing  against  this  assumption. 

The  results  of  the  experiments  are  : — ■ 

(a)   The  electromotive  force  of  polarizat'on  varies  directly 

with  the  current-density  in  a  particular  cell. 
{!))   The   electromotive  force  of  polarization  slowly   in- 
creases when  the  current  is  maintained. 
From  the  magnitudes  of  the   quantities   found    in    these 
experiments,  it  follows  that  small  currents  of  approximately 
known  value  can  bo  obtained  by  the  use  of  large  Clark  cells 
of  small  internal  resistance,  which  may  be  neglected  in  com- 
parison with  the  large  external  resistance.      The  experiments 
show  that  the  large  cell  L  wdien  producing  "01  ampere  was 
not  at  all  disturbed.     This  corresponds  to  a  current-density 

—.-—^ — K — r.,.  Now  in  a  Board-of-Trade  ])attern  Clark  cell 
Do  (centim.)"' 

there  is  generally  an  exposed  area  of  zinc  equal  to  2  (centim.)'^, 

and    as    the    current    taken   is   never   greater   than    ,^'t^ 

°  IO.UOOj 

a  10,000  ohm  coil  being  used  in  series  with  it,  it  follows 
that  the  current-density  with  this  value  of  current  is  very 
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much  below  that  which  has  boon  found  to  bo  sufo  in  these 
experiments. 

in  the  experiments  of  Threlfall  the  sign  of  the  term 
dependino-  on  time  was  found  to  be  negative.  In  some  of  my 
earlier  experiments  it  appeared  to  be  negative,  but  this  was 
traced  to  irregularity  in  the  working  of  the  compensator  ;  and 
the  effect  has  always  been  positive  since  the  Clark  cells  have 
been  used  in  the  place  of  Leclanche,  vide  §  5. 


XXXII.  On  a  Relation  between  the  Surface-Tension  and 
Osmotic  Pressure  of  Solutions.  J3i/  B.  MoORE,  3I.A., 
Exhibition  Scholar,  (Queen's  College,  Belfast*. 

AT  present  the  cause  of  osmotic  pressure  in  solutions  is 
unknown,  although  the  laws  regulating  it  and  connecting 
it  with  the  kindred  solution  phenomena,  vi/.  the  lowering  of 
the  freezing-point  and  of  the  vapour-pressure,  have  been  well 
worked  out  within  the  last  few  years. 

This  paper  is  an  attempt  to  show  that  it  may  be  produced 
by  difference  in  surface-tension  acting  along  the  exceedingly 
fine  capillary  openings  of  almost  molecular  dimensions  which 
place  the  solution  in  connexion  with  its  solvent  in  the  pores 
of  the  semipermeable  wall  which  separates  them. 

If  two  liquids  which  mix  and  have  a  different  surface- 
tension  be  placed  each  in  one  of  two  wide  tubes  communi- 
cating beneath  by  a  capillary,  as  shown 
in  the  figure,  there  is  a  surface  over 
which  capillary  action  will  take  place, 
between  each  liquid  and  the  wall  of 
the  tube  containing  it.  Suppose  that 
the  surface-tension  of  the  liquid  con- 
tain(;d  in  A  is  the  greater,  and  that 
the  end  of  the  ca[)illary  next  A  is 
filled  with  the  pure  liquid  contained 
in  A,  and  the  end  next  B  with  the 
pure  liquid  contained  in  B,  while 
between  these  two  points  there  is  a  mixture  of  the  two 
hquids.  Then  if  T^  be  the  surface-tension  of  the  liquid  in  A, 
and  T2  that  of  the  liquid  in  B,  the  tension  along  the  walls  of 
the  capillary  will  diminish  from  Ti  at  the  end  next  A  to  Tg  at 
the  end  next  B  ;  and  the  skin  of  liquid  forming  the  surface 
of  contact  with  the  walls  of  the  tube  will  be  urged  from  B 
towards  A  by  a  force  of  (Tj  — To) 27r/',  where  r  is  the  radius  of 
the  capillary  tube. 

*  Communicated  bj  Prof.  Fitzgerald. 
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It  might  be  supposed  that  the  action  of  this  force  would 
cause  a  rise  of  level  in  the  tube  A.  And  so  it  would  if  the 
whole  cross-section  of  the  capillary  were  within  the  range  of 
ca])illary  action  ;  but  in  a  capillary  tube,  even  as  fine  as  one 
can  draw  it  out,  the  greater  part  of  the  section  is  still  outside 
the  ladius  of  capillary  action,  and  as  soon  as  any  difference 
in  pressure  is  caused  by  the  action  of  surface-tension,  it  is 
effaced  by  a  back  flow  along  the  central  part  of  the  capillary 
from  A  towards  B. 

However,  under  the  circumstances  in  which  osmotic  pres- 
sure becomes  evident,  it  is  exti-cniely  probable  that  the 
diameters  of  the  capillaries  placing  sohition  and  solvent  in 
connnunicatiou  are  so  exceedingly  small  that  the  whole  of 
their  cross-section  is  well  within  this  radius  of  capillary 
action.  That  this  is  so  appears  to  be  proven,  not  only  b}'  the 
usual  mode  of  formation  of  such  semipermeable  walls  by 
causing  a  precipitate  in  a  finely  divided  condition  in  pores 
already  minute,  so  that  the  two  fluids  are  only  in  communi- 
cation by  minute  passages  between  the  molecules  of  this  jire- 
cipitate  which  must  most  probably  be  of  molecular  dimensions, 
but  also  by  a  simple  calculation  based  on  the  assumption  that 
osmotic  pressure  is  due  to  difference  in  surface-tension  acting 
as  above  described. 

This  calculation  leads  to  an  interesting  value  for  tbe  dimen- 
sions of  the  pores  and  may  be  stated  as  follows: — Let  Tbe 
the  difference  between  the  surface-tension  of  a  solution  and 
that  of  the  pure  solvent,  P  the  osmotic  pressure  in  this  solu- 
tion, supposed  to  be  due  to  the  action  of  this  difference  in 
surface-tension,  and  /•  the  radius  of  a  capillary  opening  placing 
the  solution  and  the  solvent  in  communicalion.  Then,  for 
a  position  of  C([uilibrium,  the  difference  in  surface-tension 
acting  on  the  perimeter  of  the  cajiillary  must  balance  the 
osmotic  pressure  acting  on  its  cross-section,  and  we  therefore 

2T 
conclude  that  the  equation  27r?'T  =  7rr^P,  or  >•=  -p,  must  hold 

good. 

From  this  equation,  the  necessary  value  which  r  must  have, 
to  account  for  osmotic  pressure  in  the  manner  suggested,  can 
easily  be  calculated. 

Bother*  gives  for  the  surface-tension  of  a  solution  of 
sodium  chloride  in  water  the  equation  a=7'357 -|-0*1560?/, 
where  a  is  the  surface-tension  in  milligrams  per  juillimetre, 
l-'dbl  the  surface-tension  of  water  in  the  same  units,  and  y 
the  number  of  gram-equivalents  of  the  substance  dissolved  in 
100  equivalents  of  water,  that  is  in  900  grams.      Converting 

*  Wied.  Ann.  xvii.  p.  353  (1882). 
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the  equation  into  a  more  convenient  system  of  units,  it 
becomes  T=72"17  + l"382»j,  %vhere  T  is  the  surface-tension 
in  dynes  per  centimetre,  72*  17  the  surface-tension  of  water 
expressed  in  the  same  nnits,  and  n  the  number  of  gram- 
mok'c'ules  dissolved  per  litre. 

Taking  /(  equal  to  1,  the  equation  gives  for  the  difference 
in  surface-tension  between  a  normal  solution  of  sodium  chlo- 
ride antl  pure  water,  a  value  of  1'382  dynes  per  centimetre. 

It  is  also  easy  to  calculate  approximately  the  osmotic  pressure 
in  a  normal  solution  of  the  same  salt,  the  amount  of  its  dis- 
sociation at  this  concentration  being  known  from  KohlrauscVs 
conductivity  determinations.  Such  a  calculation  gives  for 
the  osmotic  pressure  in  such  a  solution  the  value  of  21  x  10*^ 
dynes  per  square  centimetre.     Substituting  these  values  in 

,  .  2T 

the  equation  ?•=  -p,  the  value  obtained  for  the  radius  of  the 

capillary  opening  is  r=18x  10""  centimetres. 

Xow  the  limits  of  the  radius  of  capillary  action  have  been 
determined  by  various  observers  and  by  different  methods, 
and  are  found  to  be  much  greater  than  this.  Thus  Plateau's 
determinations  give,  for  /,  the  radius  of  capillary  attraction, 

i  >  -.  -r.r.r^  millim.  =G  X  10"*^  centim.  ;  and  the  mean  of  four 

determinations  of  Quincke^s  for  different  substances  give 
/  >  6-1  X  10"^  centimetres. 

These  results  show  that  the  radius  of  the  intercommuni- 
cating capillaries  necessary  to  give  to  the  osmotic  pressures 
of  solutions  the  values  which  they  possess  by  means  of  capil- 
lary action,  lies  well  within  the  radius  of  capillary  attraction  : 
so  that  the  whole  section  of  liquid  in  the  capillary  would  be 
urged  by  difference  of  surface-tension  in  the  direction  of  the 
liquid  of  greater  surface-tension,  that  is  from  the  solvent 
towards  the  solution,  and  thus  give  rise  to  a  difference  of 
pressure,  in  other  words  cause  osmotic  pressure. 

Consider,  again,  for  a  moment  the  relative  values  of  the 
capillary  openings  here  calculated,  and  that  found  as  a  mini- 
mum for  the  radius  of  capillary  action.  The  former  is  18  X  10"'' 
and  the  latter  6  X  lO"**  centimetres  ;  and  it  follows  that,  under 
the  given  conditions,  the  capillary  opening  is  smaller  than 
the  radius  of  capillary  action,  and  hence  only  a  portion  of  the 
surface-tension  will  come  into  action,  viz.  that  acting  up  to 
the  radius  of  the  capillary  instead  of  to  the  radius  of  capillary 

2T 
action.    So  that  the  value  of  T  in  the  equation  *'=  ^  will  be 

diminished,  and  r  will  have  a  still  smaller  value  than  that 
Fhil.  Mag.  S.  5.  Vol.  38.  No.  232.  Sept.  1894.  U 
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calculated  for  it  above.  This  alteration  in  the  value  of  T  will 
not  bo  so  groat  as  the  ratios  of  the  two  values  Ox  10"^  and 
18  X  10"''  indicate  ;  for  the  value  of  the  force  of  molecular 
attraction  varies  inversely  as  some  higli  i)o\ver  of  the  distance, 
accordino-  to  Laplace  inversely  as  the  fifth  jjower  of  the  dis- 
tance. And  it  is  the  portions  where  the  molecular  attraction 
has  its  smaller  values  that  are  shut  out  as  the  capillary  gra- 
dually narrows  ])ast  the  value  of  6  x  10~^  centimetres. 

It  follows  from  these  considerations  that  the  capillaries  or 
pores  must  have  a  radius  of  somewhat  less  than  18  x  10 "^ 
centimetres.  Now  it  has  been  determined  by  several  different 
methods  that  the  diameters  of  molecules  lie  between  lO"''  and 
10~^  centimetres ;  and  it  is  extremely  probable  that  this  is  the 
value  to  which  the  diameters  of  these  capillary  openings  in 
semipermeable  walls  must  approximate.  This  result  is  ren- 
dered probable,  not  only  by  the  reasoning  here  given,  but  by 
the  experimental  method  employed  for  producing  such  semi- 
permeable walls,  by  producing  an  insoluble  precipitate  in  the 
minute  channels  of  a  porous  cell.  It  seems  reasonable  to 
suppose  that  after  such  a  process  conmuuiication  takes  })lace 
only  in  the  intramolecular  spaces  or  meshes  of  the  precipitate, 
and  such  meshes  must  have  about  the  dimensions  found  for 
them  by  the  theoretical  considerations  here  given. 

If  the  molecules  of  the  solvent  do  pass  in  this  manner,  in 
single  file  as  it  were,  through  the  innumerable  intramolecular 
spaces  of  the  precipitate  forming  the  semipermeable  wall,  it 
follows  that  the  molecular  attraction  will  have  a  constant 
maximum  value,  viz.  its  value  just  at  the  surface  ;  and  there- 
fore, provided  the  meshes  are  so  small  that  the  molecules  of 
the  solvent  can  only  pass  through  in  single  file,  the  osmotic 
pressure  is  unaffected  by  variations  in  the  diameter  of  the 
intramolecular  meshes.  In  fact  in  this  condition,  instead  of  a 
surface-tension  acting  only  for  a  short  distance  inward  from 
the  perimeter  and  rapidly  falling  off  in  amount,  there  is  a 
constant  molecular  attraction  acting  over  the  entire  cross 
section  and  of  maximum  value  ;  and  instead  of  the  equation 
27r?'T  =  7ry'''^P,  the  equation  7r>'-T=7rr^P  or  t=P,  where  t  is 
the  difference  in  this  maximum  value  for  solution  and  solvent, 
holds,  which  shows  that  the  osmotic  pressure  really  is  equal  to 
the  difference  between  the  molecular  attractions  at  the  surface- 
layer  of  molecules  of  the  solution  and  of  the  pure  solvent. 

With  regard  to  the  support  furnished  by  experiment  for 
connecting  osmotic  pressure  with  surface-tension,  it  may  be 
premised  that  all  experiments  made  on  salt  or  other  solutions 
in  water  or  other  solvents  have  been  made  with  strong  solu- 
tions,   normal   and   multiy)les  of  normal ;  and  it  cannot  be 
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expected  that  the  hiws  dodueible  theoretically  for  the  surface- 
teusions  of  such  solutions  can  be  proven  more  rigorously 
than  they  can  in  the  case  of  such  concentrated  solutions  for 
the  allied  phenomena  of  solution,  such  as  lowering  of  vapour- 
pressure  and  depression  of  freezing-point. 

It  Avill  be  better  to  tabulate  the  results  that  may  be  expected 
to  follow  iu  case  surface-tension  is  as  closely  connected,  as 
here  suggested,  with  osmotic  pressure  and  the  other  solution 
phenomena,  before  discussing  them. 

(1)  The  surface-tensions  of  all  solutions,  obeying  the  other 
solution  laws,  should  be  higher  than  those  of  the  solvents. 

(2)  For  solutions  of  the  same  substance  in  the  same  solvent, 
the  surface-tension,  after  correcting  for  dissociation,  should 
increase  directly  as  the  concentration  within  certain  limits  of 
concentration,  that  is  to  say,  within  the  same  limits  as  those 
within  which  osmotic  pressure  obeys  the  gas  law. 

(3)  For  solutions  of  different  substances  in  the  same 
solvent,  after  correcting  for  dissociation,  the  differences  in 
surface-tension  between  solution  and  solvent  should  l)e  the 
same  for  equi-molecular  solutions  of  these  different  substances. 

(4)  For  equi-molecular  solutions  of  either  the  same  sub- 
stance or  different  substances  in  different  solvents,  after  cor- 
rection for  different  amounts  of  dissociation  in  the  different 
solvents,  the  differences  in  surface-tension  in  each  case  be- 
tween the  solvent  and  its  solution  must  be  equal,  no  matter 
how  the  surface-tensions  of  the  different  solvents  may  vary. 

The  only  exception  to  the  first  law  seems  to  be  that  of 
solutions  of  liquids,  themselves  possessing  surface-tensions  of 
their  own,  in  water  and  in  other  liquids  ;  in  all  such  cases 
the  surface-tension  lies  between  the  surface-tension  of  the 
components.  But  this  is  not  a  real  exce^jtion :  such  solu- 
tions do  not  obey  the  vapour-pressure  law  either ;  the  vapour- 
pressure  of  a  solution  of  alcohol  in  water  is  not  lower,  but 
higher  than  that  of  pure  water.  On  the  other  hand,  all  salt- 
solutions,  both  in  water  and  other  solvents,  have  a  surface- 
tension  higher  than  that  of  the  solvent. 

With  regard  to  the  second  law,  Quincke*  found,  although 
working  with  concentrated  solutions,  that  the  increase  in 
surface-tension  is  very  nearly  directly  proportional  to  the 
concentration  of  the  solution,  and  this  result  is  confirmed  by 
Volkmannf. 

Upon  the  third  law  the  experimental  evidence  varies. 
Quincke  I  and  the  earlier  experimenters  state  the  law  that 

♦  Pogg.  Ann.  olx.  pp.  337,  560. 

t  Wied.  Ann.  xvii.  p.  353  (1882);  xxviil.  p.  13-5  (1886). 

X   Vide  I.  c. 
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the  increase  in  surface-tension  is  the  same  for  equi-equivalent 
not  cqui-normal  soUitions  as  the  law  here  described  requires; 
but  their  results  were  uncorrected  for  dissociation,  and  besides 
do  not  a^^ree  very  closely  with  the  law  given  by  these  ob- 
servers, when  so  corrected  (by  dividing  the  increase  in  each 
case  by  the  corres})onding  value  of  Arrhenius's  coefficient  of 
dissociation  /)  ;  they  agree  almost  as  closely  with  one  law  as 
the  other,  and  cannot  be  said  to  agree  with  either. 

In  considering  this  j)oint  of  variance,  it  ought  to  be  remem- 
bered that  the  experiments  quoted  were  carried  out  with 
concentrated  solutions  ;  for  which  analogy  teaches  us,  from  a 
consideration  of  the  irregularities  shown  in  depression  of 
freezing-point  and  va})our-pressure  under  like  conditions,  no 
close  agreement  can  be  expected  ;  and  besides  the  quantity 
to  be  measured,  viz.  a  small  variation  in  surface-tension,  is 
infinitely  more  difficult  to  obtain  accurately  than  the  corre- 
sponding quantities  which  are  measured  in  freezing-point 
and  boiling-point  determinations,  that  is  to  say,  than  small 
tlifferences  in  temperature. 

In  the  case  of  dilute  solutions  these  differences  would 
become  so  small  as  to  be  impossible  to  measure  with  any 
approach  to  accuracy,  so  that  from  experimental  difficulties 
this  deduction  cannot  be  tested  with  certainty. 

Goldstein  *,  in  a  recent  paper,  states  a  law  which,  though 
expressed  differently,  is  practically  the  same  as  the  third 
deduction  here  given,  viz.:— In  solutions  of  equal  percentage 
concentration  the  difference  in  capillary  rise  is  proportional, 
after  correction  for  dissociation,  to  the  molecular  weight. 
But  as  there  is  no  account  whatever  taken  of  the  densities  of 
the  solutions,  and  the  correction  for  dissociation  is  made  by 
multiplying  the  observed  difference  in  capillary  rise  by  i, 
Arrheuius^s  Coefficient  of  Dissociation,  instead  of,  as  all 
reasoning  and  analogy  show  ought  to  be  done,  dividing  by 
that  flictor,  it  does  not  seem  to  me  that  much  reliance  can  be 
placed  on  the  result. 

The  results  given  by  Quincke  for  solutions  of  chlorides  in 
water  and  alcohol  are,  when  corrected  for  dissociation,  in 
remarkably  close  agreement  with  the  fourth  deduction  stated 
above. 

Quincke's  t  figures  give  as  the  increase  in  surface-tension 
of  a  normal  solution  of  lithium  chloride  in  water,  I'oSi  dynes 
per  centimetrCj  and  for  a  normal  solution  of  the  same  salt  in 

*  Zeitschrift  fur  physikalische  Cheinie,  v.  p.  233  (1890). 
'p.  560. 
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alcohol  an  increase  ol  "908  djue  per  centimetre.  Correcting 
the  former  result  for  tlissociation,  the  result  is  a  rise  corre- 
sponding to  'OdS  dyne  for  a  non-dissociated  substance  in 
water  ;  and  the  number  'DCS  for  solution  in  alcohol  would 
underijo  but  a  slight  diminution  on  account  of  the  very  small 
amount  of  dissociation  in  alcoholic  solution. 

Thus  it  appears  that  the  rise,  after  this  correction  has 
been  apj)lied,  is  almost  the  same  for  these  two  solvents,  as  it 
ought  to  be  in  accordance  with  the  fourth  of  the  theoretical 
deductions  stated  above. 


XXXIII.   On  the  ]\[iniminn  Current  audible  in  the  Telephone. 
By  Lord  Rayleigh,  Sec.R.S* 

T^HE  estimates  which  have  been  put  forward  of  the 
minimum  current  perceptible  in  the  Bell  telephone  vary 
largely.  Mr.  Preece  gives  6  x  10~'^  ampere  f  ;  Prof.  Tait, 
for  a  current  reversed  500  times  per  second,  2  X  10"'^  ampere  J. 
De  la  Pue  gives  1  X  10"**  ampere,  and  the  same  figure  is 
recorded  by  Brough  §  as  applicable  to  the  strongest  current 
with  which  the  instrument  is  worked.  Various  methods, 
more  or  less  worthy  of  confidence,  have  been  employed,  but 
the  only  experimenter  who  has  described  his  procedure  with 
detail  sufficient  to  allow  of  criticism  is  Prof.  Ferraris  ||,  whose 
results  may  be  thus  expressed  : — 

T,.,  ,  f.  Minimum  current 

P^t^l^-  Frequency.  ia  amperes. 

D03  264  23x10-9 

Fa3  352  17  X 10-9 

La3  440  10  X 10-9 

Do,  528  7  X 10-9 

Re, 594  5x10-9 

The  currents  were  from  a  make-and-break  apparatus,  and 
in  each  case  are  reckoned  as  if  only  the  first  periodic  term  of 

*  Communicated  by  the  Author,  having  been  read  at  the  Oxford 
Meeting  of  the  British  Association. 

t  Brit.  Assoc.  Report,  Manchester,  1887,  p.  611. 

\  Edin.  Proc.  vol.  ix.  p.  i")^!  (1878).  Prof.  Tait  speaks  of  a  billion 
B.A.  units,  and,  as  he  kindly  informs  me,  a  billion  here  means  10'^, 

§  Proceedings  of  the  Asiatic  Society  of  Bengal,  1877,  p.  2o5. 

II  Atti  delta  li.  Accacl.  d.  Sci.  di  Torino,  vol.  xiii.  p.  1024  (1877). 
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the  Fourier  series  representative  of  the  actual  current  were 
effective.  On  this  account  the  quantities  in  the  third  column 
should  |)rol)ably  be  increased,  for  the  presence  of  overtones 
could  hardly  fail  to  favour  audibility. 

Althouoh  a  considerable  margin  must  be  allowed  for  vary- 
ing  pitch,  varying  acuteness  ot  audition,  and  varying  con- 
struction of  the  instruments,  it  is  scarcely  possible  to  suppose 
that  all  the  results  above  mentioned  can  be  correct,  even  in 
the  roughest  sense.  The  question  is  of  considerable  interest 
"in  connexion  with  the  theory  of  the  telephone.  For  it 
appears  that  a  priori  calculations  of  the  possil)le  efficiency  of 
the  instrument  are  difficult  to  reconcile  with  numbers  such  as 
those  of  Tait  and  of  Preece,  at  least  without  attributing  to 
the  ear  a  degree  of  sensitiveness  to  aerial  vibration  far  sur- 
passing even  the  marvellous  estimates  that  have  hitherto  been 
given  ^ . 

Under  these  circumstances  it  appeared  to  be  desirable  to 
undertake  fresh  observations,  in  which  regard  should  be  paid 
to  various  sources  of  error  that  may  have  escaped  attention 
in  the  earlier  days  of  telephony.  The  im])ortance  of  de- 
tining  the  resistance  of  the  instruments  and  of  employing 
pure  tones  of  various  pitch  need  not  be  insisted  upon. 

As  regards  resistance,  a  low-resistance  telephone,  although 
suitable  in  certain  cases,  must  not  be  expected  to  show  the 
same  sensitiveness  to  current  as  an  instrument  of  higher  resist- 
ance. If  wo  suppose  that  the  total  space  available  for  the 
windings  is  given,  and  that  the  proportion  of  it  occupied  by 
the  copper  is  also  given,  a  simple  relation  obtains  between 
the  resistance  and  the  minimum  current.  For  if  7  be  ihe 
current,  n  be  the  number  of  convolutions,  and  r  the  resistance, 
we  have,  as  in  the  theory  of  galvanometers,  727  =  const., 
7i~^r=con&i.,  so  that  7  V  >'= const.,  or  the  minimum  current 
is  inversely  as  the  square  root  of  the  resistance. 

The  telephones  employed  in  the  eixperiments  about  to  be 
narrated  were  two,  of  which  one  (T^)  is  a  very  efficient  in- 
strument of  70-ohms  resistance.  The  other  (Tg),  of  less 
finished  workmanship,  was  rewound  in  the  laboratory  with 
comparatively  thick  wire.  The  interior  diameter  of  the 
v.'indings  is  9  millim.,  and  the  exterior  diameter  is  26  millim. 
The  width  of  the  groove,  or  the  axial  dimension  of  the  coil,  is 
8  millim.,  the  number  of  windings  is  1(J0,  and  the  resistance  is 
•8  ohm.      Since  the  dimensions  of  the  coils  are  about  the 

*  Proc.  Roy.  Soc.  vol.  xxvi.  p.  248  (1877).  Also  Wien,  AVied.  Ann. 
vol.  xxxvi.  p.  834  (1889). 
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same  in  the  two  cases,  we  should  expect,  according  to  the 
above  hiw,  that  abont  10  times  as  mueli  current  Avould  be 
recjuired  in  To  as  in  Tj.  Both  instruments  are  of  the  Boll 
(unipolar)  type,  antl  comparison  with  other  specimens  shows 
that  there  is  nothing  exceptional  in  their  sensibility. 

In  view  of  the  immense  discrepancies  above  recorded,  it  is 
evident  that  what  is  required  is  not  so  much  accuracy  of 
measurement  as  assured  soundness  in  method.  It  appeared 
to  me  that  electromotive  forces  of  the  necessary  harmonic 
type  would  be  best  secured  by  the  employment  of  a  revolving 
magnet  in  the  proximity  of  an  inductor-coil  of  known  con- 
struction. The  electromotive  force  thus  generated  operates 
in  a  circuit  of  known  resistance ;  and,  if  the  self-induction 
can  be  neglected,  the  calculation  of  the  current  presents  no 
difficulty.  The  sound  as  heard  in  the  telephone  may  be  re- 
duced to  the  required  point  either  by  varying  the  distance 
(B)  between  the  magnet  and  the  inductor,  or  b}^  increasing 
the  resistance  (R)  of  the  circuit.  In  fact  both  these  quan- 
tities may  be  varied  ;  and  the  agreement  of  results  obtained 
with  widely  different  values  of  R  constitutes  an  effective  test 
of  the  legitimacy  of  neglecting  self-induction.  When  R  is 
too  much  reduced,  the  time-constant  of  the  circuit  becomes 
comparable  with  the  period  of  vibration,  and  the  current  is 
no  longer  increased  in  proportion  to  the  reduction  of  R. 
This  complication  is  most  likely  to  occur  when  the  pitch  is 
high. 

In  order  to  keep  as  clear  as  possible  of  the  complication 
due  to  self-induction,  I  employed  in  the  earlier  experiments  a 
resistance-coil  of  100,000  ohms,  constructed  as  usual  of  wire 
doubled  u])on  itself.  But  it  soon  apjx'ared  that  in  avoidino- 
Scylla  I  had  fallen  upon  Charybdis.  The  first  suspicion  of 
something  wrong  arose  from  the  observation  that  the  sound 
was  nearly  as  loud  when  the  100,000  ohms  was  included  as 
w^heu  a  10,000-ohm  coil  Avas  substituted  for  it.  The  first 
explanation  that  suggested  itself  was  that  the  sound  was  beino- 
conveyed  mechanically  instead  of  electrically,  as  is  indeed 
quite  possible  under  certain  conditions  of  experiment.  But  a 
careful  observation  of  the  effect  of  breaking  the  continuity'  of 
the  leads,  one  at  a  time,  proved  that  the  propagation  M^as 
really  electrical.  Subsequent  inquiry  showed  that  the  anomaly 
was  due  to  a  condenser,  or  leyden,  like  action  of  the  doubled 
wire  of  the  100,000-ohm  coil.  When  the  junction  at  the 
middle  was  unsoldered,  so  as  to  interrnpt  the  metallic  conti- 
nuity, the  sounds  heard  in  the  telephone  were  nearly  as  loud 
as  before.     In  this  condition  the  resistance  should  have  been 
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enormous,  and  was  in  tact  about  12  megohms  *  as  indicated 
Ly  a  galvanometer.  It  was  evident  tliat  the  coil  was  acting 
princi[)ally  as  a  lejden  rather  than  as  a  resistance,  and  that  any 
calculation  founded  upon  results  obtained  with  it  would  be 
entirely  I'allacious. 

It  is  easy  to  form  an  estimate  of  the  point  at  wdiich  the 
complication  due  to  capacity  would  begin  to  manifest  itself. 
Consider  the  case  of  a  simple  resistance  li  in  parallel  with  a 
leyden  of  capacity  C,  and  let  the  currents  in  the  twol)ranches 
l)e  X  and  ?/  res})ectively.  IfV  be  the  difference  of  potential 
at  the  connnon  terminals,  proportional  to  e'^',  we  have 

X  =  V/R,  //  =  C  (INIdt  =  i/>VC  ; 

so  that 

x  +  y  _  l  +  i/jRC! 
~V^   ~        R      • 

The  amplitude  of  the  total  current  is  increased  by  the 
leyden  in  the  ratio  ^{l+p^l'^^^)  :  1 ;  and  the  action  of  the 
leyde  i  becomes  important  when  yi>R(J=  1.  AVith  a  frequency 
of  640,7^  =  4020  ;  so  that,  if  Rr^lO'^  ^.g.s.,  the  critical  value 
of  C  is  ^J^  X  10~^''  C.G.S.,  or  about  ^  of  a  microfarad. 

It  will  be  seen  that  even  if  the  capacity  remained  unaltered, 
a  reduction  of  resistance  in  the  ratio  say  of  10  to  1  would 
greatly  diminish  the  complication  due  to  condenser-like 
action ;  but  perhaps  the  best  evidence  that  the  results  obtained 
are  not  prejudiced  in  this  manner  is  afforded  by  the  experi- 
ments in  which  the  principal  resistance  was  a  column  of 
})lumbago. 

The  revolving  magnet  was  of  clock-spring,  about  2^  centim. 
long,  and  so  bent  as  to  be  driven  directly,  windmill  fashion, 
from  an  organ  bellows.  It  was  mounted  transversely  upon  a 
portion  of  a  sewing-needle,  the  terminals  of  which  were  carried 
in  slight  indentations  at  the  ends  of  a  U-shaped  piece  of  brass. 
As  fitted  to  the  wind-trunk  the  axis  of  rotation  was  horizontal. 

The  inductor-coil,  with  its  plane  horizontal,  was  situated 
so  that  its  centre  was  vertically  below  that  of  the  magnet  at 
distance  B.  Thus,  if  A  be  the  mean  radius  of  the  coil,  n  the 
number  of  convolutions,  the  galvanometer-constant  G  of  the 
coil  at  the  place  occupied  by  the  magnet  is  given  by 

G  =  '-9^, (1) 

*  Doubtless  the  insulation  between  the  wires  should  Jiave  been  muck 
higher. 
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where  C'-  =  A*  +  B^;  and  if  m  be  the  magnetic  moment  of  the 
magnet,  and  0  the  angle  of  rotation,  the  mutual  potential  M 
may  be  represented  by  * 

M=Gmsin(^ (2) 

If  the  frequency  of  revolution  be  pl'Iir,  (f)=pf :  and  then 

dM;dt  =  G  mp  cos  pt (3) 

The  expression  (8)  represents  the  electromotive  force  oper- 
ative in  the  circuit.  If  the  inductance  can  be  neolected,  the 
corresponding  current  is  obtained  on  division  of  (o)  by  Li,  the 
total  resistance  of  the  circuit. 

The  moment  m  is  deduced  by  observation  of  the  deflexion 
of  a  magnetometer-needle  from  the  position  which  it  assumes 
under  the  operation  of  the  earth's  horizontal  force  H.  If  the 
magnet  be  situated  to  the  east  at  distance  ?•,  and  be  itself 
directed  east  and  west,  the  angular  deflexion  0  from  ecjuili- 
i)rium  is  given  by 

a       2)n/r^ 
tan  e  =  -jL_. 

The  relation  between  the  angle  6  and  the  double  deflexion 
d  in  scale-divisions,  obtained  on  reversal  of  m,  is  approximately 
^  =  f/4D,  where  D  is  the  distance  between  mirror  and  scale  ; 
so  that  we  may  take 

^^  (4) 


m=- 


The  amphtude  of  the  oscillatory  current,  generated  under  these 
conditions,  is  accordingly 

4G3KD (^^ 

If  c.G.s.  units  are  employed,  H=-18.  A  must  of  course 
be  measured  in  centimetres;  but  any  units  that  are  convenient 
may  be  used  for  r  and  C,  and  for  d  and  D.  The  current  will 
then  be  given  in  terms  of  the  c.G.s.  unit,  which  is  equal  to 
10  amperes. 

The  inductor-coil  used  in  most  of  the  experiments  is  wound 
upon  an  ebonite  ring,  and  is  the  one  that  was  employed  as  the 
"  suspended  coil  "  in  the  determination  of  the  electro-chemical 
equivalent  of  silver  f.     The  number  of  convolutions  («)  is  '24:2. 

*  Maxwell,  '  Electricity  and  Magnetism,'  vol.  ii.  §  700, 
t  Phil.  Trans,  part  ii.  1884  .p.  421. 
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Tlie  axial  tliinension  of  the  section  is  1*4  centim.,  and  the 
radial  diiiKnision  is  '97  centim.  The  mean  radius  A  is 
l()-25  ceiitiin.,  and  the  resistance  is  about  lOi  ohms. 

In  makino-  the  observations  the  current  from  the  inductor- 
coil  was  led  to  a  distant  part  of  the  house  by  leads  of  doubled 
wire,  and  was  there  connected  to  the  telephone  and  resistances. 
Among  the  latter  was  a  plumbago  resistance  on  Prof.  F.  J. 
Smith's  plan  *  of  about  84,000  ohms  ;  but  in  most  of  the 
experiments  a  resistance-box  going  up  to  10,000  ohms  was 
employed,  with  the  advantage  of  allowing  the  adjustment  of 
sound  to  be  made  by  the  observer  at  the  telephone.  The 
attempt  to  hit  off  the  least  possible  sound  was  found  to  be 
very  fatiguing  and  unsatisfactory  ;  and  in  all  the  results  here 
recorded  the  sounds  were  adjusted  so  as  to  be  easily  audible 
after  attention  for  a  few  seconds.  Experiment  showed  that 
the  resistances  could  then  be  donhled  without  losing  the  sound, 
although  perhaps  it  would  not  be  caught  at  once  by  an 
unprepared  ear.  But  it  must  not  be  supposed  that  the  ob- 
servation admits  of  precision,  at  least  without  greater  pre- 
cautions than  could  w^ell  be  taken.  Much  depends  upon  the 
state  of  the  ear  as  regards  fatigue,  and  upon  freedom  from 
external  disturbance. 

The  pitch  \vas  detei'mined  before  and  after  an  observation 
by  removing  the  added  resistance  and  comparing  the  loud 
sound  then  heard  with  a  harmonium.  The  octave  thus  esti- 
mated might  be  a  little  uncertain.  It  was  verified  by  listen- 
ing to  the  beats  of  the  sound  from  the  telephone  and  from  a 
nearly  unisouant  tuning-fork,  both  sounds  being  nearly  pure 
tones. 

When  the  magnet  was  driven  at  full  speed  the  frequency 
was  found  to  be  o07,  and  at  this  pitch  a  series  of  observations 
was  made  with  various  values  of  C  and  of  R.  Thus  when 
B  =  7"75  inches,  or  0=^8*7  inches,  the  resistance  from  the 
box  required  to  produce  the  standard  sound  in  telephone  Tj 
was  8000  ohms,  so  that  R  =  8100xlO^  The  quantities  re- 
quired for  the  calculation  of  (5)  are  as  follows  :  — 

n=242,  y>  =  27rx307,  H  =  -18, 

A=  10-25,        7'= 8-25,  rf=140, 

C  =  8-7,  11  =  81x10",  D=1370, 

r  and  ('  being  reckoned  in  inches,  d  and  D  in  Scale-divisions 
of  about  4^j  inch.     From  these  data  the  current  required  to 

*  riiil.  Mag.  vol.  XXXV.  p.  210  (1893). 
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produce  the    standard  sound  is  found  to  bo  7*4  x  10~®  c.g.s., 
or  7'4  X  lO"'  amperes,  for  telei)lione  Tj. 

The  results  obtained  bv  the  method  of  the  revolvino;  niaonet 
are  collected  into  the  accompanying  table.  The  "-wootlen 
coil  "  is  of  smaller  dimensions  than  the  "  ebonite  coil,"  the 
mean  radius  being  only  8"5  centim.  The  number  of  convolu- 
tions is  370. 


Frequency  =  307.     Ebonite  coil. 


Telephone. 

T,  . . . . 
T,  ... 
T,.... 
T.,  .... 
Tl  . .  . . 


R  in  ohms. 

S4100  Plumbago. 
8100  box. 
4i00  Box. 

500  Box. 

200  Box. 


Current  in 
amperes. 

3-S  X  10-' 
7-4  X  10-' 
5-2x10-7     ' 
1-2  X  10-5 
1-0x10-5 

Wooden  coil 


Sound. 


Below  standard. 
Standard. 


Frequency  =  307. 

841U0  Plumbago.  3-6x10-' 

10100  Box.  3-7x10-7 

1600  Box.  I     5-4x10-7 

350  Box.  1-1x10-5 


Standard. 


Frequency  =  192.     Ebonite  coil. 
Tj....|       3100  Box.  I     2  5x10-6     ,     Standard. 

The  method  of  the  revolving  magnet  seemed  to  be  quite 
satisfactory  so  far  as  it  went^  but  it  was  desirable  to  extend 
the  determinations  to  frequencies  higher  than  could  well  be 
reached  in  this  manner.  For  this  purpose  recourse  was  had 
to  magnetized  tuning-forks,  vibrating  with  known  amplitudes. 
If,  for  the  moment,  we  suppose  the  magnetic  poles  to  be  con- 
centrated at  the  extremities  of  the  prongs,  a  vibrating-fork 
may  be  regarded  as  a  simjile  magnet,  fixed  in  position  and 
direction,  but  of  moment  proportional  to  the  instantaneous 
distance  between  the  poles.  Thus,  if  the  magnetic  axis  pass 
perpendicularly  through  the  centre  of  the  mean  plane  of  the 
inductor-coil,  the  situation  is  very  similar  to  that  obtaining 
in  the  case  of  the  revolving  magnet.  The  angle  </>  in  (2)  is 
no  longer  variable,  but  such  that  sin<^=l  throughout.  On 
the  other  hand  m  varies  harmonically.  If  I  be  the  mean 
distance  between  the  poles,  2/3  the  extreme  arc  from  rest  to 
rest  traversed  by  each  pole  during  the  vibration,  thq  the 
mean  magnetic  moment, 

m/]n()=  1  +  2/3// .  sin  pt, 
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tind 

dM/dt=GmoP  .2^/1  .cospt.        ...     (6) 

The  fonnulii  corresponding  to  (5)  is  thus  derived  from  it  by 
siin|)le  introduction  of  the  factor  2/3//. 

The  forks  were  excited  by  bowing,  and  the  observation  of 
amplitude  was  effected  by  comparison  with  a  finely  divided 
scale  under  a  magnifying-glass.  It  was  convenient  to  ob- 
serve the  extreme  end  of  a  prong  wliere  the  motion  is  greatest, 
but  the  double  amplitude  thus  measured  must  be  distinguished 
from  2^.  In  order  to  allow  for  the  distance  between  the  re- 
sultant })oles  and  the  extremities  of  tbe  prongs,  the  measured 
amplitude  was  reduced  in  the  ratio  of  2  to  3.  The  observa- 
tion of  the  magnetic  moment  at  the  magnetometer  is  not 
embarrassed  by  the  diffusion  of  the  free  polarity. 

In  order  to  explain  the  determination  more  completely,  I 
will  give  full  details  of  an  observation  with  a  fork  c'  of 
frequency  256.  The  distance  /  lietween  the  middles  of  the 
prongs  was  '875  inch,  and  the  double  amplitude  of  the 
vibration  at  the  end  of  one  of  the  prongs  was  "09  inch.  Thus 
2/3  is  reckoned  as  '06  inch.  The  inductor-coil  was  the 
ebonite  coil  already  described,  and  the  sound  was  judged  to 
be  of  the  standard  distinctness  when,  for  example,  B  =  15 
inches,  or  C=l;r5  inches,  and  the  added  resistance  was 
1000  ohms,  so  that  R  =  1100  x  10^  The  quantities  required 
for  the  computation  of  (5)  as  extended  are 

n=242,  2^  =  27rx25G,       H  =  -18, 

A=   10-25,        /'=15,  (^=410, 

C=   15-5,         R=llxl0ii,       D  =  1370, 
2/3=-0G,  /=-875  ; 

and  they  give  for  the  current  corresponding  to  the  standard 
sound  9-8  x  10"^  c.G.s.,  or  9-8  X  10"^  amperes. 

A  sunnuary  of  the  results  obtained  with  forks  of  pitch 
c,  c',  /,  g',  c",  e",  cf"  is  annexed.  As  the  pitch  rose,  the 
difficulties  of  observation  increased,  both  on  account  of  the 
less  duration  of  the  sound  and  of  the  smaller  ami)litudes 
available  for  measurement.  In  one  observation  with  tele- 
phone T2  at  pitch  c",  the  resistance,  estimated  at  11  ohms,  was 
that  of  the  coil,  telephone,  and  leads  only.  No  trustworthy 
result  was  to  be  expected  under  such  conditions,  but  the 
number  is  included  in  order  to  show  how  small  was  the 
influence  of  self-induction,  even  where  it  had  every  opportunity 
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Telephone. 

R  in  ohius. 

c'  = 

Current 

1l^8. 

in  amperes. 

T,... 

1         1100     .... 

2-8x10-5 
256. 

1\  . . .  . 

8100  Box. 

6-8x10-7 

T,  . .  . . 

1100    .... 

9-8x10-7 

1\  . .  . . 

500    .... 

e'  = 

:320. 

1-1x10- 

-5 

T.  . .  . 

84000  Plumb. 

3-8x10-7 

t;  . . . . 

6100  Box. 

2-6x10-7 

1\.... 

1600    .... 

o'  = 

3-1  X  10-7 
384. 

T,  . .  . . 

1     84000  Plumb. 

1-4x10-7 

T   ..    . 

9500  Box. 

1-6x10-7 

t;.... 

2100    

1-4x10-7 

T,  . . . . 

900    .... 

1-7x10-7 

T   .... 

600    .... 

1-9  X  10- 

-6 

t:.... 

300    .... 

512. 

2-2x10- 

-6 

T,  . . . . 

84000  Plumb. 

8-9  X  10-8 

T  .... 

9000  Box. 

4-8  X  10-8 

t;  . . . 

3600    

5-2  X  10-8 

T,  . .  . 

700    .... 

8-2  X  10-8 

T   .... 

11? 

5-2x10- 

-6  9 

t:... 

100  Box. 

1-9x10- 

-6 

T,  ... 

300    .... 

1-4x10- 

-6 

T,  . . . . 

500    .... 

2-5x10- 

-6 

t:.... 

900    .... 

e"  = 

640. 

2-4x10- 

-tj 

T^  . .  . . 

84000  Plumb. 

3-8  X  10-8 

t;.... 

5100  Box. 

3-8  X 10-8 

T,  . .  . . 

1100    .... 

9"  = 

5-5  X  10-8 
768. 

T,  . .  . . 

84000  Plumb. 

1-1x10-7 

T,  . . . . 

7100  Box. 

•9x10-7 

T   ... 

2100    .... 

1-1  X  10-7 
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of  manifestiiiii  itself.  If  we  bring  together  the  numbers* 
derived  with  tlie  revolving  magnet  and  with  the  forks,  we 
obtain  in  the  case  of  '].\  : — 

Pitcli.  Source.  Current  in  10~^  amperes. 

128 Fork 2800 

192  ....      liovolving  magnet    .  .  250 

250 Fork 83 

307  ....      llevolving  magnet    . .  49 

320  ....      Fork 32 

384  ...  .            15 

512 7 

640 4-4 

768 10 

It  would  appear  that  the  maximum  sensitiveness  to  current 
occurs  in  the  region  of  frequency  640  ;  but  observations  at 
still  higher  frequencies  would  be  needed  to  establish  this 
conclusion  beyond  doubt.  Attention  must  be  paid  to  the  fact 
that  the  sounds  were  not  the  least  that  could  be  heard,  and 
that  before  a  comparison  is  made  with  the  numbers  given  by 
other  experimenters  there  should  be  a  division  bv  1,  if  not 
by  3.  But  this  consideration  does  not  fully  explain  the 
difference  between  the  above  table  and  that  of  Ferraris 
already  quoted,  from  which  it  appears  that  in  his  experiments 
a  current  of  5  X  10""^  amperes  was  audible. 

It  is  interesting  to  note  that  the  sensitiveness  of  the 
telephone  to  periodic  currents  is  of  the  same  order  as  that  of 
the  galvanometer  of  equal  resistance  to  steady  currents  f^ 
viz.  that  the  currents  (at  pitch  5l2j  just  audible  in  the 
telephone  would,  on  commutation,  be  just  easily  visible  by 
a  deflexion  in  the  latter  instrument.  But  there  is  probably 
more  room  for  further  refinements  in  the  galvanometer  than 
in  the  telephone. 

If  we  compare  the  performances  of  the  two  telephones  Tj 
antl  To,  we  find  ratios  of  sensitiveness  to  current  ranging  from 
lo  to  30  ;  so  that  To  shows  itself  inferior  in  a  degree  beyond 
what  may  be  accounted  for  by  the  resistances.  It  is  singular 
that  an  experiment  of  another  kind  led  to  the  opposite  con- 
clusion. The  circuit  of  a  Daniell  cell  A  was  permanently 
closed  through  resistance-coils  of  5  ohms  and  of  1000  ohms. 
The  two  telephones  in  series  with  one  another  and  with  a 
resistance-box  C  were  placed  in  a  derived  circuit  where  was 

*  The  observations  recorded  were  made  witli  my  own  ears.  Mr.  Gordon 
obtained  very  similar  numbers  when  he  took  my  place. 

t  See,  for  example,  .\yrton,  Matber,  and  Sumpner,  Phil.  Mag.  vol.  xxx. 
p.  90,  1890,  "On  Galvanometers." 
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also  a  scraping  contact-apparatus  B,  as  indicated  in  the  figure. 
The  adjustment  was  made  by  varying  the  resistance  in  C  until 
the  sound  was  just  easily  audible  in  the  telephone  under  trial. 
Experiments  conducted  upon  this  plan  showed  that  Ti  %Yas 
only  about  five  times  as  sensitive  to  current  as  To.     It  Avas 


H 


1 


^\ 


noticed,  however,  that  the  sounds,  though  as  equal  as  could 
be  estimated,  were  not  of  the  same  quality,  and  in  this 
probably  lies  the  explanation  of  the  discrepancy  between  the 
two  methods  of  experimenting.  In  the  latter  the  original 
sound  is  composite,  and  the  telephone  selects  the  most 
favourable  elements — that  is,  those  nearly  in  agreement  with 
the  natural  pitch  of  its  own  plate.  In  this  way  the  loudness 
of  the  selected  sound  becomes  a  question  of  the  freedom  of 
Aabration  of  the  plate,  an  element  which  is  almost  without 
influence  when  the  sound  is  of  pitch  far  removed  from  that  of 
the  proper  tone  of  the  telephone.  There  was  independent 
reason  for  the  suspicion  that  Tj  had  not  so  well  detined  a 
proper  pitch  as  was  met  with  in  the  case  of  some  other 
telephones. 

P.S. — Measurements  with  the  electro-dynamometer  haAe 
been  made  by  Cross  and  Page^  of  the  currents  used  in 
practical  tele})hony.  The  experiments  were  varied  by  the 
employment  of  several  transmitters,  and  various  vowel  sounds 
were  investigated.  The  currents  found  were  of  the  order 
2  X  10"*  amperes. 


XXXIV.    An    Attempt  at    a   Quantitative    Theory    of  the 
Telephone.     Bj  Lord  Eayleigh,  Sec.  B.S.f 

ri^HE  theory  of  the  telephone  cannot  be  said  to  be  under- 
-I-  stood,  in  any  but  the  most  general  manner,  until  it  is 
possible  to  estimate  from  the  data  of  construction  what  its 
sensitiveness  should  be,  at  least  so  far  as  to  connect  the 
magnitude  of  the  vibratory  current  with  the  resulting  con- 
densations   and    rarefactions    in    the    external    ear-passage. 

*  Electrical  Review,  Nov.  14, 1885.  I  owe  this  reference  to  Mr.  Swin- 
burne. 

t  Communicated  by  the  Author,  having  been  read  at  the  Oxford 
Meeting  of  thi'  Biilish  Association. 
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Unfortunately  such  an  estimate  is  a  matter  of  extreme  diffi- 
culty, partly  on  account  of  imperfection  in  our  knowledge  of 
tlie  magnetic  ])ropcrtie.s  of  iron,  and  partly  from  mathematical 
(iitticulties  arising  from  the  })articular  forms  employed  in 
actual  construction  ;  and  indeed  the  problem  does  not  appear 
to  have  been  attacked  hitherto.  In  view,  however,  of  the 
doubts  that  have  been  expressed  as  to  theory,  and  of  the 
highly  discrepant  estimutes  of  actual  sensitiveness  which  have 
been  put  forward,  it  appears  desirable  to  niake  the  attempt. 
It  will  be  understood  that  at  present  the  question  is  as  to  the 
order  of  magnitude  only,  and  that  the  result  will  not  be  with- 
out value  should  it  prove  to  be  10  or  even  100  times  in  error. 
One  of  the  elements  required  to  be  known,  the  number  (n) 
of  convolutions,  cannot  bo  directly  observed  in  the  case  of  a 
tinished  instrument ;  but  it  may  be  inferred  with  sufficient 
accuracy  for  the  present  purpose  from  the  dimensions  and 
the  resistance  of  the  coil.  Denote  the  axial  dimension  by  ^, 
the  inner  and  outer  radii  by  77^  and  7727  the  section  of  the  wire 
by  a  and  its  total  length  by  /,  so  that  la  is  the  total  volume 
of  copper.  The  area  of  section  of  the  coil  by  an  axial  plane 
i^  ^{Vi—Vi^j  '"iiid  of  this  the  area  na  is  occupied  by  copper. 
If  we  sup})ose  the  latter  to  be  half  the  former,  we  shall  not  be 
far  from  the  mark.     Thus 

/io- =  1 1(772 -%) (1) 

On  the  same  assumption, 

Accordingly,  if  II  be  the  whole  resistance  of  the  coil,  and  v 
the  specific  resistance  of  co[)per, 

/      27rm'^(?72  +  ^i)  .... 

O"  §('72 -'/ij 

As  applicable  to  actual  telephones  we  may  take  f  =1  centim., 
772  =  3771;  and  then  R  =  l7r;'?i^.  In  c.ej.s.  measure  ?•  =  1600, 
and  thus 

'''"^^TTXieoo ^^^ 

If  the  resistance  be  100  ohms, 

E=10'S  and  Ji=2230. 

When  tlie  resistance  varies,  other  circumstances  remaining 
the  same, 

n  a  i/R. 

We  have  now  to  connect  the  periodic  force  upon  the  tele- 
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phone-plute  with  the  periodic  current  in  the  coil.  As  has 
already  been  stated,  only  a  very  rouoh  estimate  is  possible 
a  priori  We  will  commence  by  considering  the  case  of  an 
unlimited  cylindrical  core,  divided  by  a  transverse  fracture 
into  two  parts,  and  encompassed  by  an  infinite  cylindrical 
magnctizinor  coil  containino-  n  turns  to  the  centimetre.  If  y 
be  the  current,  the  magnetizing  force  8H  due  to  it  is 

SH  =  47r«7 (5) 

It  we  regartl  the  core  as  composed  of  soft  iron,  magnetized 
strongly  by  a  constant  force  H,  the  mechanical  force  with 
which  the  two  parts  attract  one  another  })er  unit  of  area  is  in 
the  usual  notation 

I(H  +  27rI); 

and  what  we  require  is  the  variation  of  this  quantity,  when  H 
becomes  H  +  SH.     This  may  be  written 

SH{l+(H+47rI)J^} (6) 

The  value  of  dl/dJi  to  be  here  employed  is  that  appropriate 
to  small  cyclical  changes.  It  is  greatest  when  I  is  small, 
and  then  *  amounts  to  about  100/-l7r.  As  I  increases,  dl/clB. 
diminishes,  and  tinally  approaches  to  zero  in  the  state  of  satu- 
ration. In  order  to  increase  (6)  it  is  thus  advisable  to 
augment  I  up  to  a  certain  point,  but  not  to  approach  satura- 
tion so  nearly  as  to  bring  about  a  great  diminution  in  the 
value  of  f/I/r/H.  In  the  absence  of  precise  information  we 
may  estimate  that  the  maximum  of  (b)  will  be  reached  when 
I  is  about  half  the  saturation  value,  or  equal  to  800 f;  and 
that  dl/dK  also  has  half  its  maximum  value,  or  50/47r.  At 
this  rate  the  force  due  to  SH  is  about  40,000  SH,  reckoned 
per  unit  of  ai-ea  of  the  di^'ided  core,  or  by  (5) 

40,000  x47rn7 (7) 

But  before  (7)  can  be  applied  to  the  core  of  a  telephone 
electromagnet  it  must  be  subjected  to  large  deductions.  For 
in  the  telephone  the  total  numl)er  of  windings  n  is  limited  to 
about  one  centimetre  measured  parallel  to  the  axis,  whereas 
in  (7)  the  electromagnet  is  supposed  to  be  infinitely  long,  and 
n  denotes  the  number  of  windings  jjer  centimetre.  If  we  are 
to  suppose  in  (7)  that  the  windings  are  really  limited  to  one 
centimetre,  lying  immediately  on  one  side  of  the  division, 
there  must  be  a  loss  of  effect  which  I  estimate  at  5  times. 

*  PhU.  Mag.  xxiii.  p.  225  (1887). 

t  Ewiug,  '  Magnetic  Induction,'  1891,  p.  136. 

Fhil.  Mau.  8  5.  Vol.  38.  No.  232.  Sept.  1894.  X 
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We  have  now  further  to  imagine  the  second  part  of  the 
divided  cylinder  to  be  replaced  by  the  plate  of  the  telephone, 
and  that  not  in  actual  contact  with  the  remaining  cylindrical 
part.  The  reduction  of  effect  on  this  account  1  estimate  at 
4  times''^.  The  force  on  the  telephone-plate  per  unit  area  of 
core  is  thus 

2000x47r/i7; (8) 

or  if,  as  for  the  telephone  of  100-ohms  resistance,  »i  =  2200, 
and  area  of  section  =  '31  sq.  cm., 

force  =  1-7  X  10^7 (U) 

In  (9)  the  force  is  in  dynes,  and  the  current  7  is  in  c.g.s. 
measure.     If  V  denote  the  current  reckoned  in  amperes^ 

force  =  l-7xlO«r, (10) 

and  this  must  be  supposed  to  be  operative  at  the  centre  of  the 
plate. 

We  shall  presently  consider  what  effect  such  a  force  may 
be  expected  to  produce  ;  but  before  proceeding  to  this  I  may 
record  the  result  of  some  experiments  directed  to  check  the 
api)licability  of  (10),  and  made  subsequentl}'  to  the  theoretical 
estimates.  A  Bell  telephone,  similar  to  Tj,  was  mounted 
vertically,  mouth  downwards,  having  attached  to  the  centre 
of  its  plate  a  slender  strip  of  glass.  This  strip  was  also 
vertical  and  carried  at  its  lower  end  a  small  scale-pan.  The 
whole  weight  of  the  attachments  was  only  •4-1  gram.  The 
movement  of  the  glass  strip  in  the  direction  of  its  length  was 
observed  through  a  reading-microscope  focused  upon  acci- 
dental markings.  The  telephone,  itself  of  70-ohms  resistance, 
was  connected  through  a  reversing-key  with  a  Daniell  cell 
and  with  an  external  resistance  varied  from  time  to  time.  In 
taking  an  observation  the  current  was  first  sent  in  such  a 
direction  as  to  depress  the  plate,  and  the  web  w^as  adjusted 
upon  the  mark.  The  current  was  then  reversed,  by  which 
the  plate  was  drawn  u{),  but  by  addition  of  weights  in  the 
pan  it  was  brought  back  again  to  the  same  position  as  before. 
The  force  due  to  the  current  is  thus  measured  by  the  half  of 
the  weight  applied. 

The  results  were  as  follows  : — 

External  resistance  in  ohms  .     .  100      200       500 
Weight  in  grams 8  4  2 

When  1000  ohms  were  included,  the  displacement  on  reversal 

*  I  should  say  tliat  these  estimates  were  all  made  iu  ignorance  of  the 
result  to  which  they  would  lead. 
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was  still  just  visible.  "We  may  conclude  that  a  force  of 
1  gram  weight  corresponds  to  a  current  of  about  ^^  of  an 
ampere.  Now,  1  oram  weight  is  equal  to  981  dynes,  so  that 
for  comparison  with  (10) 

force  =  -l3xlO'^r (11) 

The  force  observed  is  thus  about  the  third  part  of  that  which 
had  been  estimated,  and  the  agreement  is  sufficient. 

Ahhough  not  needed  for  the  above  comparison,  we  shall 
presently  require  to  know  the  linear  displacement  of  the 
centre  of  the  telephone-i)late  due  to  a  given  force.  Observa- 
tions with  the  aid  of  a  micrometer-eyepiece  showed  that  a 
force  of  5  grams  weight  gave  a  displacement  of  10"'*  x  Q>'Q2 
centim.,  or  10~^  X  1'32  for  each  gram,  viz.  10~"  x  1*34  centim. 
per  dyne.  Thus  by  (11)  the  displacement  x  due  to  a  current 
r  expressed  in  amperes  is 

^  =  -080r (12) 

We  have  now  to  estimate  what  motion  of  the  telephone- 
plate  may  be  expected  to  result  from  a  given  periodic  force 
operating  at  its  centre.  The  effect  depends  largely  upon  the 
relation  between  the  frequency  of  the  imposed  vibration  and 
those  natural  to  the  plate  regarded  as  a  freely  vibrating  body. 
If  we  attempt  to  calculate  the  natural  frequencies  a  prion, 
we  are  met  by  uncertainty  as  to  the  precise  mechanical  con- 
ditions. From  the  manner  in  which  a  telephone-plate  is 
supported  we  should  naturally  regard  the  ideal  condition  as 
one  in  which  the  whole  of  the  circular  boundary  is  clamped. 
On  this  basis  a  calculation  may  be  made,  and  it  appears  *  that 
the  frequency  of  the  gravest  symmetrical  mode  should  be 
about  991  in  the  case  of  the  telephone  in  question.  But  it 
may  well  be  doubted  whether  we  are  justified  in  assuming 
that  the  clamping  is  complete,  and  any  relaxation  tells  in  the 
direction  of  a  lowered  frequency.  A  more  trustworthy  con- 
clusion may  perhaps  be  foimded  upon  the  observed  connexion 
between  displacement  and  force  of  restitution,  coupled  with 
an  estimate  of  the  inertia  of  the  moving  parts.  The  total 
weight  of  the  plate  is  S'4:  grams  ;  the  outside  diameter  is 
5-7  centim.,  and  the  inside  diameter,  corresponding  to  the 
free  portion  of  the  plate,  is  4*5.  The  effective  mass,  supposed 
to  be  situated  at  the  centre,  1  estimate  to  be  that  correspond- 
ing to  a  diameter  of  2*5  centim.,  viz.  "65  gram.  A  force  of 
restitution  per  unit  displacement  equal  to  (10~^  x  1"34)~*,  or 
10^  x  7"5,  is  supposed  to  urge  the  above  mass  to  its  position 

*  '  Theory  of  Souud,'  2nd  ed.  §  221  a. 
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of  equilibrium.     The  frequency  of  the  resulting  vibration  is 


1       /riO*'x7-5'\      ,.. 


With  the  aid  of  a  special  electric  maintenance  the  plate 
may  be  made  to  speak  on  its  own  account.  The  frequency  so 
found,  viz.  896,  corresponds  undoubtedly  to  a  free  vibration, 
but  it  does  not  follow  that  the  vibration  is  the  gravest  of 
which  the  plate  is  capable  ;  and  there  wei'e  indications  point- 
ing to  the  opposite  conclusion. 

As  it  is  almost  impossible  to  form  an  a  priori  estimate  of 
the  amplitude  of  vibration  {x)  when  the  frequency  of  the 
force  is  in  the  neighbourhood  of  any  of  the  free  frequencies, 
I  will  take  for  calculation  the  case  of  frequency  25G,  which 
is  presumably  much  lower  than  any  of  them.  Under  these 
circumstances  an  "  equilibrium  theory  "  may  be  employed, 
the  displacement  coexisting  with  any  applied  force  being  the 
same  as  if  the  force  were  permanent.  At  this  pitch  the 
minimum  current  recorded  in  the  table*  is  8'3  x  10~^  amperes; 
so  that  by  (12)  the  maximum  excursion  corresponding 
thereto  is  given  by  ^'  =  "080  X  8%)  x  10"'^  =  6*8  x  10"^  centim. 

The  excursion  thus  found  must  not  be  compared  with  that 
calculated  formerly  f  for  free  progressive  waves.  The  proper 
comparison  is  rather  between  the  condensations  s  in  the  two 
cases.  In  a  progressive  wave  the  connexion  between  s  and 
V,  the  maximum  velocity,  is  v^=as,  where  a  is  the  velocity  of 
propagation.  But  in  the  present  case  the  excursion  x  takes 
effect  upon  a  very  small  volume.  If  A  be  the  effective  area 
of  the  plate,  and  S  the  whole  volume  included  between  the 
plate  and  the  tympanum  of  the  ear,  we  may  take  s  =  A^7'S. 
This  relation  assumes  that  the  condensations  and  rarefjictions 
are  uniform  throughout  the  space  in  question,  an  assumption 
justified  by  the  smallness  of  its  dimensions  in  comparison 
with  the  wave-length,  and  further  that  the  behaviour  is  the 
same  as  if  the  space  were  closed  air-tight.  It  would  seem 
that  a  slight  deficiency  in  the  latter  respect  would  not  be 
material. 

For  the  numerical  application  I  estimate  that  A  =  4  sq. 
centim.,  S  =  20  cub.  centim.  :  so  that  with  the  above  value 
of  X 

s=l-4xl0-8, (13) 

.s  being  reckoned  in  atmospheres. 

*  Supra,  p.  294. 

t  Tioc.  Roy.  Soc.  vol.  xxxvi.  p.  248  (I«77). 
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The  valiio  of  .<  oorrosponding  to  but  just  audible  progressive 
waves  of  frequency  256  was  found  to  be  5*i)  x  10~^,  in 
sutKciently  good  agreement  with  (13)  *. 

But  if  tlie  equilibrium  theory  be  applied  to  the  notes  of 
higher  pitch,  such  as  512,  we  find  the  actual  sensitiveness  of 
the  teleplione  greater  than  according  to  the  calculation.  In 
this  casef  r  =  7  x  10"^  ;  so  that  by  (12) 

.r=5-6xl0-^ 

i'  =  A.r/S  =  l-lxlO-^ (14) 

decidedly  smaller  than  that  (-I'S  x  10~^)  deduced  from  the 
observations  upon  progressive  waves.  The  conclusion  seems 
to  be  that  for  these  frequencies  the  equilibrium  theory  of  the 
telephone-plate  fails,  and  that  in  virtue  of  resonance  the  sen- 
sitiveness of  the  instrument  is  specially  exalted. 

I  will  not  dwell  further  upon  these  calculations,  which 
involve  too  much  guesswork  to  be  very  satisfactory.  They 
sufHce,  however,  to  show  that  the  "push  and  pull"  theory 
is  capable  of  giving  an  adequate  account  of  the  action  of  the 
telephone,  so  far  at  least  as  my  own  observations  are  con- 
cerned. But  it  is  doubtful,  to  say  the  least,  whether  it  could 
be  reconciled  with  estimates  of  sensitiveness  such  as  those  of 
Tait  and  of  Preece. 


William  Eamsay,  Ph.D.,  F.R.S.X 

[Plate  XI.] 

'^r^HE  experiments  of  which  we  give  an  account  in  the 
X  following  pages  are  of  two  kinds  : — first,  they  relate  to 
the  trustworthiness  of  measurements  by  means  of  the  McLeod 
gauge  ;  and  second,  they  deal  with  the  thermal  expansion  of 
gases  at  low  pressures.  The  behaviour  of  the  ingenious  gauge 
invented  by  Professor  Herbert  McLeod  has,  so  far  as  we  know, 
not  been  carefully  investigated.  The  thermal  expansion  of 
gases  at  low  pressures  has  been  the  subject  of  two  in^'esti- 
gations,  one  by  MendeleefiF,  and  one  by  G.  Melauder.  But 
many  researches  have  been  made  on  the  relations  of  volume 

*  I  hope  shortly  to  publish  an  account  of  the  observations  upon  which 
this  statement  is  founded, 
t  Supra,  p,  294. 
X  Communicated  by  the  Physical  Society :  read  June  8,  1894. 
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to  pressure  at  constant  temperatures  ;  and  as  tlierc  is  an 
intimate  connexion  between  the  com])ressibiIitv  of  gases  and 
their  thermal  expansion,  we  tliink  it  desirable  to  give  a  short 
summary  of  the  woi'k  whicli  has  already  Ijeen  done  on  the 
subject.  It  is  obvious  that  if  the  product  of  pressure  and 
volume  of  a  gas  diminishes  with  the  degree  of  rarefaction, 
it  is  to  be  expected  that  its  coefficient  of  expansion  with  rise 
of  temperature  will  increase  ;  whereas,  if  the  pv  increases  as 
observed  by  Mendeleeff  and  others,  its  coefficient  of  expansion 
will  probably  diminish. 

HisTOKiCAL  Resume. 
1.  Relation  of  Volume  to  Pressure  at  Constant  Temperature. 

For  more  than  twenty  years  the  question  of  the  validity  of 
Boyle^s  Law,  applied  to  rarefied  gases,  has  been  the  subject  of 
frequent  articles  in  scientific  journals.  In  1873  Siljestrora 
(Bihang  till  K.  Svensha  Vet.  Akad.  IJandlingar,  ii.  p.  1) 
published  in  Swedish  an  account  of  experiments  to  test  this 
important  law.  His  method  consisted  in  exhausting  one  of 
two  stout  cylindrical  metal  vessels  connected  together  by 
means  of  a  tube  provided  with  an  air-tight  stopcock.  Both 
vessels  were  placed  in  a  large  reservoir  of  melting  ice  in  order 
to  maintain  temperature  constant  at  0°.  Each  vessel  was 
provided  with  a  mercury  manometer  :  and  while  the  larger 
of  the  two  had  no  opening  except  the  tube  already  men- 
tioned, which  connected  it  with  the  smaller  vessel,  the  latter 
was  joined  by  means  of  a  brass  tube  with  a  stopcock  to  an 
ordinary  exhausting  air-pump,  also  furnished  with  a  mercury 
gauge. 

The  plan  of  operation  was  as  follows  : — The  pressure  of 
gas  in  the  smaller  vessel  was  reduced  by  means  of  the 
air-puni]),  communication  wath  the  larger  vessel  being  cut  off 
by  means  of  the  stopcock,  and  the  pressure  of  the  gas  in  both 
vessels  was  read  on  the  mercury  gauges  attached  to  them,  and 
also  on  that  attached  to  the  air-pump.  The  pressure  registered 
by  the  gauge  of  the  smaller  vessel  and  by  the  air-})ump  gauge 
should  of  course  be  the  same.  Communication  with  the  air- 
pump  was  then  shut  off.  The  stopcock  between  the  two 
vessels  w'as  then  opened,  and  gas  passed  from  the  larger  to 
the  smaller.  After  time  had  been  allowed  for  equilibrium  of 
temperattire  and  pressure  to  be  re-established,  the  pressures 
on  the  gauges  were  again  read.  The  capacities  of  the  vessels 
being  accurately  known,  the  product  of  jjressure  and  volume 
could  be  calculated. 

Sixteen  series  of  experiments,  each  consisting  of  fourteen 
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individual  readings,  were  made  with  air  ;  the  diminution  oi" 
pressure  varied  in  these  series  from  that  of  the  atmosphere  to 
I'i  niillim.  ;  and  by  means  of  an  accurate  cathetomoter  the 
pressure  was  read  to  the  second  decimal  place.  The  ratio  of 
V  (the  volume  of  the  closed  reservoir)  to  V  +  V  (that  of  both 
reservoirs)  wa>  calculated  by  means  of  the  formula 

_   E(V  +  »/x)   _         eV 
^'  -  V  +  V'  +  ,i>~  V  +  V'  +  ny 
where 

E  is  the  original  pressure  of  the  gas  ; 

e,  pressure  read  on  gauge  of  second  cylinder  or  of  air-pump 

after  exhausting  ; 
E',  pressure  in  cylinders  after  opening  the  stopcock  ; 
nfjL  and  n'fi,  small  corrections  introduced,  due  to  alteration 
in  total  volume  of  apparatus  owing  to  rise  of  mercury  in 
the  gauges,    ti  is  a  number  of  centimetres,  /u,  the  capacity 
of  one  centim.  of  the  gauge. 

/9  (in  following  equation)  =  fJ'/V.     Hence 

Y'  _E(1+ 71^)- E{l  +  7i>  13) 
V  ~  E'-e 

If  the  ratio  ( V  +  V')/V  remains  constant,  Boyle^s  law  holds  ; 
if,  on  the  contrary,  (V  +  V')/V  be  too  great  or  too  small,  the 
pressure  E'  would  be  either  less  or  greater  than  corresponds 
witli  Boyle's  law. 

The  results  were  averaged,  series  a  and  b  being  compared 
with  series  c  and  d  ;  the  latter  with  series  e  and/,  and  so  on. 
This  process  3'ielded  six  sets  of  average  values  of  (V  +  V')/V 
for  air.     The  results  follow  : — 

V  +  V'/V. 

.  1-47209 

.  1-17165 

.  1-46887 

.  1-46870 

.  1-46122 

•  1-16511 

These  values  of  V  +  V'/V  decrease  with  falling  pressure  ; 
the  higher  its  value  the  lower  the  value  of  E',  and  vice  versa. 
Assuming  from  Regnault's  observations  between  1  and  30 
atmospheres  that  at  a  pressure  of  1  atmosphere  the  value  given 
above,  1-47 20i>,  is  correct,  and  that  Boyle's  law  holds  under 
such  a  pressure,  it  follows  that  the  pv  of  the  air  increases 
with  decreased  pressure.      This    conclusion,  too,   Siljestriim 
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352     „ 

164       „ 

164     „ 

77       ,, 

77     „ 
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18     „ 

37       „ 
18      „ 

7       „ 
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considers  to  be  rendered  probable  by  Regnault^s  own  work. 
For  be,  too,  found  tbat  air  is  up  to  a  certain  degree  more 
compressible  at  pressures  bigber  tban  tbat  of  tbe  atmosphere. 
For  example,  if  Uegnault's  results  for  pressures  between  3 
and  ('),  between  (i  and  12,  and  between  12  and  24  atmospheres 
be  termed  k',  k",  and  k'"  in^spcctively,  then 

k"/k'  =  0-997128  ;     k">/k"  =  0-999386. 

The  question  of  course  is.  Can  these  and  similar  ratios 
increase  to  above  unity  ? 

Siljestrom  found  from  similar  but  less  numerous  experi- 
ments with  oxygen  and  with  carbon  dioxide  tbat  the  variation 
in  the  ratio  (V  +  V')/V  was  in  the  same  direction.  His  results 
with  hvdrogen  are  :— 1-47247  at  759-351  niillim. ;  1-47302 
at  351-1 G2  millim.;  1-47258  at  162-75  millim. ;  and  1-46895 
at  75-17  millim. 

Siljestrom's  results  are  criticised  by  MendeleefF  and  by 
Amagat.  Any  error  which  he  might  have  made  is  cumulative, 
as  pointed  out  by  Van  der  Ven,  whose  work  will  be  sub- 
sequently considered. 

MendeleeiFs  work  is  at  present  unfinished,  or  at  least  a 
descrijjtion  of  it  in  full  has  not  yet  ap})eared.  His  main  work 
appeared  in  Russian  in  1875,  and  the  first  part  consists  of 
267  pages  folio  ;  the  second  part  is  not  yet  published.  We 
owe  to  the  kindness  of  Dr.  Jas.  Walker  an  account  of  the 
contents  of  this  large  volume.  Short  accounts  of  Mendeleeff"s 
general  conclusions  are  to  be  found  in  French  in  the  Melanges 
I'hysiques  et  Cliiniigues  tires  du  Balletin  de  V Acadeniie  Im- 
periale  des  Sciences  de  St.  Fetersbourg,  ix.  ;  also  Annales  de 
Chimie  et  Physique,  [3]  ix.  1876.  These  abstracts  leave  much 
to  be  desired. 

Mendeleeflf  states  that  he  tried  nearly  a  dozen  different 
forms  of  apparatus  before  a  satisfactory  one  was  devised. 
This,  he  says,  is  figured  in  volume  ii.  table  15  (unpublished)*  : 
but  he  gives  tbe  following  descri])tion  of  it  in  a  lecture 
delivered  before  tbe  Imperial  Russian  Technical  Society  in 
January  1881.  It  consisted  of  an  ovoid  glass  vessel,  with  a 
capacity  of  about  3^  litres,  placed  in  a  trough  of  water.  The 
lower  portion  of  this  vessel  terminated  in  a  tube,  one  metre  in 
length,  provided  at  its  lower  end  with  a  stopcock  ;  the  volume 
of  air  was  determined  by  weighing  the  mercury  run  out  from 
this  vessel.  A  tube  was  sealed  to  this  vertical  tube,  which 
served  to  fill  the  measuring-vessel  with  mercury  when  re- 
quired.    A  capillary  tube  was  attached  to  the  upper  part  of  the 

*  Professor  Mendelt5eff  informs  us  that  a  large  part  of  tbe  second 
volume  is  now  iu  manuscript. 
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measuring-vessel  ;  it  coiDinuuicatecl  with  two  lateral  descend- 
ing tubes,  through  one  of  which  gas  could  be  introduced 
at  will.  It  was  closed  by  raising  a  reservoir  of  mercury, 
and  covering  an  opening  more  than  thirty  inches  below  the 
top  of  the  measuring-vessel  ;  but  when  the  reservoir  was 
lowered,  gas  could  be  passed  into  the  measuring- vessel, 
through  the  capillary  tube.  The  second  descending  tube 
connected  the  measuring-vessel  with  a  wide  manometer 
formed  like  a  siphon  ;  and  by  means  of  a  reservoir  it  was 
possible  to  raise  the  mercury  iu  the  open  limb  to  a  mark 
with  great  accuracy.  Corrections  were  introduced  for  tem- 
perature, measured  by  a  differential  air-thermometer,  and 
also  for  the  varying  volume  of  the  apparatus  due  to  the 
different  heights  of  the  mercury  in  the  manometer.  It  is 
easy  to  see  how  this  apparatus  could  be  employed  to  test 
Bovle's  law.  To  test  Gay-Lussac's,  he  describes  the  operation 
thiis  :— 

"  The  mercury  is  run  out  of  the  measuring-vessel  to  a 
mark  on  the  capillary  tube,  and  weighed.  Lei  this  be  done 
at  the  tem[)erature  of  boiling  water.  Now  cool  the  bath 
to  0°  by  surrounding  the  vessel  with  ice — the  pressure  begins 
to  diminish  as  is  indicated  by  the  manometer  j  but  we  will 
not  allow  it  to  do  so.  By  means  of  the  stopcock  and  the 
other  capillary,  we  let  mercury  run  int^O  the  \  essel  until  the 
pressure  of  the  gas  at  0°  becomes  the  same  as  it  vvas  at  100". 
The  apparatus  is  then  raised  to  the  ordinary  temperature,  and 
the  mercury  which  entered  the  tube  at  0°  is  run  out  and 
weighed.  This  weight  and  the  previous  one  give  us  the 
data  necessary  for  calculating  the  true  coefficient  of  expansion 
of  gases." 

No  final  numbers  are  given  iu  Mendeleeff"s  published 
papers,  so  far  as  we  have  been  able  to  discover  ;  but  the 
general  result  is  stated  thus  : — 

The  product  of  pressure  into  volume,  pv,  Avhich  accordino- 
to  Boyle's  law  should  be  constant,  varies  considerably  wuth 
diminution  of  pressure;  at  low  pressures  pv/dp  is  positive,  i.  g. 
the  gas  is  less  compressible  than  it  would  be  if  it  followed 
Boyle^s  law.  Stating  the  case  broadly,  it  may  be  said  that  at 
low  pressures  gases  approach  the  state  of  a  liquid  or  a  solid ; 
or  pv  increases  with  decrease  ofy^;  or  e/d  increases,  for  d=  1/v. 

We  have  thought  it  advisable  to  give  a  tolerably  full 
description  of  Siljestrom's  and  Mendeleeff'^s  experiments, 
because  they  are  described  in  languages  not  generally  known; 
we  may  discuss  the  remaining  researches  on  the  subject  in 
much  shorter  space,  seeing  that  they  are  described  in  French 
and  in  German. 
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Amagat,  in  1883  {Annales  de  Chimie  et  Physique,  xxviii. 
p.  480),  undertook  experiments  to  test  the  results  obtained  by 
ISiljestrom  and  Mendelcetf,  but  was  unable  to  confirm  them. 
His  conclusion  is,  tliat  for  the  lowest  pressures  measured 
(6*54  millim.)  the  differences  were  sometimes  positive,  some- 
times negative  ;  and  that  the  necessary  error  of  experiment 
was  of  an  order  of  magnitude  equal  to  that  of  the  differences 
found.  One  of  the  main  difficulties  of  observation  was  found 
in  the  diffraction  of  the  walls  of  the  manometer  in  which  he 
measured  the  pressures  to  which  the  gases  were  exposed. 
He  appears,  however,  to  have  been  successful  in  overcoming 
this  difficulty,  by  the  use  of  polished  plane  surfaces  ;  but  it  is 
noteworthy  that  a  suspicion  of  this  source  of  error  does  not 
appear  to  have  occurred  to  either  of  the  former  experimenters. 
Amagat  also  states  that  the  utmost  limit  of  measurement  is 
probably  overestimated  at  0"01  millim. ;  and  indeed  it  is 
very  difficult,  if  not  impossible,  to  judge  of  the  contact  of  two 
lines,  the  cross-wire  of  the  cathetometer  and  the  meniscus  of 
the  mercury  in  the  gauge,  to  within  such  a  minute  distance. 
One  of  his  criticisms  of  Mendeleeff^s  paper  is  worth  quoting: — 

"In  M.  Mendeleeff  s  experiments,  a  set  of  values  oi pv  are 
obtained  corresponding  to  a  tolerably  limited  range  of  pres- 
sures ;  this  would  seem  favourable  to  a  knowledge  of  the 
direction  in  which  tlicso  products  alter  ;  but  it  is  necessary  to 
guard  against  possible  illusion  in  this  matter. 

"A  constant  cause  of  error  may  affect  all  these  products  ; 
for  as  they  deal  with  smaller  and  smaller  values  the  effect 
will  be  more  and  more  marked,  and  a  regular  variation  may 
be  conceived  to  exist,  with  no  foundation  in  fact.  Such  an 
effect  would  be  produced,  for  example,  if  the  vacuum  in  the 
barometer  were  not  absolute.  It  is  certain,  that  whatever 
precautions  be  taken,  this  vacuum  is  not  absolute ;  the  effect 
of  this  is  to  diminish  the  real  value  of  the  pressures,  that  is  to 
say,  too  small  pressures  are  read  :  hence  the  value  of  ji/p'  is 
reduced,  and  since  p  is  smaller  than  p)\  the  values  of  jwlp'v' 
are  rendered  too  small  ;  and  as  the  error  increases  with 
reduction  of  pressure,  they  will  ultimately  be  less  than  unity.'' 

Amagat  proceeds  to  point  out  that  even  the  va]iour-pressure 
of  mercury  ceases  to  be  negligible  when  a  few  hundredths 
of  a  millimetre  cause  the  supposed  deviation. 

In  1886,  C.  Bohr  (Wied.  Ann.  xxvii.  p.  459)  measured  the 
pressures  and  volumes  of  rarefied  oxygen.  His  conclusions  are 
that  at  a  temperature  of  11^*4  oxygen  deviates  from  Boyle's 
law.  For  values  of  pressure  greater  than  0*7  millim., 
(p  +  0-109)r  =  A;  ;  and  for  lower  pressures,  (;7  +  0-070)i'  =  A\ 
At  0*7  millim.  therefore  oxygen  undergoes  a  sudden  change 


Volume,  anJ  Timperatuve  of  Rarefied  Gases.  307 

and   becomes   more  compressible.      This  is  a   very    strange 
conclusion,  Imt  it  has  been  confirmed  by  our  work. 

In  criticising  Bohr's  work,  it  is  to  be  noted  that  he  em- 
ployed very  wide  tubes,  one  as  barometer,  the  other  to  contain 
the  rarefied  gas.  His  method  of  reading  was  ingenious. 
Finding  it  im})ossible  to  read  the  level  of  the  mercury  in  such 
wide  tubes  with  accuracy,  he  placed  in  each  a  glass  ball,  and 
read  its  u})per  surface.  The  readings  therefore  appear  to  be 
very  accurate.  But  the  shape  of  the  meniscus  of  mercury  is 
ditierent  in  a  nearly  perfect  vacuum  and  in  a  vessel  contain- 
ing gas  ;  it  is  always  flatter  in  the  vacuous  tube.  Hence  the 
volume  read  was  probably  always  too  small ;  and  increasingly 
smaller  as  the  gas  was  more  compressed.  This  would  render 
the  value  of  the  product  pv  increasingly  smaller,  and  necessi- 
tate the  correction  he  apjilies.  It  would,  however,  not  explain 
the  breach  of  continuity  whicii  he  observed. 

Kext  in  order  of  time  comes  a  paper  by  F.  Fuchs  (Wied. 
Ann.  XXXV.  p.  430)  in  1)588.  The  lowest  pressure  which  he 
measured  was  248  millim.  ;  but  though  he  found  deviations  in 
the  case  of  sulphur  dioxide,  hydrogen  was  normal. 

In  188i),  E.  van  der  Ven  carried  out  experiments  by  a 
method  nearly  identical  with  Siljestrom's,  but  avoiding  the 
possibility  of  cumulative  errors  which  Siljestrom's  method 
involved.  His  conclusion  is  opposite  to  that  of  jMendeleeff 
and  Siljestrbm;  it  is  : — If  a  volume  of  air  under  low  pressure, 
contained  in  a  closed  space,  be  doubled^  it  behaves  as  if  its 
pv  decreased  with  decrease  of  pressure.     Thus  he  finds 

At  62  millim.  pressure,  pt?  =  0-9873, 
At  31      „  „  |7r  =  0-9811, 

At  16      „  „  ^;y  =  0-9740. 

Van  der  Ven  used  iron  cylinders  with  walls  6  millim.  thick, 
and  it  is  unlikely  that  any  appreciable  alteration  in  their 
volume  would  be  caused  by  the  differences  in  pressure  which 
occur  in  his  experiments.  He  appears  also  to  have  been 
careful  about  the  temperature  of  the  vessels.  But  the  latter 
part  of  his  paper  is  occupied  with  a  discussion  of  the 
capillarity  of  his  mercury-gauge  ;  and  it  appears  to  us 
that  a  possible  source  of  error  lies  here.  For  the  height  of 
the  meniscus  of  mercury  in  a  gauge  is  undoubtedly  altered 
by  the  pressure  of  the  gas  in  contact  with  it;  and  as  the  gas 
was  rarefied,  the  apparent  difference  in  height  of  the  mercury 
in  a  narrow  gauge  like  the  one  he  emj)loyed  would  l)e  in- 
fluenced not  merely  by  capillarity,  but  also  by  the  form  of 
the  meniscus.  We  regard  it  ns  probable  that  the  capillarity 
of  mercury,  like  that  of  other  liquids,  is  altered  by  the  gas  in 
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contact  willi  il.  In  the  einjjty,  or  com[)aratively  empty  part 
of  the  ^auge,  the'  capillary  depression  of  the  mercury  is 
almost  certainly  not  so  great  as  in  that  limb  exposed  to  gas  ; 
and  the  alteration  of  the  jjressure  of  the  gas  doubtless  also 
alters  the  capillary  depression.  It  would  be  worth  while 
making  this  the  subject  of  special  experiments. 

2.  E.vpansion  of  Gases  at  Constant  Pressure,  on  Rise 
of  Temperature. 

The  last  paper  falhng  under  our  notice  is  one  by  G.  Me- 
lander,  published  in  1892  (Wied.  Ann.  xlvii.  p.  136).  It 
deals  with  the  thermal  expansion  of  gases  under  reduced 
pressure.  He  concludes  that  the  coefficient  of  expansion  of 
air  decreases  from  0-00oGG6  at  752  niillim.  to  0-003G594  at 
232  millim.,  and  again  increases,  with  reduction  of  pressure, 
until  at  6'G  millim.  it  amounts  to  0'0037627  ;  the  turning- 
point  of  carbon  dioxide  is  76'2  millim. ;  with  hydrogen  there 
is  no  change  in  direction,  but  the  coefficient  increases  from 
0-003G504  at  7G4-5  millim.  to  0-0037002  at  9-3  millim. 
These  conclusions  are  opposed  to  those  of  Siljeotrom  and 
Mendeleeff ;  for  if  the  pv  increases,  as  stated  by  these 
authors,  it  is  to  be  expected  that  the  coefficient  of  expansion 
should  decrease  with  decrease  of  pressure. 

Before  conchiding  this  historical  sketch,  we  feel  it  neces- 
sary to  point  out  that  it  is  exceedingly  unlikely  that  these 
experimeii-'ers  ware  dealing  with  pure  gases.  It  is  true  that 
their  apparatus  were  filled  with  comparatively  [)ure  gases  ; 
but  they  do  not  seem  to  have  realized  the  fact  that  on  reduc- 
tion of  pressure,  gas  different  from  that  with  which  they 
were  dealing  comes  off  the  walls  of  the  containing  vessel. 
When  this  is  of  glass,  a  very  considerable  amount  of  carbon 
dioxide  is  always  evolved.  At  high  pressures,  of  course,  this 
would  make  a  small  diffi^'ence,  probably  inappreciable  ;  but 
as  the  pressure  becomes  low<^r,  a  gas  like  hydrogen  will  be 
])artly  removed,  and  its  ])Iace  taken  by  carbonic  anhydride. 
One  can  never  be  certain  of  the  purity  of  the  gas  measured 
unless  its  vacuum-tube  spectrum  is  free  from  that  of  other 
gases. 

Another  source  of  error,  small  in  itself,  but  possibly  im- 
portant when  the  small  deviations  which  the  experimenters 
are  endeavouring  to  measure  are  taken  into  consideration,  is  of 
the  nature  of  that  pointed  out  by  Lord  Rayleigh  as  applying  to 
Hegnault's  determination  of  the  comparative  weights  of  hy- 
drogen, oxygen,  and  nitrogen.  It  is  that  the  volume  of  a  glass 
(and  presumably  of  an  iron)  vessel  is  considerably  diminished 
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if  it  be  partially  exhausted,  owing  to  the  external  jn-essure  of 
the  atmosphere  not  bein<i"  balanced  by  ecpial  pressure  in  the 
interior.  In  Meudeleetf's  experiments,  for  example,  in  which 
glass  vessels  \Yere  used,  and  in  which  the  volume  of  the  ^as 
was  ascertained  by  weighing  the  mercury  run  out  of  the  vessel, 
it  appears  not  unlikely  that  at  low  pressures  the  vessel  con- 
tained less  gas  than  at  high  pressures.  The  values  of  the 
pj-oducts  of  pressure  and  volume,  pv,  might  really  remain 
constant  with  decrease  of  pressure ;  but  as  he  read  pressure 
directly,  aud  assumed  a  volume  which  was  probably  too 
great,  he  registered  an  increase.  We  are  informed,  how- 
ever, by  Professor  MendeleefF,  that  he  introduced  a  correction 
for  this  possible  deviation. 

All  the  researches  described  aim  at  a  direct  measurement 
of  pressure.  Now  there  is  a  limit  to  the  possibility  of  such 
measurement,  and  when  the  pressure  is  low,  the  readings 
necessarily  involve  considerable  relative  error,  the  extent  of 
which  is   diliicult,  if  not  impossible,  to  gauge. 

We  have  therefore  adopted  a  diifereut  plan,  which  admits 
of  the  observation  of  the  behaviour  of  gas  at  pressures  much 
lower  than  most  of  those  previously  employed.  We  have 
met  ^Nith  difficulties,  subsequently  to  be  alluded  to,  which 
may  vitiate  the  results  for  some  gases  ;  but  for  hydrogen  the 
results  are  fairly  trustworthy. 

To  describe  the  method  in  a  few  lines  : — Two  McLeod 
gauges  are  exhausted  in  communication  with  each  other  :  one 
is  heated  to  a  known  high  temperature  ;  and  at  the  same  in- 
stant, both  are  closed  ;  after  cooling  the  pressure  is  read  in 
both.  The  readings  aiford  data  from  which  the  expansion  of 
the  gas  may  be  calculated. 

Description  of  the  Apparatus. 

The  apparatus  used  for  these  experiments  consisted  essen- 
tially of  two  McLeod  gauges  placed  side  by  side  on  a  stand. 
These  gauges  were  connected  on  the  right  to  apparatus  for 
exhausting  them,  and  on  the  left  to  apparatus  for  admitting 
into  them,  when  exhausted,  meastired  quantities  of  the  gas 
Tinder  examination. 

The  apparatus  for  exhausting  shown  on  the  right-hand  side 
of  the  diagram  consisted  of  a  water-pump  A  worked  by  high- 
pressure  water,  aud  capable  of  giving  a  vacuum  of  11  millim. 
of  mercury. 

The  exhaustion  of  the  apparatus  was  commenced  by  this 
pump  and  completed  by  the  mercury-pump  B.  This  mercury- 
pump  discharged  the  gas  taken   out  at  each  stroke  into  a 
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Torricellian  vacuum  which  was  sealed  by  two  siphons  a  and  h. 
By  this  means  the  gas  in  the  large  chamber  of  the  pump 
suffered  at  most  compression  up  to  4  millim.  of  mercury,  so 
that  the  possiliility  of  any  considerable  condensation  of  gas 
on  the  glass  walls  was  eliminated,  and  each  stroke  of  the 
pump  removed  as  nearly  as  ])ossible  the  theoretical  quantity 

For  the  preliminary  exhaustion  of  the  apparatus  the  water- 
pump  A  was  connected  with  the  top  of  the  mercury-pump 
through  the  tubes  and  drying  ap])aratus  ««.  When  this 
])r('liminary  exhaustion  was  complete,  the  mercury-pump  was 
brought  into  action.  The  lowering  and  the  raising  of  the 
mercury  in  the  ])ump  was  brought  about  by  alternately  ex- 
hausting and  filling  with  air  the  reservoir  C  which  held  the 
mercury.  This  could  be  done  by  hand  :  the  exhausting  by 
connecting  it  with  the  water-pump  through  the  tube  /8 ,  the 
admitting  air  by  opening  the  tup  7;  or,  if  preferred,  by 
means  of  an  automatic  apparatus  D  through  tubes  08.  In 
this  ap})aratus  a  three-way  tap  was  turned  through  90°  by  a 
lever,  from  one  side  of  which  was  hung  a  cu})  fitted  with  a 
curved  siphon  and  from  the  other  a  counterpoise,  water 
being  run  into  the  cup  through  a  flexible  tube.  The  working 
of  this  appai-atus  was  quite  constant,  and  was  accurately 
timed  so  that  if  it  were  left  working  for  a  known  time  the 
number  of  the  strokes  of  the  pump  could  easily  be  calculated. 
The  mercury-reservoir  C  was  placed  at  such  a  height  that 
under  atmospheric  pressure  the  mercury  would  run  over  the 
top  siphon  a,  care  being  taken  that  the  distance  from  the 
siphon  a  to  the  T-piece  c  was  considerably  less  than  30 
inches.     In  the  pump  used  it  was  24  inches. 

The  niercurv  in  the  two  McLeod  o-uuo-es  E  and  F  was 
regulated  for  pur[)Oses  of  reading  by  coarse  and  fine  adjust- 
ment-screws Gr ;  there  was  also  a  connexion  with  a  movable 
mercury-reservoir  H.  The  tube  I  contained  pentoxide  of 
phosphorus  for  drying  purposes,  and  J  was  a  vacuum-tube. 
This  last  was  absolutely  necessary,  us  it  otherwise  would  have 
been  utterly  impossible  to  ascertain  whether  or  not  the  appa- 
ratus was  full  of  the  gas  under  examination. 

The  gas  to  be  examined  was  admitted  through  the  tap  K 
out  of  the  chamber  L.  By  means  of  the  apparatus  shown  in 
the  drawing  any  amount,  large  or  small,  of  the  gas  could  be 
admitted.  The  chamber  L  could  be  exhausted  by  the  con- 
nexion through  the  tap  M  to  the  water-pump  ;  a  wash-bottle 
N  containing  mercury  was  interposed  to  prevent  any  diffusion 
backwards  of  air  or  water-vapour  into  the  gas. 

The  amount  of  gas  admitted  was  regulated   by  means  of 
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the  siphon  0  which  eoukl  be  seahnl  by  the  mercury  in  the 
reservoir  P.  The  niercurj-k^vel  Avas  adjusted  by  exhausting' 
or  tilHng  with  air  the  reservoir  P  in  the  same  manner  as 
^vith  tlie  reservoir  (*  of  the  mercury-pump.  The  amount  of 
gas  admitted  coukl,  if  desired,  be  measured  in  the  t>;as 
vohime-meter  Q,  which  was  designed  on  the  model  of  the 
McLeod  gauge.  By  means  of  this  ap})aratus  as  small  a 
quantity  of  gas  as  ^^-^  of  a  cubic  centimetre  could  be  accu- 
rately measured  and  admitted. 

The  two  gauges  E  and  F  w^ere  placed  close  together  on  the 
stand  in  order  to  bring  them  as  much  as  possible  under  the 
same  conditions  of  temperature  and  exhaustion,  and  were 
almost  exactly  of  the  same  size.  They  consisted  of  a  large 
volume-chamber  (A)  about  90  cub.  centim.  in  capacity,  with 
a  pressure-tube  (B)  at  the  side  and  vokime-tubes  (C)  and  (D) 
at  the  top.  The  tube  (B)  was  about  :^  inch  internal  diameter; 
(C)  consisted  of  a  somewhat  large  capillary  tubing,  and  (D) 
of  a  tube  of  very  small  bore.  ((J)  and  (Dj  were  each  about 
250  millim.  long.  The  volume  and  pressure  tubes  were 
accurately  graduated  in  millimetres,  the  divisions  on  each 
exactly  corresponding.  The  zero-points  of  the  scales  were 
placed  at  the  top  of  (D)  and  at  the  corresponding  place  on 
(B).  (B)  was  graduated  500  millim.  below  and  250  millim. 
above  the  zero-point.  The  total  length  of  the  volume-tube 
was  x)f  course  500  millim.  A  trap  (E)  Avas  sealed  below  the 
chamber  (A)  in  order  to  more  accurately  determine  the 
volume  of  the  gauge. 

The  calibration  of  the  gauge  was  a  most  important  point 
and  was  most  carefully  done.  Every  centimetre  division  on 
the  volume-tube  was  taken  as  a  reading-point,  making  fifty 
possible.  At  each  of  these  points  the  capikary  depression  of 
the  mercury  had  to  be  determined,  /.  e.,  the  difference  in 
reading  between  the  mercury  levels  in  the  pressure  and 
volume  tubes  when  both  levels  were  under  the  same  pressure. 
In  order  to  measure  these  differences  the  extreme  top  of  (D) 
was  drawn  out  before  a  blowpipe  to  a  fine  point  and  the  tip 
cut  off.  The  gauge  was  then  placed  in  an  exactly  similar 
position  to  that  which  it  would  occupy  when  finally  fixed  on 
the  stand.  Mercury  was  run  in  from  the  bottom  and  readings 
taken  in  the  pressure-tube,  with  the  mercury  standing  at  each 
of  the  50  reading-points  on  the  volume-tube.  After  this  had 
been  done  both  with  rising  and  falling  mercury,  the  actual 
volumes  corresponding  to  each  of  the  50  reading-points  on 
the  volume-tube  measured  from  its  upper  end  were  deter- 
mined.    The  tip  of  (Dj  was  sealed,  and  accurately  \veighed 
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quantities  of  mercury  were  run  in  from  a  fine  capillary  tube 
which  was  pushed  up  {(.))  and  (D).  From  the  numbers  thus 
obtained  the  volumes  represented  by  each  reading-point  coukl 
easily  be  calculated.  Lastly,  the  total  volume  of  the  gauge 
from  the  toj)  of  (D)  to  the  trap  (E)  was  found  by  weighing 
the  gauge  enn)ty  and  then  filled  with  mercury.  From  the 
data  thus  obtained  a  table  was  constructed  giving  the  capillary 
corrections  and  volumes  in  cubic  centimetres  for  each  of  the 
fifty  reading-points,  due;  allowance  being  made  for  the 
meniscus.  A  column  was  also  added  of  the  values  of  E,  for 
each  graduation,  li  being  the  ratio  of  the  total  volume  of  the 

V 

gauge  to  the  small  volume  at  each  point,  or  — .     This  ratio  is 

used  in  calculating  the  vacuum  in  millimetres  in  the  appa- 
ratus from  a  reading  of  the  gauge.  McLeod  has  shown  that 
if  a  pressure  p  be  read,  and  li  be  the  ratio  at  a  point  on  the 
gauge,  then  the  vacuum  will  be   found  from  the   expression 

^ ,  or,  if  a  second  approximation  be  required,  from 

The  method  of  calculating  the  numbers  read  on  the  gauges 
was  to  multiply  each  pressure  by  each  volume. 

The  following  table  shows  the  accuracy  to  be  expected  : — 


v'. 

c. 

v". 

P'- 

}}  in 
mm. 

V  in 
c.c. 

pv. 

120 

1-2 

127-2 

-11-0 

116-2 

•129 

14-99 

100 

71 

107-1 

+31-9 

1390 

•107 

14-93 

SO 

7-1 

87-1 

-f-86-9 

174-0 

•085 

14-91 

70 

71 

77-1 

+122-6 

199-7 

•074 

14-94 

60 

71 

G7-1 

+166-5 

233-6 

•064 

14-93 

In  the  first  column  v'  are  given  the  reading-points  on  the 
gauge  volume-tube.  In  the  second  column  c  are  given  the 
capillary  corrections  ;  under  v"  the  result  of  applying  these 
corrections  (r"  =  u'  +  c).  Under  p'  the  readings  of  pressure 
on  the  gauge,  p  the  actual  pressure  exerted  by  the  mercury 
on  the  measured  gas  p  =  v"  ±p',  plus  or  minus  according  to 
whether  the  reading  of />^  is  above  or  below  the  zero-point  on 
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the  pressure-tube  (B).  Then  follow  the  volumes  represented 
bj  the  re;uliii<2,-points  v',  ami  histly  the  product  of  pressure 
and  volume.  In  addition  to  this,  if  the  original  pressure  in 
the  apjturatus  before  rt'adino-  the  gau^e  is  over  '1  millim.  or 
thereabouts,  this  must  be  taken  into  account  as  the  pressures 
found  will  be  too  small  by  this  amount.  The  original  pressure 
must  therefore  be  found  from  the  expression 


K 

as  before  shown  and  added  to  the  values  given  in  column 
headed  p  above. 

AVhen  the  calibration  of  the  gauges  was  finished  thev  were 
ready  for  use.  In  fitting  up  the  apparatus  it  was  absolutely 
necessary  to  seal  all  joints  with  a  hand  blowpipe  so  as  to 
j)revent  any  possibility  of  leakage.  The  tap  K  for  the 
admission  of  the  gas  to  be  experimented  on  was  an  exception- 
allv  good  one  of  oblique  bore.  It  was  lubricated  with  gunnny 
phosphoric  acid,  and  though  in  constant  use  for  over  a  year 
never  once  showed  the  faintest  trace  of  any  leak  "whatsoever. 

During  the  experiments  the  mercury  of  the  gas  volume- 
metre  Q  was  kept  at  a  known  point  a;  so  that  the  volume  of 
the  apparatus  to  be  exhausted  was  from  the  point  x  to  the 
T-piece  c  of  the  mercury-pump,  the  tubes  ee,  together  with 
the  two  iiauges  and  the  vacuum-tube  J.  The  gauges  when 
read  had  their  volume-tubes  jacketed  with  cold  water  ;  and 
fitted  on  gauge  E  on  the  diagram  is  shown  the  jacket-tube 
used  in  the  experiments  at  high  temperatures. 

Whilst  working  with  these  gauges  we  noticed  the  following 
points  amongst  others.  First,  Avhen  the  gauge  is  not  in 
use,  the  mercury  should  be  kept  as  close  as  practicable  to  the 
traj),  for  if  it  be  kept  some  way  below,  the  gas  between  the 
mercury  and  the  trap  will,  on  raising  the  mercury,  inevitably 
be  driven  into  the  gauge  and  considerably  disturb  the  accu- 
racy of  reading,  even  as  much  as  seven  per  cent,  error  having 
occurred  from  this  cause. 

Secondly,  the  '  sticktion  '  of  the  mercury  in  the  capillary 
tubes  of  the  gauges  is  very  apt  to  introduce  large  errors  into 
tlie  results,  especially  at  high  vacua,  when  the  pressures  and 
volumes  to  be  read  are  very  small.  To  overcome  this  difficulty 
the  tubes  were  continually  tapped  before  reading,  and  many 
readings  were  taken  both  after  ascent  and  descent  of  the 
mercury.  That  this  was  necessary  may  be  shown  by  the  fact 
that  the  before-mentioned  capillai-y  corrections  when  measured 
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after  ascent  and  descent  of  the  mercury  sometimes  differed 
by  as  much  as  four  millimetres. 

It  is  also  to  be  noted  that  the  mercury  must  be  raised  very 
slowly,  or  gas  will  be  trapped  between  the  mercury  and  the 
glass.  Wo  also  found  it  necessary  to  make  the  gauges  of 
English  lead-glass,  as  we  found  this  to  bo  the  only  glass  that 
would  stand  the  high  temperature  jackets  without  cracking. 

Experiments  to  test  the  Accukacy  of  the 
McLeod  Gauge. 
In  order  to  determine  once  and  for  all  the  value  of  the 
McLeod  gauge  as  a  means  of  measuring  vacua,  some  experi- 
ments were  made  with  air.  Many  sets  of  readings  were 
obtained,  and  they  show  the  absolute  failure  of  the  gauge  to 
measure  vacua.  It  fails  more  and  more  as  the  vacuum 
improves.  If  the  gauge  had  given  trustworthy  readings,  the 
values  of  fw  obtained  at  all  reading-points  should  have  been 
constant.  We  give  here  a  set  of  values  of  pv  measured  at  a 
moderate  vacuum  {p  here  refers  to  pressure  in  the  gauge  ; 
not  to  the  vacuum  in  the  apparatus)  : — 

P- 
millim,  pv. 

4-1  100 

4-1  81-83 

4-1  09-921 

4-3  67-25 

4-6  59-57 

4-6  41-78 

4-9  33-47 

5-0  23-09 

6-3  15-09 

8-0  9-427 

The  other  sets  of  values  of^^u  obtained  during  this  exhaus- 
tion varied  from  100-95,  100-74,  100-65,  100-38,  100-18, 
100-14.  In  each  of  these  sets  the  first  and  highest  jyv  is 
raised  to  100,  and  all  other  values  in  that  set  raised  in  pro- 
portion. 

The  set  of  values  of  pv  given  above,  decreasing  from  100  to 
9  was  plotted  against  pressures  and  the  curve  (No.  1.)  drawn 
which  gives  the  value  of  />?'  constant  for  mininmm  pressm-e 
somewhere  about  270.  This  gives  a  vacuum  of  9  millionths 
of  an  atmosphere,  instead  of  -3  millionth. 

But  the  curve,  as  thus  drawn,  is  not  correct,  for  the 
decrease  in  the  values  of  pv  is  due  to  two  causes.  First,  to 
the  condensation  of  the  gas  on  the  glass  as  the  pressure  rises  ; 
and  secondly,  to  the  fact  that  Boyle's  law  does  not  hold  good 
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for  air  at  such  low  ])ressures.     In  addition  to  this,  the  surface 
of  ghiss  is  uneven  and  not  of  uniform  porosity.     Two  sets  of 

■pi-  curve  T. 


r—         *'' 


jiv  curves  11.  and  III. 

readings  of  the  two  gauges  at  the  same  vacuum  were  obtained 
with  carbon  dioxide.  These  two  series  were  calculated  for 
the  same  volume  and  were  plotted  against  pressures.  The 
two  curves  crossed  at  a  point  (Nos.  K.  &  III.).  Now  this 
point,  pressure  and  volume  being  the  same,  should  be  a  point 
of  equal  surface,  but  it  is  very  far  from  being  so.  We  see, 
therefore,  that  equal  pressures  may  condense  quite  different 
volumes  of  gas  on  two  equal  surfaces  of  glass ;  or,  in  other 
words,  that  two  equal  surfaces  of  glass  may  have  quite  different 
capabilities  of  absorbing  a  gas  at  a  given  pressure,  owing 
apparently  to  want  of  uniforjn  porosity.  A  curve  drawn  for 
a  set  of  readings  is,  therefore,  not  to  be  depended  upon. 
Indeed,  with  some  gauges,  the  readings  are  so  erratic  that  it 
is  exceedingly  difficult  to  draw  a  curve  at  all,  and  one  of  the 
gauges  made  for  these  experiments  had  actually  to  be  dis- 
carded for  this  very  reason.  Such  results  as  these  put  beyond 
a  doubt  the  total  worthlessness  of  the  gauge  as  a  means  of 
measuring  low  pressures  with  air  or  with  carbon  dioxide. 

With  hydrogen,  however,  the  case  is  different.     After  the 
apparatus  was  absolutely  filled  with  hydrogen,  the  sets  of 
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values  oi pv  read  on  the  gaiinjes  were  constant,  at  least  within 
the  limits  of  expei'imental  error. 

We  <;ive  a  type  of  the  series  of  readings  we  obtained  : — 

P: 
iiiillini.  ^)r. 

24-5  l-OO 

29-5  1-00 

37-3  1-01 

49-3  1-01 

75-2  1-02 

100-3  1-01 

152-3  1-00 

Many  series  of  values  of  jw  were  obtained,  and  tliey  prove 
that  hydrogen  expands  quite  normally  between  the  limits  650 
and  2'5  niillim.  of  mercury  pressure.  We  found  it  impossible 
with  any  accuracy  to  make  readings  in  the  gauges  with  a 
]>ressure  smaller  than  2*5  millim.  These  results  also  prove 
that  hydrogen  does  not  condense  on  a  glass  surface  between 
these  limits  of  ])ressure.  Bv  measurino-  the  rate  of  exhaustion 
of  an  apparatus  of  known  volmne  by  a  reservoir  pump  whose 
volume  is  also  known,  we  found  that  hydrogen  suffers  no 
condensation  on  glass  down  to  as  low  a  pressure  as  "000070 
millim. 

Let  the  volume  of  the  apparatus  be  called  \  and  the  volume 
of  the  pump  Y',  then  the  pressure  after  a  stroke  of  the  pump 

V        . 

Avill  be  sj  ,\ji  times  the  pressure  which  existed  before  the 

stroke.      This  ^'alue  may   also  be  found  experimentally   by 

dividing  the  pressure  after  a  stroke  of  the  pump  by  the  pre- 
viously existing  pressure.  We  have  called  this  ratio  the 
Factor  of  Exhaustion.  It  is  evident  that  the  constancy  of 
this  factor  of  exhaustion  depends  not  on  the  expansion  of  the 
gas  but  on  the  possibility  of  condensed  gas  coming  off  the 
walls  of  the  aj)paratus,  in  which  case  its  value  would  increase. 
We  made  many  series  of  measurements  to  obtain  the  factors 
of  exhaustion,  and  found  that  they  were  quite  constant  and 
equal  to  theory  down  to  the  extreme  limit  of  exhaustion. 

We  give  here  the  results  tabulated. 

In  the  colunni  headed  ratio  of  fiaugo  readings  are  jiiven 
the  ratios  of  the  readings  of  the  two  gauges  obtained  at  each 
measurement.  As  these,  of  course,  ought  to  be  constant, 
they  may  be  looked  upon  as  a  measui-e  of  the  experimental 
inaccuracies  of  the  work,  and  may  be  used  to  correct 
the  deviations  observable  in  the  values  of  the  factors  of  ex- 

V 

haustion.     In  the  last  column  are  given  the  values  of  ^r? — ^r. 
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calculated   from  tho  apparatus  and   pump    volumes.       Any 
change  in  these  indicates  a  new  apparatus. 


No.  of 
Stroke. 

Vacuum. 

Ratio  of 
Gauge 
Readings 
E 

F' 

Factor  of 

Exhaustion 

from  gauge 

E. 

Factor  of 

Exhaustion 

from  gauge 

F. 

Theory. 
V. 

v+v: 

1st  Series  *. 

Preliminary. 

4  niillim. 

10359 

1080 

10r).5.5 

10(U)3 

r02o6 

•5497 
•5431 
•5436 
•5254 

•5273 
•5512 
•5345 
•5462 

•550 

II 

Ill 

IV 

2nd  Series. 

Preliminary. 

I ;... 

49  millim. 
•11  uiillm. 

1015 

1049 

105.") 

1^0476 

10475 

10495 

10444 

Mean    . . . 

-.5396 
•5363 
•5376 
•5430 
•5351 
•5463 

•5374 
•5366 
•5414 
•5432 
•5391 
•5515 

•540 

II 

Ill 

IV 

V 

VI 

•5395 

•5416 

3rd  Series. 

Preliminary. 
I 

•07  niillim. 
•0401   „ 

1040 

io;}2 

•5553 

•5592 

•557 

4tL  Series. 

Preliminary. 

I 

II 

Ill 

Very  bigh 
vacuum. 

10397 
1051 
r053 
r042 

•6429 

•6547 
•6165 

•6362 
•5543 
•6232 

•560 

„ 

5th  Series. 

Preliminary. 

no  connexion. 
•0068  millim. 

10521 

10494 

10.54 

1058 

1-0626 

10(;0 

10427 

10368 

10366 

10594 

1083 

•5374 
•5413 

•5346 
•5389 
■5401 
•5395 
•5412 
•5496 
•6289 

•5388 
•5386 

•5325 
•5401 
•5493 
•5426 
•5412 
•5378 
•6462 

•548 

II 

Ill 

IV 

V 

VI 

VII 

VIII 

LX 

X.  

*  In  this  series  it  had  not  been  noticed  that  it  was  necessarj-  to  keep  the 
merciiry  as  close  below  the  trap  as  possible,  so  as  to  avoid  impelling  gas  into 
the  gauge  on  raising  the  level  of  the  mercury,  in  order  to  close  it. 
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Table  {continued). 


No.  of 
Stroke. 

Vaciuim. 

Ratio  of 

Gauge 
Readings 

E 

F' 

Factor  of 

ICxhaustion 

from  gauge 

E. 

Factor  of 

Exliaustion 

from  gauge 

F, 

Theory. 
V. 

V  +  V. 

6th  Series. 

Preliminary. 

I 

I[ 

•004 
•0024 

10549 
10741 
1-094 
1-101 

■5fi39 
•5681 
•6530 

-5486 
•5630 
•6494 

-548 

Ill 

7th  Series. 

I 

Very  high 
vacuum. 

-5875 

•7;3(;2 

•5857 
•5634 
■fi510 

•5583 
•7670 
-5912 
•6012 
•5735 

•590 

II 

Ill 

IV 

V 

The  last  series  vary  a  great  deal  owino-  to  difficulties  of 
reading,  and  also  to  the  fact  of  the  extremely  high  vacuum, 
pumping  is  performed  hj  ditfusion.  The  presence  of  mercury- 
vapour  makes  no  difli'erence  in  these  experiments  at  all.  When 
the  mercury  is  raised  in  the  gauges  and  the  pressure  on  the  gas 
rises,  the  mercury-vapour  becomes  condensed,  and  readings 
are  only  made  of  the  hydrogen  in  the  apparatus.  When  the 
mercury  is  lowered  again,  mercury-va])our  doubtless  mixes 
with  the  hydrogen  till  a  state  of  equilibrium  is  reached,  the 
percentage  of  mercury-vapour  depending  on  the  pressure. 
In  working  the  pump  also  the  presence  of  mercury-vapour 
has  no  effect,  for  the  pump-chamber  when  the  mercury  falls 
is  empty  of  hydrogen,  and  if  there  is  any  hydrogen  in  the 
ap])aratus  it  will  diffuse  in  through  the  mercury-vaj)Our. 
This  explains  how  it  is  possible  to  exhaust  an  apparatus  tilled 
with  hyd)-ogen  so  far  that  the  pressure  of  the  gas  left  is  con- 
siderably below  the  pressure  of  mercury-vapour,  though  of 
course  the  actual  pressure  in  the  apparatus  is  not  below  that 
of  mercury-vapour,  for  as  fast  as  the  hydrogen  diffuses  out  of 
the  apparatus  into  the  pump,  its  place  is  taken  by  more 
mercury-vapour.  Apparent!}',  however^  there  is  a  limit  to 
this,  for  we  were  not  able  to  take  out  any  more  hydrogen 
than  is  represented  by  the  last  reading  of  the  table  above. 
The  pressure  of  hydrogen  in  the  apparatus  was  about  '000076 
millim.,  while  the  vapour-pressure  of  mercury  is  about 
•0002  millim. 
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An  interesting  calculation  may  be  made  with  this  vahie. 
If  the  gas  uniler  examination  were  air  and  not  hydrogen, 
then  a  great  qnantity  of  air  wonld  have  condensed  on  the 
glares  when  the  mercury  was  raised  in  the  gauge  to  take  the 
reading.  If  the  curve  (No.  I.)  were  apphed  to  this  vakie,  wo 
sliould  obtain  the  reading  of  the  vacuum  '0000022  millim. 
This  curve,  however,  was  obtained  for  air  at  greater  pressure 
tiian  the  above,  and  the  condensation  would  be  still  greater 
at  -OOOOTt)  millim.,  so  that  this  is  probably  the  highest 
vacuum  that  has  yet  been  measured. 

These  results  prove  that  hydrogen  does  not  in  any  way 
condense  on  to  a  glass  surface  on  rise  of  pressure,  and  that 
therefore  in  working  a  McLeod  gauge  with  hydrogen  all  the 
gas  in  the  gauge  is  measured  and  none  lost  by  surface-con- 
densation. The  ^IcLeod  gauge  is  accordingly  trustworthy  to  a 
certain  extent  when  working  with  absolutely  pure  hydrogen. 

AVith  carbon  dioxide,  however,  the  case  is  dilierent.  Several 
series  of  factors  of  exhaustion  were  obtained  with  this  gas, 
and  it  was  found  that  they  steadily  increase  in  value  as  the 
exhaustion  proceeds.  This  is  owing  to  condensed  carbon 
dioxide  coming  off  the  walls  of  the  apparatus.  It  seems  even 
possible  to  reach  to  a  pressure  which  is  equal  to  the  "  vapour- 
pressure  '"'  of  the  carbon  dioxide  which  is  condensed  on  the 
walls.  For  in  a  particular  experiment  the  factors  of  exhaustion 
increased  steadily  till  they  reached  -1)97,  and  188  pumps  more 
failed  to  make  the  slightest  ditference  in  the  vacuum,  as 
evidenced  by  the  electric  discharge  in  the  vacuum-tube  and 
by  the  gange-readings.  It  would  appear  therefore  that  the 
pressure  in  the  apparatus  just  efpialled  the  pressure  of  the 
condensed  carbon  dioxide,  and  that  as  fast  as  the  pressure 
was  lowered  by  more  pumping  it  was  restored  to  its  equilibrium 
by  more  carbon  dioxide  esca[)ing  from  the  pores  of  the  con- 
taining walls.  The  vacuum  was  not  very  high,  the  apparent 
pressure  being  about  one  millionth  of  an  atmosphere. 

We  found  the  converse  of  this  when  admitting  measured 
volumes  of  carbon  dioxide  into  a  vacuum.  In  these  experi- 
ments a  gauge-reading  was  first  taken  and  the  pv  calculated  ; 
then  a  known  volume  of  carbon  dioxide  also  calculated  to  pv 
was  admitted.  This  last  value  multiplied  by  the  ratio  which 
the  gauge  volume  bears  to  the  rest  of  the  apparatus  will  give 
the  amount  of  carbon  dioxide  taken  up  by  the  gauge.  This 
added  to  the  previous  value  of  pv  read  in  the  gauge  ought  to 
agree  with  the  gauge-reading  taken  after  the  admission  of 
the  carbon  dioxide.  But  we  found  that  the  measured  pv  was 
always  smaller  than  that  calculated.  This  show^s  therefore 
that  some  of  the  carbon  dioxide  condenses. 
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We  give  one  scries  of  measurements  together   with  the 

values  calculated  i'rom  the  known  volume  admitted: — 

Calculated.  Found. 

4-4  4-2 

7-9  0-8 

9-4  9-1 

9-1  7-4 

11-9  ll-,5 

U-7  1.5-9 

21-2  19-G 

These  results  are  a  further  proof  that  the  McLeod  gauge 
is  of  no  value  in  determining  the  amount  of  rarefaction  of 
carbon  dioxide. 

We  also  found  it  very  easy  to  exhaust  all  hydrogen  out  of 
the  apparatus  if  there  were  any  condensed  carbon  dioxide  on 
the  containing  walls.  When  the  pump  was  started  at  about 
10  millini.  pressure,  the  spectrum  of  the  gas  in  the  vacuum-tube 
was  only  that  of  hydrogen.  As  the  exhaustion  proceeded  the 
factor  of  exhaustion  steadily  increased  while  hydrogen  slowly 
disappeared  from  the  vacuum-tube  and  carbon  dioxide  became 
in  evidence,  till  in  a  short  time  all  the  hydrog'en  had  been 
pumped  out  and  only  carbon  dioxide  remained. 

These  facts  may  give  an  idea  of  the  great  difhculties  we 
met  with  in  filling  the  apparatus  absolutely  with  hydrogen. 
This  was  a  most  lengthy  and  tedious  operation.  lu  spite  of 
the  fact  that  the  apparatus  used  for  the  hydrogen  experi- 
ments never  had  carbon  dioxide  put  into  it,  the  glass  and  the 
phosphorus  pentoxide  nevertheless  contained  great  quantities 
of  this  gas  condensed  on  them,  the  removal  of  which  took  a 
very  long  time.  First  of  all  the  apparatus  was  exhausted  as 
highly  as  possible  and  then  the  glass,  especially  the  phos- 
pliorus-pentoxide  tube,  was  raised  to  a  high  temperature 
with  a  Bunsen-burnor,  the  exhaustion  being  ke})t  very  high 
in  the  meantime.  Hydrogen  was  then  admitted,  and  the 
a{)paratus  again  exhausted,  the  heating  being  still  continued. 
This  was  repeated  until  no  further  carbon  dioxide  could  be 
brought  off  the  walls  by  the  heating  in  the  vacuum  and 
until,  after  leaving  it  for  a  night,  very  highly  exhausted,  no 
spectrum  of  carbon  dioxide  was  visible  in  the  vacuum-tube 
when  a  current  was  passed.  This  process  sometimes  lasted  a 
fortnight. 

The  foregoino;  results  and  the  difficulties  we  met  with  in 
filling  the  apparatus  with  hydrogen  emphasize  our  criticism 
on  all  previous  work.  For  this  fact  of  the  condensation  of 
carbon  dioxide  does  not  appear  to  have  been  noticed  by 
previous  experimenters.     It  would  tend   to   make  the  read 
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|>ressurc  too  high,  for  carbon  dioxide,  being  evolved  from  tlio 
glass  with  docreaso  of  pressure,  would  mix  with  the  gas  under 
experiment  and  increase  the  apparent  pressure.  It  is  prob- 
ably the  reason  why  the  jiroduct  of  pressure  and  volume  has 
so  often  been  found  to  increase  with  reduction  of  pressure. 

To  measure  the  expansion  of  hydrogen  below  the  pressure 
of  '2'i)  millim.  the  thermal  method  was  adopted.  One  of  the 
two  gauges  was  jacketed  at  a  known  temperature,  and  the 
expansion  of  the  gas  thus  determined.  Readings  were  taken 
on  both  the  gauges,  and  the  ratio  of  the  two  sets  of  values  of 
])V  obtained.  AVhen  the  mercury  is  lowered  in  the  gauges 
the  gas  expands,  and  though  its  expansion  below  2*5  millim. 
may  be  abnormal,  this  ratio  of  the  values  of  pv  remains  the 
same.  One  of  the  gauges  is  then  jacketed  and  the  other 
read.  This  reading  multiplied  by  the  ratio  before  obtained 
gives  the  pv  of  the  hot  gas  in  the  other  gauge.  The  hot 
gauge  is  then  shut  off  and  allowed  to  cool,  when  it  is  read. 
The  ratio  of  the  readings  of  the  gauge  when  hot  and 
when  cold  is  equal  to  the  ratio  of  the  absolute  temperatures. 
To  give  an  idea  of  the  accuracy  of  the  method  we  quote  an 
example  : — 


Preliminary  Readings 

to 

obtain 

the  Gau(/e  Ratio. 

Gauge  E. 

Gauge  F. 

pv. 
376-2 

2}v. 
395-1 

375-4: 

394-6 

376-3 

394-5 

376-5 

395-0 

375-6 

394-8 

Mean  =376-0 

Mean 

=  394-8 

llatio 

E 

=  1-0;: 

). 

ge  F  was  then  jacketed 

w: 

ith  ani 

line  vj 

ij)0ur.    Barometer 

at  0°  (!. 

Readings 

after  j; 

acket. 

E. 

F. 

pv. 

379-84 

pv. 
247-60 

379-71 

247-41 

380-11 

247-94 

379-78 

248-25 

379-17 

247-71 

Mean  =379-71  Mean  =  247-782 

Temperature  =12°-5  C. 
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When  gauge   F    was    liot    the    reading   of   gauge  E   was 
379-71. 

Therefore  the  reading  of  gauge  F  was 
37!;i-71xl-05=3DG-80. 

Boiling-point  of  aniline  at  barometric  pressure  764'9  millim, 

=  18-4°-0()  C. 
Therefore      3')G-80  :  247-782  :  :  a- +  184-00  :^-  +  12-5  ; 
.-.     .r  =  273-741. 

Coefficient  of  cx[)ansiou  ^^^fxi' 

Vacuum   =3-47  millim. 

In  making  these  experiments  the  readings  were  taken  at 
the  same  reading-points  throughont  the  whole  o]wration  so 
as  to  ensure  accuracy.  It  will  be  evident  that  the  volumes 
represented  by  the  divisions  on  the  gauge  do  not  influence 
the  result,  and  provided  that  the  whole  calculation  is  made 
from  readings  at  the  same  points,  the  volumes  at  these  points 
may  be  given  any  value  whatever.  The  accuracy  of  the 
experiment  therefore  does  not  de|»end  in  any  way  on  the 
accuracy  of  the  volumes  at  the  rea<ling-points,  but  only  of  the 
pressures,  which  were  very  carefully  read  to  within  01 
millim. 

The  following  coetficients  of  expansion  of  hydrogen  were 
obtained  : — 

(T  =  temperature  of  jacket  ;  <  =  temperature  of  reading.) 


Pressure. 

4-7  millim. 

1 

27a-5 

3-47     ,, 

1 

273  74 

•25     „ 

1 
276 

•090  „ 

1 

297 

•077  „ 

1 

T. 
184-00  C. 

t. 
12°5  C, 

184-33 

13-8 

132-32 

14  7 

132-27 

17-3 

132-33 

10-3 

The  purity  of  the  hydrogen  in  these  experiments  was 
satisfactorily  proved  by  both  the  constancy  of  the  gauge- 
readings  in  each  experiment  and  by  the  factor  of  exhaustion 
being  equal  to  theory. 

If  the  above  results  be  plotted  on  a  curve  it  shows  that 
hydrogen  expands  quite  normally  till  a  pressure  of  '4  millim. 
is  reached,  when  its  elasticity  increases  with  further  decrease 
of  ])ressure.  Many  other  experiments  were  made,  with  similar 
results. 
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Having  thus  siti^fuctorily  proved  that  this  method  of 
determininii-  the  tlieruial  expansion  of  hydrogen  is  capable  of 
giving  aec'urate  results,  we  proceeded  to  apply  it  to  de- 
terniing  the  expansions  of  oxygen  and  niti'ogen  at  reJuced 
j)ressiires. 

In  the  case  of  oxygen  the  gas  was  made  hj  heating  per- 
manganate of  potassium,  it  was  washed  in  caustic  potash  and 
dried  by  means  of  sulphuric  acid  and  phosphorus  pentoxlde. 
Oxygen  proved  to  be  an  exceptionally  dithcult  gas  to  deal 
with,  as  it  was  found  impossible  to  determine  its  purity  by  the 
electric  discharge  in  the  vacuum-tube,  as  the  presence  of  dust 
or  other  combustible  material  led  to  the  formation  of  carbon 
dioxide.  This  method  therefore  was  of  no  use,  and  the  purity 
of  the  oxygen  was  determined  by  the  result  obtained,  as  will 
be  seen  further  on. 

The  coethcient  of  expansion  of  oxygen  was  found  to  be 
from  very  careful  experiments  : — 


5'1  millim. 
5-3      „ 
4 


261' 

260' 

J_ 

262" 


These  results  are  very  fairly  good,  and  being  at  such  high 
pressures  as  4  and  5  millim.  may  be  said  to  demonstrate  the 
absence  of  carbon  dioxide,  especially  inasmuch  as  they  give 
evidence  of  oxygen  being  too  expansible  while  carbon  dioxide 
is  the  opposite.  Each  of  these  results,  too,  was  obtained  after 
a  fresh  filling  of  the  apparatus,  which  in  each  case  was  most 
carefully  done.  Therefore  the  proof  that  they  are  measure- 
ments of  the  expansion  of  pure  oxygen  may  be  regarded  as 
conclusive.  As  the  results  next  obtained  gave  evidence  that 
with  decrease  of  pressure  the  coefficient  of  expansion  still 
further  increased,  and  as  on  the  slightest  sign  of  j)resence  of 
carbon  dioxide  the  apparatus  was  most  carefully  filled  again 
with  oxygen,  there  is  no  doubt  that  the  exj)ansion  of  pure 
oxygen  was  in  each  case  measured.  The  presence  of  a  small 
quantity  of  carbon  dioxide  would  materially  alter  the  results, 
as  the  value  of  the  coefficient  of  expansion  of  this  gas  is  so 
small  at  the  pressures  here  dealt  with. 

The  anomaly  in  the  expansion  of  oxygen,  first  noticed  by 
Bohr,  was  brought  xc^ry  strikingly  under  our  notice  in  working 
with  oxygen.  The  vacuum  was  at  one  time  1*4  millim.,  when, 
on  a  stroke  of  the  pump  being  taken,  the  remaining  gas,  now 
at  a  pressure  of  about  '75  millim.,  behaved  in  a  most  extra- 
ordinary fashion.     For  example,  the  two  gauges  E  and  F, 
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wliich  are  of  the  same  volume  within  '1  per  cent.,  gave  values 
of  pv  which  instead  of  being  equal  had  a  ratio  to  one  another 
of  1  to  8'8.     We  eive  the  values  : — 


Gauge  E. 

Gauge  F. 

p.                    pv. 
12-3  =  ()-00 

p.                      pv. 

■      100   =  53-3 

17-1»  =  6-04 

106-1  =  53-1 

25-()  =  6-09 

113-3  =  530 

37-5  =  6-03 

125   =  53-2 

6-04  53-15 

A  large  number  of  experiments  were  made,  in  which  the 
gauges  were  continually  opened  and  again  closed  and  read, 
but  the  right  ratio  was  not  obtained  nntil  after  78  hours'  rest. 
Then  the  readings  in  the  gauge  became  normal,  and  an 
experiment  was  attempted  to  measure  the  coefficient  of 
expansion,  but  the  equilibrium  of  the  gas  was  instantly  dis- 
turbed, and  the  result  came  out  about  j.^.  When  the  ap- 
paratus was  exhausted  beyond  this  particular  point,  the 
behaviour  of  the  gas  became  quite  regular  again,  and  two 
measurements  of  expansion  were  made.  This  same  anomaly 
was  met  with  again  in  subsequent  experiments. 

The  coefficients  of  expansion  of  oxygen  v.e  obtained  were 
as  follows  : — 

5-1     millim.     gai* 


b-6 
40 

2-5 

1-4 

•083 
•07 


J 

260' 
I 

2(j2- 

L250-1" 
J_ 
233" 
_1_ 

244* 

t 
2J0-3- 


T. 

132-11 

t. 

o 

11 

132-0 

11 

131-6 

13 

132-1 

9-4 

131-8 

11-5 

132-15 

10-9 

131-71 

9-1 

131-84 

11 

It  will  be  seen,  therefore,  that  the  coefficient  of  expansion 
of  oxygen  decreases  with  decrease  of  pressure.  Having  a 
value  of  about  gei  at  5  millim.,  it  increases  steadily  to  Avhere 
the  change  takes  place.  At  a  rareftiction  greater  than  at  this 
point,  the  value  of  the  coefficient  is  again  smaller,  but  it  still 
ap})ears  to  increase  with  further  diminution  of  pressure. 

It  is  difficult  to  account  for  the  abnormal  behaviour  of 
oxygen  as  regards  distribution  in  the  gauges  at  a  pressure  of 
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0-75  millim.  The  only  possible  explauation  appears  to  be  that 
the  teniperatuivs  of  the  two  gauges  must  have  Jitlered  to  a 
small  extent,  and  that  the  smallest  ditl'erence  in  temperature 
produces  quite  an  unusual  disturbance  in  equilibrium. 

Nitrogen  was  next  experimented  upon.  The  gas  was  pre- 
pared by  absorbing  the  oxygen  from  air,  first  as  far  as  possible 
by  means  of  pyrogallate  of  potassium,  and  then  by  passing  it 
over  red-hot  coj)per-gauze. 

The  experiments  were  carried  out  in  the  usual  Avay,  and 
there  was  no  special  ditticulty  connected  with  the  filling  of 
the  api)aratus  with  the  gas. 

The  great  dithcultv  in  working  -svith  nitrofjen  was  that 
experienced  ni  obtanimg  satisfactory  and  concordant  results 
in  measurement  of  the  ratio  between  the  gauge-readings 
preliminary  to  the  jacketing.  This  difficulty  increased  as  the 
vacuum  improved,  and  it  was  found  impossible  to  obtain 
results  of  any  value  whatever  at  a  less  pressure  than  '0  millim. 
The  readings  for  the  ratio  were  always  taken  with  the  utmost 
care,  but  in  spite  of  this  ratios  sometimes  differed  amongst 
themselves  as  much  as  2  per  cent.,  which  means  a  difference 
of  9  or  more  per  cent,  in  the  values  of  the  coefficient  of 
expansion. 

The  numbers  obtained  were  as  follows  : — 


essure. 

T. 

t. 

-   Q             1 

132-55 

SS 

'^  "^^      30i-8- 

132-16 

d 

*^               301-6* 

132-42 

8-5 

1-1            3|4- 

131-7 

14 

'8           331- 

131-6 

12-5 

•«   It.) 

132-1 

11-5 

*-  323-    J 

132-1 

13 

-  It  ) 

131-6 

13 

•«   (t  } 

132-2 

13 

Mean  of  eight 

342-00  ^^  '^  nnlhm. 

These  last  values  of  the  coefficient  of  expansion  are  in  four 
sets,  each  set  beiuLt  the  result  of  an  entire  fresh  till  in  u'  of  the 
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apparatus  with  nitrogen.  The  two  values  in  each  set  have 
been  calculated  with  the  two  extreme  values  of  the  oanae  ratio 
that  have  been  obtained  during  the  experiments  at  this  pressure 
•()  millim.  Though  the  results  are  not  good,  they  nevertheless 
show  that  the  coetHeient  of  expansion  of  nitrogen  for  one 
degree  Centigrade  decreases  with  decrease  of  pressure. 

To  sum  up  the  results  •. — (1)  The  coeiticient  of  expansion 
of  hydrogen  with  temperature  decreases  as  ])ressure  is  lowered. 
It  is  normal  down  to  a  pressure  of  O'l  millim.  (2)  The  co- 
efficient of  expansion  ol  oxygen  is  greater  than  the  normal 
one,  being  1/2G2  instead  of  1/273  ;  it  increases  with  decrease 
of  pressure  to  ]/283  at  1*4  millim.  pi-essure  ;  at  0  7  millim. 
pressure  it  is  erratic  ;  but  at  lower  pressures  it  again  becomes 
more  constant,  still  showing,  however,  a  tendency  to  increase 
as  pressure  is  decreased.  (3)  With  nitrogen  the  coefficient 
of  expansion  is  lower  than  the  normal  (1/304)  at  pressures 
between  5  and  1  millim.  ;  at  lower  pressures,  like  that  of 
hydrogen,  its  coefhcient  of  expansion  decreases  ;  that  is  the 
gas  becomes  more  elastic.  (4)  So  far  as  it  was  possible  to 
exjieriment  with  carbon  dioxide,  its  behaviour  appears  to 
resemble  that  of  hydrogen  and  nitrogen  ;  but  owing  to  the 
tendency  which  it  has  to  condense  and  cling  to  the  gauge, 
trustworthy  measurements  were  impossible  to  attain.  These 
results  corroborate  thoseof  Mendeleeff  and  Siljestrom,  although 
they  are  deduced  from  thermal  expansion,  while  theirs  were 
deduced  from  the  com})ressibi]ity  of  the  g:is.  And  Bohr's 
results  as  regards  the  abnormality  of  oxygen  were  also  con- 
firmed, although  likewise  by  a  different  method. 

If  it  maybe  taken  for  granted,  then,  that  the  rate  of  expansion 
of  gases  decreases  with  decrease  of  pressure,  it  is  necessary  to 
inquire  why  this  is  the  case.  Fi'om  the  point  of  view  of  i\w, 
kinetic  theory,  pressure  is  caused  by  impacts  on  the  walls  of 
the  containing  vessel  of  the  molecules  which  it  contains,  due 
to  their  translational  motion.  The  internal  motion  does  not 
give  rise  to  pressure.  If,  on  communicating  to  a  gas  energy, 
by  raising  its  temperature,  it  does  not  respond  by  a  sufficient 
rise  of  pressure,  it  appears  to  us  that  the  conclusion  is  inevi- 
table that  its  internal  energy  is  increased  to  a  greater  than 
usual  extent  compared  with  its  translational  energy.  It  is 
perha})s  idle  to  speculate  on  the  extreme  final  state  of  rarefac- 
tion ;  but  if  this  diminished  rate  of  expansion  were  to  continue 
to  increase  with  tenuity,  a  point  might  conceivably  be  reached 
where  all  received  energy  would  result  in  internal  motion. 
Can  this  be  the  cause,  or  one  cause,  of  phosphorescence  in 
high  vacua? 

in  his   AUgemcine  Chemie,  second  edition,   vol.  ii.  p.   32, 
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Ostwald  treats  of  tlio  limiting  phenomena  of  volume-energv. 

Ho  sn^"«iOsts  tliat  if  it  be  conceivable  that  the  volume  of  a  m?; 

is  increased  indefinitely,  the  volinne-energy  obtainable  from  a 

gas  Nvould  also  increase  infinitely,  involving  the  consequence 

that  from  a  tinite  quantity  of  gas  an  intinite  amount  of  heat 

of  constant  temperature  could  be  converted  into  kinetic  energy. 

He  therefore  suggests  that  at  some  very  great,  yet  tinite  volume, 

the  pressure  should  become  zero,  and  the  gas  should  therefore 

refuse  to  increase  its  volume.     Instead  of  the  expression  for 

c 
Boyle's  law, /)r  =  c,  (/>  + A)  r  =  c,  whereX,'=:^ — ,  i.e.  at  a  volume 

'"max 

where  /)  =  0.  Such  a  supposition  would  place  an  upper  limit 
to  the  atmosphere.  Similar  considerations  are  also  applied  by 
him  to  gravitational  enei'gy. 

The  aljuormai  behaviour  of  oxygen  is,  if  not  more,  at  least 
equally  difficult  to  explain.  Some  profound  change  must  take 
place  suddenly  at  the  jjressure  0*7  millim.  Whether  this 
change  is  of  the  nature  of  dissociation  or  not,  cannot  readily 
be  determined  ;  but  the  spectra  of  oxygen  appear  to  show  that 
it  is  able  to  exist  in  several  modifications  at  low  pressures. 

The  work  described  appears  to  us  very  incomplete  ;  yet  it 
has  not  been  for  want  of  time  and  trouble  spent  on  it.  The 
experiments  are  of  extreme  difficulty,  and  it  has  taken  close 
on  two  years  to  arrive  at  the  results  chronicled,  imperfect  as 
they  are.  We  are,  however,  somewhat  cheered  to  learn  that 
the  experience  of  Professor  Mendeleeff  has  in  this  res])ect 
been  like  ours  ;  that  a  short  column  of  figures  can  express 
the  results  of  the  labour  of  years. 

University  College,  London, 
20th  May,  1894. 
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The  Sleam-Emjine  and  other  Heat-Engines.  By  J.  A.  Ewixg, 
M.A.,  B.Sc.,  F.R.S.,  M.  Inst.  G.E.  Cambridge :  at  the  Uni- 
versity Press. 

PR0FES80R  EWING'S  article  on  the  Steam-Engine  in  the 
Encyclopedia  Britamiica  reads  like  a  set  of  most  excellent 
lecture-notes.  In  the  present  book  the  Encyclopedia  article  may 
easily  be  recognized  ;  but  if  we  may  dare  to  say  so,  it  is  like 
recognizing  the  features  and  manners  of  a  clever  Scotch  medical 
student  in  an  accomplished  and  experienced  Ijondon  physician. 

Although  short  for  such  a  great  subject,  its  style  is  polished ; 
and  because  the  author  has  not  only  studied  his  subject,  but  also 
his  students,  the  book  reads  very  easily.  Only  in  a  very  few 
places  does  there  seem  to  be  any  of  that  useless  mathematics  with 
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w  Iiicli  iiinuy  niodern  engineering  books  are  stuffed.  Ou  the  other 
liiuid,  it  uoidd  be  easy  to  point  out  places  in  which  a  somewhat 
fuller  treatment  of  the  subject  would  have  beeu  an  improvement. 
Every  statement  will  stand  examination,  there  being  nothing 
sliptshod  either  in  the  author's  knowledge  of  the  principles  of 
science,  or  in  his  application  of  these  princi])les  to  the  exceedingly 
complicated  ])henomena  witb  which  the  practical  engineer  has  to 
deal.  It  is  just  possible  that  exception  might  be  taken  to  the 
author's  way  of  s])eaking  of  the  absolute  zero  of  temperature  and 
of  absolute  tem])erature,  as  if  we  knew  its  scale  at  very  low  tem- 
])eratures.  In  this,  if  he  is  in  error,  he  errs  with  90  per  cent,  of 
the  writers  of  books. 

The  book  is  illustrated  with  many  woodcuts,  and  gives  a  good 
general  idea  of  the  most  recent  engineering  practice;  but  the 
author  has  very  rightly  left  out  such  illusti'atioiis  and  descriptions 
of  mere  details  as  are  far  better  studied  in  shops  and  in  drawing- 
offices  and  their  usual  books  of  reference. 

We  are  glad  to  see  a  clear  description  of  the  uses  of  the  tem- 
perature-entropy diagrams  which  Mr,  Macfarlane  Gray  has  for 
so  long  been  endeavouring  to  make  engineers  understand.  It  is 
certain  that  no  educated  engineer  who  practises  with  it  for  an  hour 
will  ever  dispense  with  its  help  in  his  study  of  a  heat-engine.  For 
the  study  of  steam-engiues  we  have  a  curve  whose  vertical  ordinate 
is  0  the  temperature  and  abscissa  <p  the  entropy  of  1  lb.  of  water, 
and  we  have  another  curve  for  1  lb.  of  dry  saturated  steam.  Au 
adiabatic  line  in  this  diagram  is  a  vertical  straiglit  line  and  areas 
represent  amounts  of  energy  as  heat  or  work.  Assuming  no 
standing  water  in  the  cylinder,  or  assuming  that  the  whole  mass  is 
at  the  same  temperature,  and  given  the  feed-water  per  stroke  as 
well  as  the  indicator-diagram,  it  is  astonishing  how  much  infoi- 
mation  as  to  rate  of  reception  or  loss  of  beat  and  condensation  or 
vaporization  is  given  easily  by  the  6,  </>  diagram. 

That  the  alternate  heating  and  cooling  of  the  cylinder  is  the  great 
souire  of  waste  in  a  steam-engine  was  clearly  pointed  out  by  Watt. 
That  high  temperature  (and  therefore  pressure)  of  the  entering 
steam  leads  to  greater  eflicieucy  has  been  more  or  less  correctly 
known  since  the  time  of  Carnot.  But  thes(5  two  principles  are 
antagonistic,  because  the  second  necessitates  great  expansion,  and 
this  implies  great  range  of  temperature,  and  hence  each  of  these 
principles  has  been  learnt  and  forgotten  again,  eulogized  and  con- 
deumed,  several  times  during  the  last  eighty  years.  The  valuable 
work  of  Rankine,  which  might  have  beeu  of  enormous  use  to  the 
practical  men,  could  not  be  recognized  by  them  because  the  actual 
waste  in  well-made  engines  was  unaccounted  for  by  his  theories ; 
yet  Clarke's  experiments  were  made  in  1855  and  Isherwood's  in 
18G3.  Just  before  Eankine's  death  he  was  beginning  to  take  the 
missing  water  into  account,  as  is  evident  in  his  memoir  of  John 
Elder.  Elder,  in  a  paper  read  before  the  United  Service  Insti- 
tution in  ]b6t!,  showed  that  it  was  advantageous  to  employ  a 
comi^ound  engine  with  two  cylinders  when  expanding  steam  to  five 
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times  its  volume,  and  one  with  three  cylinders  for  successive  ex- 
pansion to  ten  times  the  volume. 

We  read  the  history  of  the  steam-engine  with  much  humility. 
It  is  a  history  of  the  «  ork  of  theorists  without  practical  knowledge 
and  of  practitioners  without  theoretical  knowledge,  entirely  out  of 
sympathy  with  one  another  because  each  side  of  them  could  see 
that  tlie  other  side  wa.s  wrong.  This  is  even  now  only  slowly 
being  replaced  by  a  better  state  of  things,  a  number  of  young 
practitioners  being  fairly  well  equipped  with  scientific  knowledge; 
but  the  prejudices  of  the  "  rule  of  lluimb  "engineer  are  not  by  any 
means  dead  ;  and  many  of  his  sneers  at  the  so-called  theorists  are 
not  altogether  undeserved. 

The  solution  of  the  problem  «hich  is  now  generally  adopted  is 
that  of  expanding  the  steam  successively  in  a  series  of  cylinders 
so  that  the  range  of  temperature  in  each  shall  be  small,  and  to 
shorten  the  periodic  time  to  take  advantage  of  a  well-known  fact 
in  heat-conduction — that  the  amount  of  heat  entering  the  metal 
when  its  skin  is  higher  in  temperature  than  the  portions  inside  or 
leaving  the  metal  when  the  skin  is  lower  in  temperature,  say, 
during  a  half  period,  is  inversely  proportional  to  the  square  root  of 
this  periodi3  time.  The  phenomena  are  very  complicated,  and  we 
are  only  gradually  getting  to  understand  how  to  make  experiments. 
There  can  be  no  doubt  that  the  iilm  of  water  which  adheres  to  the 
metal  surfaces  performs  a  most  important  function ;  for  no  ordi- 
nary emissivity  of  surface  will  account  for  the  great  rapidity  \\ith 
which  the  entering  steam  gives  up  its  heat ;  but  it  can  be  explained 
by  the  evaporation  or  condensation  of  water  and  steam  at  their 
surface  of  separation.  If  we  take  it  that  the  whole  of  this  water  is 
always  at  the  temperature  of  the  steam  and  consider  the  metal  to  be 
nonconducting,  the  work  per  stroke  will  now  be  proportional  to  the 
amount  of  water  present,  and  will  be  independent  of  the  periodic 
time.  tSuch  experimental  results  as  we  have  seem  to  indicate  that 
the  loss  per  stroke  is  not  inversely  proportional  to  the  square 
root  of  the  periodic  time,  but  it  is  not  independent  of  the  periodic 
time. 

If  the  water  alone  were  operative,  it  is  an  interesting  inquiry, 
Ought  not  the  amount  of  water  present  to  go  on  increasing  ?  The 
calculation  is  more  difficult  than  it  seems  at  first  siglit.  How 
much  steam  will  condense  when  it  enters  the  cylinder  ?  How  much 
will  condense  in  the  adiabatic  expansion  ?  These  are  easy  enough, 
although  the  first  is  an  irreversible  process  ;  but  in  the  irreversible 
phenomenon  of  release  to  the  condenser  there  is  a  step-by-step 
approximate  integration  to  be  performed,  w  hicli  is  very  tedious  ; 
we  know  from  actual  experiment  that  the  average  mathematical 
physicist  needs  ten  days  to  find  out  the  difficulty  of  this  problem. 
It  is  difficult  to  see  why,  as  a  rule,  in  all  engines  there  is  so  little 
condensation  or  vaporization  during  the  expansion  when  there  is 
such  enormous  condensation  during  the  admission,  and  yet  the 
piston  is  continually  exposing  fresh  cold  surfaces.  Condensation 
is  probably  going  on  at  these  cold  surfaces,   and  nearly  equal 
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vaporization  is  going  oufroin  the  now  warmer  surfaces.  It  is  just 
possible  that  condensation  and  vaporization  due  to  such  causes  as 
adiabatic  expansion  and  free  rushes  of  steam  do  not  affect  the 
amount  of  water  deposited  on  the  metal  surfaces  ;  they  only  affect 
the  quantity  of  finely  divided  cloud. 

All  ejigineers  are  now  convinced  that  it  is  important  to  diminish 
the  amount  of  water  present  before  admission  ;  and  three  methods 
have  been  adopted  for  tliis  which  are  all  effective.  One  which  was 
tried  about  thirty  years  ago,  and  abandoned  for  insufficient 
reasons,  was  to  superheat  the  steam  :  this  \\ill  probably  be  tried 
again.  The  second  was  the  invention  of  Watt :  it  is  to  heat  the 
cylinder  from  the  outside  by  a  steam-jacket,  or  a  flue-jacket,  or  a 
gasflame-jacket.  Among  all  the  experiments  carefully  carried  out 
during  the  last  twenty  years  to  discover  whether  the  waste  of 
steam  in  the  jacket  was  less  than  the  saving  effected  by  its  use,  we 
think  that  there  is  not  one  in  which  the  use  of  the  jacket  did  not 
lead  to  economy.  The  economy  effected  by  the  use  of  the  jacket 
is  very  much  more  noticeable  in  cylinders,  which  without  it  Avere 
very  wasteful. 

The  third  plan  is  that  of  facilitating  the  drainage  of  the  cylinder. 
We  may  not  be  able  to  drain  off  the  water-film  which  adheres  to 
all  the  inner  surface  of  the  cylinder,  but  we  can  prevent  the 
collection  of  water  in  pockets  ;  and  there  can  be  no  doubt  that  it 
is  to  this  that  the  engine  of  the  late  Mr.  Williams  owes  most  of 
its  efficiency. 

We  do  not  know  that  there  has  yet  been  much  of  an  attempt  to 
hinder  the  condensation  by  the  use  of  paint  or  varnish  or  a  lubri- 
cator;  but  a  ver}' much  moi'e  promising  plan,  which  has  not  yet 
been  tried,  and  which  might  be  of  special  use  in  non-condensing 
engines,  is  that  of  mixing  with  the  steam  air  or  some  vapour  whose 
condensing  temperature  is  much  less  than  that  of  steam.  The 
experiments  of  Prof.  Osborne  Reynolds  about  twenty  years  ago 
showed  that  a  comparaiively  small  amount  of  air  very  greatly 
retarded  the  condensation  of  steam  when  suddenly  admitted  to  a 
cold  vessel.  In  this  connexion  it  will  be  interesting  to  see  the 
results  of  some  experiments  of  which  we  have  heard  in  which  a 
cylinder  is,  in  alternate  strokes,  that  of  a  steam-engine  and  that  of 
a  gas-engine. 

The  use  of  steam-engines  to  drive  electric-lighting  dynamo- 
machines  with  loads  \\hich  \avj  greatly  during  the  t«enty-four 
hours,  and  especially  in  places  where  space  is  valuable,  has  given 
prominence  to  the  study  of  the  beliaviour  of  engines  in  which 
nothing  varies  but  the  initial  pressure  of  the  steam.  Mr.  Williams 
fourd  that  in  any  trial  with  very  varying  loads,  when  plotting 
"  water  per  hour  W  "  and  the  indicated  horse-power  H,  his  points 
lay  in  a  straight  line.  The  result  is  rather  striking,  so  striking, 
indeed,  that  "  W  a  linear  function  of  H  "  has  already  been  called 
"  the  Williams  law."  Knowing,  as  we  do,  that  the  missing  heat 
is  proportional  to  the  range  of  temperature,  and  using  the  Rankine 
method  of  i-akulaliou   from    Hypothetical    Dingrams,  it  is  easy  to 
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see  that,  mainly  on  iKroimt  of  ihe  volume  of  1  lb.  ot"  steam  being 
nearly  inversely  proportional  to  the  pressure,  the  curve  connecting 
\V  and  H  is  very  nearly  straight  within  the  limits  of  such  ordinary 
pressmvs  as  are  used  in  engines.  It  is  unfortunate  that  there  are 
engineers  who  forget  that  the  law  is  an  empirical  one,  and  who 
are  already  speculating  on  the  meaning  of  the  Williams  law  when 
the  II  is  negative.  The  useful  horse-power  given  out  by  the  crank- 
shaft and  the  electrical  horse-power  given  out  by  the  driven 
dynamos  are  known  to  be  linear  functions  of  the  indicated  horse- 
power IL  w  ith  considerable  accuracy  ;  and  hence  W  is  a  linear 
function  of  each  of  these  powers  also. 

Any  general  law  like  this  which  simplifies  calculations  is  of 
enormous  use  to  practical  men.  It  is  of  importance  to  note  that, 
from  theoretical  considerations,  it  is  probably  to  be  relied  upon 
as  being  generally  true ;  for  the  practical  man  is  very  pro\  incial, 
and  he  is  a  little  too  apt  to  assume  a  general  law  from  his  own 
restricted  experience. 

On  the  subject  of  gas-  and  oil-engines  Prof.  Ewing  has  given 
just  enough  to  make  us  wish  that  he  had  devoted  three  times  the 
space  to  it.  Except  in  the  noisy  Otto-Langen  of  1866 — now 
seldom  seen — no  one  except  Mr.  Atkinson  has  made  a  serious 
attempt  to  get  rid  of  the  enormous  waste  due  to  the  water-jacket. 
In  the  usual  working  of  gas-  or  oil-engines  the  water-jacket  carries 
off  just  half  of  the  total  available  energy  of  the  gas  or  oil.  The 
average  velocity  with  which  each  part  of  a  cycle  is  performed  is  pro- 
bably now  as  high  as  it  conveniently  can  be  made  to  be,  consistently 
with  certainty  that  each  operation  shall  be  propei'ly  performed.  But 
after  ignition  of  the  charge,  if  there  is  not  too  much  inert  matter 
present,  and  if  the  mixture  of  air  and  gas  was  sufficiently  intimate, 
we  have  no  reason  to  believe  that  four  times  the  present  velocity 
in  the  expansion-stroke  would  do  any  harm,  whereas  the  cooling 
due  to  such  a  rapid  expansion  would  probably  do  away,  almost 
altogether,  with  the  necessity  for  a  water-jacket.  It  is  known, 
indeed,  that  exceedingly  rapid  cooling  of  red-hot,  and  therefore 
dissociated,  carbonic  acid  allows  it  to  remain  partially  dissociated 
at  the  lower  temperature,  like  the  carbon  in  steel  (possibly) ; 
but  experiment  would  easily  settle  the  rate  of  expansion  which 
produced  maximum  economy. 

Besides  Mr.  Atkinson's  method  of  giving  rapid  expansion,  we 
might  effect  the  same  object  by  the  use  of  a  springy  attachment  of 
the  fly-wheel  to  the  crank-shaft.  It  is  unfortunately  the  difficulty 
of  balancing  reciprocating  masses  which  now  troubles  the  gas-engine 
maker,  as  it  troubles  also  the  steam-engine  manufacturer  ;  and  it 
is  possible  that  the  large  gas-engine  of  the  future  will  consist  of  a 
pump  pumping  a  mixture  of  air  and  gas  or  oil  at  great  pressure 
into  a  white-hot  firebrick  chamber  from  «hich  it  will  issue,  driving 
a  turbine  on  the  Parson's  steam-turbine  principle. 

The  steam-engine  constructor  seems  rather  to  dislike  statements 
of  the  actual  thermodynamic  efficiency  of  his  engines.  Eightly 
enough,    his  standard   of  comparison  is  a  perfect   steam-engine 
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working  with  the  same  limits  of  temperature.  But  even  here  he 
takes  as  his  lower  limit  oi"  temperature  the  usual  temperature  of 
the  exhaust  in  Ihe  actual  steam-engines,  and  not  the  lowest  tem- 
perature possihle,  say,  the  average  atmosphere  temperature  ;  and 
in  the  case  of  the  eondensing-engine  he  makes  his  standard  de- 
fective in  another,  way  by  limiting  the  maximum  volume  of  tlie 
standard  engine's  cylinder. 

Instead  of  speaking  of  pounds  of  coal  per  hour  per  indicated 
horse-power,  he  prefers  to  speak  of  pounds  of  steam ;  and  the 
manufacturer  of  our  generation  is  rightly  proud  to  have  reduced 
this  from  numbers  greater  than  30  lb.  of  steam  per  hour  per  indi- 
cated horse-power  to  numbers  less  tlian  14.  To  those  of  us  who 
lament  the  waste  of  our  fuel,  it  is  more  instructive  to  consider  the 
absolute  efficiency  of  the  steam-engine.  It  is  only  the  very  largest 
and  best  of  steam-engines  which  can  be  said,  even  by  their  con- 
structors, to  give,  during  an  exceptionally  well-stoked  trial,  one 
actual  horse-power  for  VQ  lb.  of  coal  per  hour.  This  means  that 
the  energy  utilized  is  only  about  17  or  IS  per  cent,  of  the  supply 
in  the  very  largest  and  best  of  steam-engines  !  There  is  some 
comfort  in  the  thought  that  even  in  small  gas-engines  1  actual 
horse-power  is  obtained  from  very  little  more  than  1  lb.  of 
anthracite  per  hour  when  Dowson  gas  is  used.  In  the  animal 
machine  over  90  per  cent,  of  the  supply  of  energy  in  the  fuel  may 
be  converted  into  useful  mechanical  work.  The  man  who  first 
shows  us  how,  in  a  small  space  and  without  excessive  cost  of  plant, 
we  can  convert  the  chemical  energy  of  coal  and  air  into  electrical 
energy,  as  zinc  is  burned  in  a  voltaic  cell,  will  be  the  greatest 
benefactor  of  his  race — if  he  only  comes  soon  enough. 

John  Peery. 
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HEAT    OF    DISSOCIATION  ACCOKDING   TO   THE   ELECTROCHEMICAL 
THEORY.       BY    H.    EBERT. 

T^VERT  stage  in  the  development  of  chemistry  can  show  experi- 
-L^  ments  made  to  account  for  the  forces  which  hold  together  the 
atoms  in  compound  bodies.  In  immediate  connexion  with 
Kekule's  doctrine  of  Valency,  von  Helmholtz,  on  the  basis  of 
Faraday's  law  of  Electrolysis,  was  the  first  to  show  in  the  case  of 
electrolytes,  that  each  valency  must  be  considered  charged  with  a 
minimum  quantity  of  electricity,  the  "valency-charge,"  which  like 
an  electrical  atom  is  no  longer  divisible*,  so  that  chemical  afiinities 

*  That  for  electricity  also  there  are  minimal  quantities  which  can  be 
no  longer  divided,  and  which  are  associated  with  the  smallest  particles 
of  ponderable  masses,  may  be  ditierently  expn',*sed.  Let  e  be  this 
elementary  quantity,  and  X,  Y,  and  Z  the  components  of  the  forces 
exerted  by  it,  then 

e=-l/4;r(dX,d./+SY  d^-|-5Z  Q;:). 

The  expression  within  the  brackets  is,  however,  nothing  more  than  the 
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are  in  fact  determined  by  the  elect ro^tatical  situation  of  these 
elementary  charges  which  attach  to  corporeal  atoms  of  various 
fluids.  According  to  this  theory,  the  work  of  dissociation  wliich 
must  be  expended  in  order  to  decompose  an  electrically-neutral 
molecule  into  its  constituents  which  are  charged  with  electricities 
of  opposite  polarity,  must  be  identical  \\ith  the  work  to  be 
expended  in  removing  the  electrical  falenqi-charr/es  from  their 
actual  distances  in  the  molecule  to  such  distances  that  we  can 
regard  the  molecules  as  dissociated.  The  heat  of  dissociation  must 
then  be  partially  or  wholly  equivalent  to  electrical  worl-.  We  shall 
see  that  this  is  actually  the  case,  that  the  heat  of  dissociation  is 
already  entirely  consumed  in  overcoming  the  electrical  attractions 
of  the  valency-charges,  so  that,  com])ared  with  the  electrical, 
purely  chemical  forces  altogether  recede. 

If  the  valency- charges  +e  and  —e  at  the  position  of  valency 
adhere  each  to  an  atom  united  to  form  an  electrically  neutral 
molecule,  they  would  attract  electrostatically  at  the  distance  r  with 
the  force /■=  —t'/r'  dynes. 

How  these  elementary  quantities  are  arranged  in  the  atoms  we 
are  ignorant.  From  the  fact  of  radiation,  which  we  may  refer  to 
vibrations  of  the  valency-charges,  we  must  conclude  that  they  must 
oscillate  about  certain  mean  positions,  yet  nothing  exact  is  known 
as  to  the  distance  of  these  centres  of  oscillation  in  the  molecule. 

As  a  first  approximation  we  may  regard  the  atoms  as  spheres 
which  lie  close  to  each  other  in  the  molecule.  The  diameter  d  of 
what  is  called  the  sphere  of  action  of  the  molecule  is  then  of  the 
order  of  the  sum  of  the  diameters  of  the  spheres.  The  simplest 
assumption  which  we  could  make  as  to  the  oscillations  of  the 
valency -charges  would  be  that  we  regard  them  as  taking  place  in 
each  atom  symmetrically  about  the  centre.  Tlie  mean  reciprocal 
distance  of  the  valency-charges  in  the  non-dissociated  molecule  is 
then  =  4rf.  A  ccordingly,  in  order  to  move  the  valency-charges  from 
their  distance  from  each  other  in  the  molecule,  to  such  a  distance 
that  I  hey  no  longer  act  on  each  other,  the  worlv  required  for  each 
molecule  would  be  a=  —e'j{hd)  ergs,  and  for  the  molecular  weight 
the  work  X=—zt-j{^d)  ergs,  z  being  the  number  of  molecules. 

If,  therefore,  in  comparison  with  the  electrical  forces  those  of 

"  convergence  of  electrical  lines  of  force  "  (Maxwell,  Treatise,  i.  §  25, 
p.  29,  2nd  edition  ;  compare  also  Ileaviside,  Electrical  Papers,  i.  p.  210, 
1892).  So  that  we  may  also  say,  the  convergence  of  electrical  rays  of  force 
towards  an  atom  of  ponderable  matter  cannot  sink  below  a  certain  limit. 
According  to  this  the  existence  of  electrical  elementary  quantities  is 
closely  connected  with  the  (jeometricrd  ])roperties  of  our  space  and  its 
being  filled  with  matter.  Bj'  resting  on  definite  mechanical  representa- 
tions further  reasons  may  be  adduced :  thus,  for  instance,  tubes  of 
force  are  identified  with  vortex  threads  of  the  jether,  as  in  some 
mechanical  theories  of  the  electrical  held.  Such  threads  can  return  to 
themselves,  or  may  end  in  the  corporeal  atoms  in  the  aether.  But  as 
they  must  have  a  definite  cross  section,  only  a  limited  number  can  ter- 
minate on  a  smallest  corporeal  particle. 
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another  kind,  such  as  chemical  affinity,  and  the  gravitating  forces 
of  ponderable  masses  are  quite  insignificant,  the  work  of  dissocia- 
tion must  be  c[uite  deflm^l  by  valency-charge,  number  of  molecules 
in  the  molecular  weight,  and  molecular  diameter.  As  regards  the 
work  of  gravitation  von  Helmholtz  has  shown  *  that  it  quite  dis- 
appears in  comparison  with  the  electrical  work,  since  the  electrical 
forces  of  the  charges  are  many  million  times  greater  than  the 
gravital  ing  forces  of  the  corres])onding  material  carriers.  As  it  will 
be  see)i  that  the  work  of  dissociation  calculated  from  the  magni- 
tudes mentioned  agrees  in  the  order  of  their  magnitude  with  those 
determined  experimentally,  specially  chemical  forces  can  play  no 
great  part  in  comparison  with  electrical  forces,  and  we  must  con- 
clude that  chemical  affinity  is  essentially  an  electrical  property  of 
the  smallest  particles. 

M.  i\  liicharzt  has  formerly  shown  that  \i\  the  case  of 
nitric  tetroxide  we  arrive  at  plausible  values  for  the  sphere  of 
action  of  the  molecules,  if  we  consider  the  u  ork  needed  for  dis- 
sociation of  ^2^4  ^"^^^  ""^^0^  as  an  electrical  one  done  against  the 
attractions  of  the  elementary  charges  ;  in  this  he  assumes  that 
such  elementary  charges  attach  to  the  free  valency  of  the 
monovalent  group 

It  must  be  of  interest  to  make  such  a  calculation  for  the  im- 
portant case  of  an  elementary  gas.  In  this  respect  hydrogen 
and  iodine  vapour  have  the  recommendation  that  we  have  definite 
values  for  the  heat  of  dissociation.  According  to  Helmholtz's 
electrochemical  theory  in  the  case  of  hydrogen  the  two  atoms  hold 
together  in  tlie  molecule,  because  one  of  them  possesses  at  its 
position  of  valency  a  positive  quantum  of  electricity,  which  it  would 
have  for  example  in  an  electrolyte;  the  other,  on  the  contrary, 
has  had  to  change  its  positive  charge,  in  an  electrolytic  process  for 
instance,  for  an  equal  negative  charge,  and  is  thus  negatively 
charged.  Hence  the  hydrogen  molecule  is  externally  electrically 
neutral.  Iodine  is  analogous.  The  conception  of  a  molecule  con- 
sisting of  a  positive  and  a  negative  atom  has  been  successfully 
applied  by  MM.  W.  Giese,  A.  Schuster,  J,  J.  Thomson,  Elster 
and  Geitel,  &c.,  to  explain  a  series  of  phenomena  of  gas-discharges. 

We  have  experimental  data  about  the  dissociation  of  hydrogen. 
In  1880  E.  Wiedemann,  in  his  experiments  on  the  thermal  and 
optical  deportment  of  gases  under  the  influence  of  electrical 
charges,  has  determined  the  heat  W  necessary  to  resolve  the 
molecules  of  hydrogen  which  show  the  hand-spectrum  into  the 
individual  atoms,  which  then  show  the  well-known  line-spectrum. 

*  H.  V.  Helmholtz,  VortriUje  und  JReden,  ii.  p.  317  (1884). 
t  Sitzunf/sheric/ife  der  Niedcrrhein  Gesellschaft  zu  Bonn,  Jan.  12,  1891  ; 
Verhandl.  der  I'liys.  Gesellschaft  zu  Berlin,  June  20,  1891,  p.  73. 
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This  he  found  to  be  128,300  gramme-calories  per  gramme  of 
hydrogen.  This  number  must  be  regarded  aa  an  upper  limiting 
value  for  the  heat  of  tUssoeiation  of  11.^,  for  in  it  that  quantity  of 
heat  is  contained  which  must  be  used  to  bring  the  hydrogen  to  the 
boundary  of  dissociation.  Yet  this  value  is  in  any  case  very  near 
the  true  heat  of  dissociation. 

lleuce  direct  calorimetrical  uu-asurements  give  for  hydrogen 
Wh^  1283  X 10'  cal.,  or  for  a  molecular  weight  of  hydrogen 
W,  <  2566  X  10'  cal. 

In  the  case  of  iodine  vapour  Boltzmaun*,  from  the  coarse  of  the 
dissociation  with  the  temperature  according  to  the  observations  of 
Meir  and  J.  M.  Crafts,  has  calculated  the  heat  of  dissociation  at 
//  =  1125  calories  per  gramme.  Hence,  in  order  to  dissociate  a 
weight  equal  to  the  molecular  weight  253*6  of  I^,  there  are  required 
2853x10^  calories. 

This  number,  as  will  be  seen,  is  of  the  ordcn'  of  that  obtained  for 
hydrogen  by  M.  E.  Wiedemann  by  a  totally  different  method. 
That  it  is  smaller  agrees  with  the  fact  that  iodine  vapour  is  dis- 
sociated at  temperatures  at  which  this  is  not  the  case  \\'\.t\\  hy- 
drogen, that  the  band-spectrum  of  iodine  vapour  is  very  difficult 
to  obtain,  and  so  forth. 

In  ergs,  Wiedemann's  measurements  give  for  hydrogen  the 
work  of  dissociation 

A  <  1-1x10^' ergs. 

The  theoretical  reasonings    of   Boltzmann  give  for   the  work    of 
dissociation  of  iodine, 

Ai=l-2xl0''ergs. 

All  other  data  required  for  making  the  calculation  are  furnished 
by- electrolysis  and  the  kinetic  theory  of  gases. 

From  the  most  recent  determinations  of  i\  and  W.  Koblrausch 
on  the  volume  of  :letonatinggas  liberated  by  1  ampere  in  a  second, 
Richarz  {vide  aatea)  calculated  the  magnitude  of  the  elementary 
quantum  of  elecui-icity  e=V2d  X  10-^^  C.G.S.  I  myself  f  found  by 
a  totally  different  way  the  assumption  that  the  energy  of  radia- 
tion of  a  luminous  vapour  depends  on  electrical  vibrations  of 
these  valency-charges  6-=0*14  x  lO-^"^  C.G.S. ;  a  number,  therefore, 
which  in  the  order  of  magnitude  is  quite  comparable  ^^■ith  the  first, 
and  therefore  conversely  justifies  the  assumption  in  question. 

The  kinetic  theory  of  gases  gives  for  the  molecular  diameter 
d=10~^  cm.,  and  for  the  number  of  hydrogen  molecules  in  the 
unit  of  weight  0*7  X  10"'  ;  in  the  molecular  weight  of  any  gas  or 
vapour  there  are  thus  ^=l*3x  iO"^  molecules. 

If  these  values,  taking  Eicharz's  for  e,  be  placed  in  the  above 
formula,  we  get 

A=4-3xl0'-ergs. 

*    Wiener  Ben'chte,  1883,  p.  861. 

t  II.  Ebeit,  Wied,  Ann.  xlix.  p.  651  (1»93;. 
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Tliis  value  is  quite  of  the  order  of  the  value  above  given  for 
hydrogen  A^^l'l  x  10",  and  that  for  iodine-vapour  Ai  =1-2  x  10^'- 
ergs ;  it  is  indeed  somewhat  greater  than  the  latter. 

Erom  this  it  results  that  the  whole  tuork  required  for  the  dissocia- 
tion of  hjidrogen  and  iodine  molecules  is  used  in  overcoming  the  purely 
electrical  attraction  forces  of  the  valencij-charges. 

That  this  heat  of  dissociation  is  so  completely  spent  in  elec- 
trical work  shows,  in  agreement  with  many  other  facts,  that  the  forces 
of  chemical  ajfinitij  are  essentialhj  of  an  electrical  character  ;  that  the 
electrostatical  forces  which  the  charges  exert  on  each  other  at  the 
positions  of  valency  are  "  hy  far  the  most  powerful  among  the  forces 
everted  among  the  atoms ; "  and  that  in  H.  v.  Hemholtz's  '  Faraday 
Jjectares,'  iJurticular  possible  chemical  forces  of  the  charged  atoms  can 
be  but  infinitely  small  in  comparison  with  electrical  forces.  This 
seems  of  great  importance  for  the  theory  of  chemical  forces  in 
general. — Wiedemann's  Annakn,  Xo.  10,  1893. 


ALTERATIONS  OF  THE  ELECTRICAL  RESISTANCE  OF  AQUEOUS 
SOLUTIONS  AND  OF  GALVANIC  POLARIZATION  WITH  PRESSURE. 
BY  BRUNO  PIESCH. 

A  large  series  of  liquids  were  investigated,  both  acids  and  solu- 
tions of  salts.  The  method  of  measurement  -was  such  that  the 
resistance  and  the  polarization  could  be  determined  simultaneously. 

The  great  pressure  was  produced  by  a  Cailletet's  apparatus, 
which  held  up  to  600  atmospheres.  The  resistance-vessels  con- 
sisted of  a  combination  of  glass  tubes,  which  could  be  connected 
externally  by  means  of  ebonite  cemented  in  the  metal  cap,  which 
vvas  firmly  screwed  in  the  iron  cylinder. 

The  measurements  gave  the  following  results  : — 

Change  of  pressure  produces  a  change  of  resistance,  which 
decreased  in  all  cases  with  increase  in  the  pressure.  No  regular 
influence  of  concentration  could  be  observed,  but  with  most  sub- 
stances the  variations  of  a  less  concentrated  solution  were  greater 
than  of  a  concentrated  solution. 

As  the  pressui'es  increased  the  decreases  of  resistance  were  less. 
Polarization  also  showed  a  change  of  value  with  higher  pressure. 
These,  however,  are  for  the  most  part  small.  An  increase  of 
polarization  with  the  pressure  was  in  general  observed.  The 
irregularities  here  shown  were  greater  than  with  the  measure- 
ments of  resistance. 

In  conclusion,  a  solution  of  NIIjNO^  in  alcohol  was  investi- 
gated, and  alterations  in  the  same  direction  were  here  met  with. — 
Wie7ier  Berichte,  May  25,  1894. 
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XXXVIII.  Fixed- Arm  Spectroscopes. 
By  Fkaxk  L.  0.  Wadsworth*. 

[Plates  Vin.-X.] 

IN  prismatic  spectroscopes  and  spectrometers  of  the  usual 
construction  it  is  necessary,  in  order  to  observe  diflferent 
portions  of  the  spectrum  under  the  same  conditions,  to  vary 
the  angle  between  the  axes  of  the  obser\'ing  and  collimating 
telescopes  by  the  rotation  of  the  arm  which  carries  one  of 
these  telescopes  about  an  axis  parallel  to  the  refracting  edge 
of  the  prism.  Usually  the  arm  which  carries  the  slit  and  the 
collimating-lens  is  fixed,  and  that  carrying  the  observing 
telescope  is  movable  ;  but  sometimes  the  apparatus  which  it 
is  necessary  to  carry  on  the  observing  arm  is  so  massive,  or 
else  requires  such  a  degree  of  stability,  that  it  becomes  neces- 
sary to  fix  it  in  position  and  make  the  slit-arm  the  movable 
one.  Then  difficulties  are  at  once  encountered  in  the  illu- 
mination of  the  slit,  if  a  fixed  source  of  light  such  as  the  sun 
or  a  star  is  under  examination.  Even  if  terrestrial  sources 
be  employed,  it  is  ofttimes  extremely  undesirable  to  have  a 
complicated  system  of  collimator,  slit,  condenser,  and  source  of 
light,  swinging  about  on  a  long  arm,  and  in  particular  cases 
such  an  arrangement  is  absolutely  inadmissible.  In  such  cases 
where  both  arms  of  the  spectroscope  are  necessarily  fixed,  we 

*  Communicated  by  the  Author. 
Phil.  Mag.  S.  5.  Vol.  38.  No.  233.  Oct.  1894.        2  A 
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may  easily  bring  different  parts  of  the  spectral  field  to  the 
cross  wires  of  the  observing  telescope  by  a  rotation  of  the 
prism  alone  ;  l)ut  in  none  of  the  usual  forms  without  violating 
the  usual  contlition  imposed  in  spectroscopic  work,  viz.,  that 
the  prism  shall  always  be  in  minimum  deviation  for  the 
central  ray  in  the  field. 

Heretofore  the  only  forms  of  "  fixed-arm  "  spectroscopes 
which  fulfil  the  latter  condition  have  been  of  the  Litti'ow 
type,  in  which  the  ray  is,  by  a  system  of  reflecting  surfaces, 
made  to  traverse  the  prism  twice  in  opposite  directions,  and 
to  emerge  finally  in  a  direction  parallel  but  reversed  in 
direction  to  that  in  which  it  entered. 

The  orio'inal  form  and  the  various  modifications  of  this 
instrument  have  been  already  described  *.  While  they 
fulfil  the  condition  of  bringing  any  part  of  the  spectral 
field  into  the  field  of  the  observing  telescope  without  changing 
the  angle  between  the  latter  and  the  collimator,  there  are 
certain  objections  to  all  of  them.  The  most  serious  objection 
to  the  original  form,  that  of  a  general  illumination  of  the 
field,  has  been  simply  and  successfully  overcome  in  the 
manner  already  pointed  out  by  the  author  f,  but  the  second 
objection,  that  of  a  close  proximity  of  the  slit  to  the  observing 
eyepiece,  remains.  Young's  and  Browning's  modifications 
overcome  this  latter  as  well  as  the  former  difficulty ;  but 
they  are  both  complicated  and  expensive,  necessitating  as 
they  do  the  use  of  at  least  three  reflecting-surfaces  and 
two  independent  telescopes,  in  addition  to  the  usual  prisms. 
Moreover,  with  all  instruments  of  this  general  type,  it  is 
necessary  for  the  beam  of  light  to  pass  twice  through  the 
prism  or  train  of  prisms,  and  this,  where  brightness  is  of  more 
importance  than  large  dispersion,  as  with  very  faint  sources 
of  light  for  example,  is  a  disadvantage.  For  these  reasons 
I  have  thought  it  would  be  of  interest  to  describe  some 
simpler  forms  ot  ^'  fixed-arm  "  spectroscopes,  which  I  have 
recently  devised  and  used,  and  in  wdiich  the  usual  arrange- 
ment of  parts  may  be  preserved,  viz.,  a  separate  collimating 
and  observing  telescope,  on  opposite  sides  of  a  ])rism-train, 
through  which  train  the  light  is  passed  but  once.  The  slit  and 
observing  eye-piece  are  thus  far  removed  from  each  other, 
and  the  axes  of  the  observing  and  collimating  telescopes 
may  be  arranged  to  make  any  fixed  angle  with  each  other. 

The  general  solution  of  the  problem  is  effected  by  the 
introduction  into  some  part  of  the  spectroscopic  train,  between 

*  "An  Improved  Form  of  Litti'ow  Spectroscope,"  F.  L.  O.  Wadsworth, 
Phil.  Mag.  July  1894. 
+  Ibid. 
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the  slit  and  the  focal  plane  of  the  observing  lens,  of  a  re- 
flecting  snrface.  which  has  an  angular  motion  equal  to  one- 
half  the  change  in  angular  motion  of  the  ray  refracted  at 
minimum  deviation.  In  the  instruments  of  the  Littrow  type 
a  reflector  is  also  used,  but  for  an  essentially  different 
purpose  (to  return  the  ray  through  the  prism)  and  in  an 
essentially  diti'erent  way  from  that  hej*e  indicated.  It  hardly 
seems  possible  that  the  use  of  a  reflecting  surface  in  this  way 
can  be  new,  as  it  is  something  which  would  naturally  suggest 
itself  to  anyone  who  might  consider  the  problem  ;  but  no 
reference  has  been  found  to  its  employment,  perhaps  because 
the  necessity  for  a  "  fixed-arm  '^  spectroscope  does  not  often 
seemingly  arise.  1  hope  to  show,  however,  that  at  least  some 
of  the  forms  which  have  been  developed  during  the  last 
three  years  are  simpler,  more  convenient,  and  less  expensive 
than  the  ordinary  form,  and  for  s])ectrometric  work  quite  as 
accurate.  1  will  briefly  describe  these  forms  in  the  order  of 
design  and  use,  for  this,  perhaps,  naturally  is  also  the  order 
of  increasing  simplicity. 

Case  I. — The  case  which  first  led  me  to  a  consideration  of 
the  problem  was  one  in  which  it  was  desired  to  examine  the 
radiations  from  a  Geissler  tube  by  means  of  the  wave- 
comparer*.  Here  the  instrument  which  took  the  place  of  the 
usual  observing  eyepiece  was  a  massive  apparatus  weighing 
about  500  pounds,  which  required  great  steadiness  of  mount- 
ing, while  the  Geissler  tube,  which  itself  served  as  the  slit, 
was  attached  to  a  mercury-pump  on  one  side  and  to  a  sodium- 
amalgam  generating  apparatus,  with  its  attached  drying- 
tubes,  mercury-valves,  etc.,  on  the  other,  in  such  a  way  as  to 
make  its  movement  impossible.  At  first,  indeed,  the  tube 
was  mounted  on  a  slit-arm  of  the  spectroscope,  sufficient  flexi- 
bility being  secured  to  allow  of  different  lines  being  brought 
on  the  slit  of  the  wave-comparer  by  the  use  of  long  lengths 
of  glass  tubing,  but  experiments  soon  showed  that  it  was 
necessary  to  keep  the  passage  from  this  Geissler  tube  to  the 
pump  as  short  and  large  as  possible.  If  any  considerable 
length  of  tubing  intervened,  unusual  precautions  had  to  be 
taken  to  keep  all  parts  of  it  perfectly  dry  and  clean,  for  only 
under  these  conditions,  which,  as  the  tubes  were  frequently 
changed,  were  almost  impossible  to  maintain,  could  the 
McLeod  gauge  attached  to  the  pump  be  relied  upon  to  give, 
even  approximately,  the  true  pressure  in  the  tubes,  particu- 
larly when  the  electric  discharge  was  passing. 

The  arrangement  adopted  in  this  case  was  that  shown  in  plan 

*  See  a  paper  by  Professor  A.  A.  Michelson,  "  Ajjplication  of  Inter- 
ference Metuods  to  Spectroscopic  Meariuieuients,'  Pliil.  Mag.  Sept.  1892. 
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in  fig.  1,  PL  VIII.  ;  where  t  is  the  Geissler  tube  which  serves 
as  the  source  ;  tn  a  mirror,  mounted  on  a  vertical  axis  on 
the  movable  spectroscopic  arm  R  ;  and  S  the  slit  of  the  wave- 
comparer,  which  separates  out  the  radiation  which  is  to  be 
analysed  by  the  latter.  To  the  lower  end  of  the  shaft  which 
carries  the  mirror  ni  is  fixed  a  drum  connected  with  a 
second  drum  a,  fixed  on  the  axis  of  the  spectroscope  by  two 
steel  cords.  The  drum  a  is  just  one  half  the  size  of  b,  and 
hence,  as  the  arm  R  revolves  about  the  axis  of  the  spectro- 
scope, the  mirror  m  revolves  on  its  own  axis  with  an  angular 
velocity  just  one  half  that  of  the  arm,  but  in  the  opposite 
direction.  Hence,  if  the  mirror  is  once  adjusted  so  that  the 
direction  of  the  reflected  ray  is  parallel  to  the  axis  of  colli- 
mation,  it  will  remain  parallel  to  that  axis  for  all  positions  of 
the  arm,  and  we  have  therefore  a  virtual  rotation  of  the  slit. 
There  will  be  a  slight  lateral  displacement  of  the  ray,  which 
can  be  easily  investigated. 


Tigi 


0 


,  Ay 


For  a  certain  position  of  the  arm,  say  a  b,  fig.  1,  the  re- 
flected ray  b  a  will  lie  in  the  principal  axis  of  the  eollimating 
lens,  which  we  will  suppose  passes  through  the  centre  of 
rotation  of  the  mirror  m.  Let  6  be  the  angle  of  deviation 
for  this  position,  then  for  any  other  position  of  the  sj'stem  in 
which  the  deviation  is  d  +  e,  the  reflected  ray  will  be  parallel 
to  the  axis  of  collimatiou,  but  will  be  displaced  laterally  from 
it  a  distance  Ay.  Finally,  let  a  be  the  angle  between  the 
mirror-face  and  the  axis  of  collimation  in  the  position  a  b, 
then,  from  the  construction  of  the  apparatus,  this  angle  for 
any  position  //  a  will  be  a  +  e/2.  From  the  two  small  triangles 
6'  b"  d  and  b  b'  b"  we  get  at  once 

At/  =  b'  h''  con  (a  — e/2)  =  2r  sin -cos  (~  +2a). 
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where  r  is  the  distance  between  the  spectroscope  axis  and  the 
mirror  axis.  If  e  be  small  tins  exjn-ession  is  a  minimum  for 
a=.^b'^,  when  the  angle  between  the  incident  and  reflected 
rays  on  in  is  a  right  angle.     Under  the  conditions 

Aj/  =  —  2r  sin^  -, 
the  angnlar  error  in  the  reading  will  evidently  be 

where  R  is  the  focal  length  of  the  collimator.  For  most 
prisms  e  will  not  exceed  (3*^  from  end  to  end  of  the  spectrum, 
and  hence,  if  we  suppose  a  =  45°,  for  the  position  of  mean  de- 
viation we  have  for  the  maximum  error  8  =  '0013r/R,  or  if 
r/R= Jq,  S=25". 

It  is  evident  that  there  will  be  a  change  in  the  focal  distance 
S,  I),  C  as  the  arm  revolves,  which,  under  the  conditions  just 
assumed,  would  amount  to  about  ^^  E-  This  was  not 
altogether  a  disadvantage,  for  when  the  lenses  0  and  C  are 
either  or  both  of  them  simple  lenses,  we  can,  by  choosing 
a  value  of  ?'/R  suitable  to  the  particitlar  prism  used,  very 
nearly  compensate  for  the  optical  change  in  focus  in  passing 
from  the  violet  to  the  red,  or  vice  versa,  by  the  mechanical 
lengthening  or  shortening  of  the  path  S  6  C.  From  an 
inspection  of  (1)  it  will  be  seen  that  the  correction  will 
diminish  as  the  ratio  ?*/R  diminishes,  and  will  become  0 
for  r  =  0,  or  for  R  =  X) .  This  indicated  at  once  two  methods 
of  eliminating  the  error.  The  first  and  simplest  is  to  place 
the  mirror  between  the  prism  and  collimator  instead  of  be- 
tween tube  and  collimator,  as  indicated  in  dotted  hues  in 
fig.  1  (PI.  YIII.).  The  second  is  to  make  r  =  0  by  placing  the 
mirror-face  in  the  axis  of  rotation  of  the  spectroscope.  To 
do  this  we  must  either  place  the  prism  considerably  out  of 
centre,  fig.  2  (PI.  VIII.),  or  else  we  must  place  the  mirror 
above  or  below  the  plane  of  refraction  (fig.  3,  PI.  VIII.).  In 
either  case  a  second  reflector  must  be  used  to  receive  the 
beam  from  the  first  reflector  m  and  return  it  to  the  prism. 
This  second  reflector  may  conveniently  be  a  concave  mirror 
of  a  focal  length  sm-^mr,  which  will  at  the  same  time  serve 
as  collimator,  or  as  objective  of  the  observing-telescope.  As 
the  motion  of  the  mirror  is  in  this  case  the  same  in  direction 
as  that  which  must  be  imparted  to  the  prism  in  order  to  keep 
it  in  minimum  deviation,  the  mirror  may  be  attached  directly 
to  the  prism-table  or  to  the  prism  itself*.     Which  of  these 

*  The  back  of  the  prism  may  be  polished  and  silvered,  and  arranged 
to  act  as  the  first  reflector,  as  in  fig.  2  b,  PI.  VIIJ. 
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two  latter  forms  is  to  be  used  will  be  determined  by  the 
conditions  of  use.  The  second  form  was  the  one  employed 
when  the  wave-comparer  was  nsed  in  connexion  with  a  spec- 
trometer in  experiments  on  wave-length  measurements  in  the 
infra-rod  solar  s])ectrum.  In  this  form  the  ray  is  reflected  out 
of  the  plane  of  incidence  and  refraction,  and  the  spectrum  is 
consequently  inclined  at  a  small  angle  to  the  horizontal,  but 
in  this  case  this  was  of  no  disadvantage  as  it  involved  only  a 
slight  rotation  of  the  observing-slit  in  order  to  bring  it  parallel 
to  the  spectral  lines. 

Case  II. — In  the  forms  so  far  considered,  no  special 
conditions  were  imposed  other  than  the  general  conditions 
of  a  fixed  slit  and  a  fixed  observing  instrument,  it  being- 
possible  to  move  the  latter  to  meet  the  requirements  of  the 
])articular  optical  systems  which  have  been  described.  But 
in  the  next  application  of  this  system  to  the  great  spectro- 
bolometer  of  the  Astro-physical  Observatory,  an  instrument  in 
which  the  collimator  has  a  focal  length  of  nearly  thirty  feet, 
and  the  observing  telescope  a  focal  length  of  nearly  twelve 
feet,  another  condition  was  imposed,  viz.  that  the  observing 
instrument  (in  this  case  the  bolometer)  should  be  in  the 
prolongation  of  the  axis  of  collimation.  It  was  therefore 
necessary  to  avoid  the  lifting  of  the  spectrum  above  the  plane 
of  incidence  and  refraction,  and  to  place  the  mirror  m  at  one 
side  of  the  prism  at  such  an  angle  to  the  latter  that  the  direc- 
tion of  the  reflected  ray  was  parallel  to  the  line  of  collimation 
as  required.  This  throws  the  mirror-face  out  of  the  axis  of 
rotation,  and  there  is  therefore  a  lateral  displacement  of  the 


ray  as  the  system  rotates.     A  p^an  view  of  this  arrangement 
is  shown  in  fig.  2.     It  will  be  seen  that  the  arrangement  of 
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parts  is  essentially  that  employed  in  the  first  case  described, 
except  that  a  concave  mirror  is  now  used  instead  of  the  lens. 
The  calculation  ot"  the  lateral  displacement,  although  not  quite 
so  simple  as  in  the  first  case,  is  easy. 
In%.  2, 

let  d  =  distance  o  a  from  axis  of  rotation  to  the  face  of 
the  concave  mirror  ; 
r  =  perpendicular  distance  o  h  from  the  axis  to  the 

plane  of  the  reflecting-mirror  ; 
a>  =  angle  oac  ; 
6  and  a  have  the  same  meanings  as  before. 

When  in  adjustment  the  line  of  collimation  passes  through 
the  axis  of  the  rotation,  and  the  deflected  ray  o  a  will  fall  on 
the  centre  of  the  concave  mirror.     Then  we  have  from  ana- 
lytical geometry  the  following  equations  :  — 
For  the  line  a  c, 

,5/ =  tan  (^  +  tu)[;)^— (icos^]  4-c^sin^ 
=  — tan  2cc[x—d COS  6]+dim  6,     ...     (2) 
since  6  +  (o  =  180° -2ci; 

and  for  the  line  d  c, 

y=-tan«(x)  +  ^-^^. (3) 

The  lateral  displacement  (Ay)  of  the  ray  will  be  the  ordi- 
nate of  the  point  of  intersection  of  these  two  lines.  Solving 
(2)  and  (3)  for  y  we  have 

A_?/ = (^  sin  (2a  -I-  ^)  —  2  r  cos  a. 

If  the  system  be  turned  through  a  small  angle  e,  6  becomes 
6  +  e,  and  «  becomes  «  —  e/2.     Hence  0  +  2oc=  const.,  and 

A/  =  d  sin  {e+2a)-2r  cos  (a - 6/2) , 

A_y  — A_y'  =  2r[cosa  — cos  (a  — e/2)]  ■^  rcos  (6  +  io)  sine; 

or  the  lateral  displacement  is  directly  proportional  to  r,  to  the 
cosine  of  the  angle  of  deviation,  and  to  the  angle  of  dis- 
placement. Since  e  is  fixed  by  the  prism  used,  and  co  must 
be  small  in  order  to  secure  good  definition,  the  only  way  in 
which  the  error  of  displacement  may  be  reduced  is  by  redu- 
cing r  ;  hence  the  object  in  placing  the  mirror  just  as  close 
to  the  prism  as  possible.  In  the  actual  case,  the  values  of  r, 
6,  and  (o  were 

rslO  centim.,  ^s50°  (for  D  hues),  and  cozS°. 

Hence   for  e  =  3°  we  have  A?/' =  3  millim.,  and  the  angular 

error  is,  as  before,  3/R=  r,~,.r,  =«^'  nearlv. 

3.')Dl) 
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It  will  readily  be  seen  that  if  we  do  not  impose  the  con- 
dition that  the  reflected  ray  shall  be  parallel  to  the  line  of 
coUimation,  -vve  may  place  the  mirror  so  that  the  displacement 
will  be  almost  nil  for  even  very  considerable  values  of  i\  This 
general  case  may  be  readily  w^orked  out  by  introducing  into 
the  above  another  angle,  yS,  which  is  the  angle  between  the 
axis  of  collimation  and  the  ray  reflected  from  the  mirror, 
connected  with  the  angles  6  and  a  by  the  relation 

6'  +  a)  =  180-(2a  +  /S). 
In  this  case  it  will  be  found,  as  might  have  been  expected, 
that  the  displacement  is  a  minimum  when  the  angle  a  is  as 
nearly  as  possible  equal  to  6,  viz.,  when  the  angle  of  incidence 
on  the  mirror  is  as  nearly  as  possible  90°.  In  the  most 
unfavourable  case,  however,  the  correction,  although  con- 
siderable, is  not  of  sufficient  magnitude  to  become  objection- 
able in  spectroscopic  work.  In  such  work  it  is  not  even 
necessary  to  apply  the  correction,  as  the  effect  is  the  same  as 
would  be  produced  by  a  slight  change  in  the  optical  pro- 
perties of  the  prism.  The  displacement  might  in  this,  as  in 
the  former  case,  have  been  eliminated  by  making  R=^  ,  viz., 
by  substituting  for  the  concave  mirror  at  a  a  plane  reflector 
and  placing  the  image-forming  objective  beyond  the  reflecting 
surface  m  ;  but  the  additional  reflecting  surface  was  ob- 
jectionable as  diminishing  the  brightness  of  the  spectrum. 

Case  III. — The  arranoement  last  described  was  used  with 
a  considerable  degree  of  success  for  some  time,  but  when 
some  very  accurate  angular  measurements  were  attempted 
with  it  a  difficulty  of  a  mechanical  character  presented  itself. 
It  will  be  noted  that  the  correct  working  of  this — as  of  all 
systems  so  far  described — depends  on  the  maintenance  of  an 
exact  ratio  of  2  to  1  between  the  angular  motions  of  the 
spectroscope-arm  and  of  the  reflecting  mirror.  It  is  necessary 
to  maintain  the  prism  at  minimum  deviation  in  all  spectro- 
metric  measurements  ;  but  not  with  any  great  degree  of 
exactness,  as  an  error  of  2'  or  3'  in  the  angular  position  of 
the  prism  will  not  affect  the  deviation  by  more  than  Jq  of 
this  amount.  But  with  the  mirror  any  error  in  angular 
position  with  respect  to  the  arm  will  change  the  angular 
direction  of  the  refracted  and  reflected  ray  by  double  that 
amount;  and  hence  if  we  wish  to  determine  any  angle  of 
deviation  to  within  10''',  we  must  be  sure  of  the  position  of 
the  mirror  to  within  less  than  5".  To  secure  this  degree 
of  accuracy  mechanically  and  automatically  with  any  ordi- 
nary minimum  deviation  attachment  is  out  of  the  question, 
for  an  error  of  .>"  in  angular  position  means  in  linear  measure- 
ment an  error  of  only  ygoo  millim.  at  the  end  of  an  arm 
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40  millim.  long.  Probably  this  degree  of  accuracy  could  be 
secured  if  necessary  by  the  use  of  a  minimum  deviation  attach- 
ment of  pure  linkwork,  like  that  sho\vn  in  fig.  4  (PI.  IX.), 
which  is  far  superior  in  every  respect  to  the  ordinary  sliding 
link-form  usually  pkiced  on  a  spectroscope*.  It  may  also  be 
secured  by  the  system  first  described,  because  in  it  any 
required  degree  of  accuracy  may  be  reached  by  an  increase 
in  size  of  the  drums  a,  h. 

It  was  at  first  thought  that  a  return  to  this  system  would 
be  necessary  ;  but  while  considering  how  this  could  best  be 
done,  the  idea  of  another  simple  system,  which  did  away  with 
all  mechanical  arrangements,  presented  itself.  It  is  derived 
from  the  first  modification  of  the  earlier  system  (fig.  1, 
PL  YIII.)  very  easily  by  suppressing  entirely  the  movable 
spectroscope-arm  and  securing  the  reflecting  mirror  rigidly 
to  the  prism.  It  will  evidently  have  the  same  angular  motion 
as  before,  and  will  therefore  reflect  a  ray  which  passes  through 
the  prism  at  minimum  deviation  in  the  same  direction  for  all 
positions  of  the  latter,  or  vice  versa.  With  this  arrangement 
it  is  evident  that  there  will  be  no  error  due  to  mechanical 
inaccuracies  of  the  moving  parts  because  there  is  no  longer 
any  relatiye  motion  between  them,  both  prism  and  mirror 
being  fixed  relatively  to  each  other.  But  it  would  appear  at 
first  sight  that  for  lar  o-e  angles  of  deviation  the  light  would  fall 
upon  a  very  diiferent  part  of  the  reflecting  mirror  to  that  which 
it  would  for  small  angles,  and  that  a  large  lateral  displacement 
of  the  reflected  ray  might  be  expected  in  consequence.  The 
lateral  shifting  is  no  great  detriment  if  a  collimator  is  used, 
and  the  beam  which  passes  through  the  prism  is  a  strictly 
parallel  one,  for  then  its  effect  is  simply  to  necessitale  the 
loss  of  some  light,  or  else  the  use  of  larger  lenses  to  provide 
for  this  shifting.  But  where  only  one  objective  is  used,  as  in 
the  simpler  forms  of  instruments,  or  for  some  special  reason 
in  the  better  onesf  (see  fig.  7,  PI,  IX.),  and  the  beam 
through  the  prism  is  in  consequence  conical,  the  lateral  dis- 
placement gives  rise,  as  already  explained,  to  an  angular 
error  depending  on  the  radius  of  curvature  of  the  wave-front 
of  the  incident  beam.  This  error,  or,  more  properly,  cor- 
rection, was  especially  objectionable  in  the  particular  work 
then  in  hand,  in  which  it  was  very  desirable  to  maintain  an 
exact  relationship  between  the  angular  reading  of  the  spectro- 
meter-circle (in  which  prism  and  mirror  were  mounted),  and 
the  wave-length  of  the  radiation  falling  on  what  corresponded 

*  Kempe, '  Lecture  on  Linkages,'  p.  40. 

t  In  this  case  it  was  desirable  in  order  that  there  might  be  as  little 
loss  bv  Tpflpxion  and  absorption  as  possible. 


346  Mr.  F.  L.  0.  Wadsworth  on 

to  the  cross-wire  of  the  observing  telescope.  On  examination 
of  tlio  geometrical  jiath  of  the  ray  through  the  system  just 
indicated,  it  was  unexpectedly  found  that  if  two  simple  con- 
ditions were  fulfilled,  the  refracted  ray  was,  after  reflexion, 
not  only  constant  in  direction  but  also  constant  in  position, 
viz.,  that  there  was  no  lateral  displacement  for  different  wave- 
lengths, and  consequently  no  angular  correction  required  for 
either  plane  or  spherical  waves.  To  find  these  necessary 
conditions,  let  us  first  consider  the  general  case  in  which  the 
axis  of  rotation  and  the  reflecting-mirror  are  in  any  position 
with  reference  to  the  line  of  collimation. 


C  B  ^ 

Let  the  axis  of  collimation  be  the  X  axis,  and  let  a  line 
passing  through  the  axis  of  rotation  R  be  the  Y  axis.  Let  d 
be  the  perpendicular  distance  from  the  axis  of  rotation  to  the 
plane  of  the  mirror-face  ;  let  b  be  the  perpendicular  distance 
from  the  same  point  to  the  plane  bisecting  the  angle  of  the 
prism  (and  hence  bisecting  also  the  angle  of  deviation  of  the 
ray  at  minimum  deviation),  and  let  a  be  the  ;/  coordinate 
of  this  point.  Then  the  equation  of  the  line  E  F  (the  inter- 
section of  the  plane  of  the  reflecting  surface  wdth  the  X  Y 
plane)  will  be 

.  d  +  a  cos  a 

y  =  tan  a  x ; 

'^  cos  a 

and  of  the  line  A  B  (refracted  ray). 

The  coordinates  of  the  points  of  intersection  of  these  two  lines 
will  therefore  be 


i 
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2pin^/2r      •    nic^  .  7T      d+acosa 

^    [a  sm  6/2  +bj 

cos  t7     ■-  -■  cos  a. 

tan  a  +  tan  6  ' 

_  2  sin  ^/2  cos  a  [a  sin  6/2  -\-h']  —  {d  +  a  cos  a)  cos  6 

~  sin  [u  +  B)  ' 

2  sin  6/2  \a  sin  6/2  +  />]  tan  a  -  i^±ii^^i^  tiin  6/ 

, COSgt 

^  ~  tan  a  +  tan  6 

_  2  sin  612  sin  «  [a  sin  6/2  +  ^]  —  ((?  +  «  cos  a)  sin  ^ 
~  Tin  (a  +  ^)  * 

The  equation  of  tbe  reflected  ray  CD  will  be 
,y_y  =  tan  (^4  2a){x-x'), 

and  the  lenojth  of  tbe  perpendicular  let  fall  from  tbe  origin 
will  be 

Substituting  tbe  values  of  .i-'  and  ?/',  reducing,  and  introducing 
the  relations 

6  +  2a  =  ^  =  constant, 

6  +  cc   =(/3-a), 
we  finally  obtain 

p  =  2a  cos2  /3/2  +  2b  sin  6/2  +  2d  cos  {oc  +  6). 

Tbe  term  2rt  cos^  /3/  2  is  a  constant,  but  the  last  two  terms  are 
variable.  It  will  be  seen  at  once  that  we  may  make  jy  a 
constant,  viz.,  prevent  any  lateral  shifting  of  the  ray,  by 
simply  making  both  h  and  d  equal  to  zero.  In  other  words,  if 
we  simply  fulfil  the  condition  that  the  axis  of  rotation  of  the 
system  shall  be  at  the  intersection  of  the  plane  bisecting  the 
refracting  angle  of  the  prism  with  the  plane  of  the  reflecting 
mirror,  there  will  be  no  lateral  displacement  of  the  ray  which 
passes  through  the  system  at  minimum  deviation,  for  different 
values  of  6,  viz.  for  different  wave-leng-ths.  There  is  one 
case  in  which  this  does  not  hold,  viz.,  when  these  two  planes 
are  parallel.     Then  we  have 

a  =  90°-^/2,   ora+6'=]80°-a. 
Hence 

Z'sin  6^/2  +  dcos  {oc  +  6)  =z(b  —  d)  cos  «  ; 

and  therefore  we  may  in  this  case  makep  constant  by  making 
b  =  d  :  in  other  words,  by  making  the  two  planes  coincident. 
Then  the  second  half  of  the  prism  becomes  useless,  and  we 
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have  the  original  half-prism  form  of  Littrow,  fig.  5,  which 
is  now  seen  to  be  only  one  special  form  of  a  general  class. 
It  is  evident  that  by  varying  the  angle  awe  may  make  the 
angle  y8  anything  we  please  from  0  to  360°.  Four  special 
cases  only  are  considered  : — 

(1)  When  /3  =  90°,  then  for  6*  =  45°  we  have  a  =  22^°.    The 
arrangement  of  the  parts  is  shown  in  fig.  4. 

(2)  When  /3  =  180°,  a  =  i^,  and  we  have  the  Littrow  half- 
prism  arrangement  already  referred  to  (fig.  5). 

(3)  When  /3=270°,   for  ^  =  45",  «=  1121°,  and  we  have 
the  arrangement  shown  in  fig.  6. 

(4)  Finally,  when  /3=0  the  reflected  ray  is  parallel  to  the 
coincident,  and  now  a=—6/2  (fig.  7). 


In  all  these  last  forms  the  prism-mirror  system  is  mounted 
directly  on  the  graduated  circle  of  the  spectrometer  and 
revolves  with  it.  Since  the  angular  rotation  of  the  prism 
is  exactly  one  half  that  of  the  refracted  ray  which  passes 
through  it  at  minimum  deviation,  it  follows  that  we  may 
determine  angular  deviations  from  the  readings  of  the  spectro- 
meter circle,  just  as  in  the  ordinary  forms  of  the  instrument, 
except  that  the  angular  readings  must  be  multiplied  by  2  to 
obtain  the  angular  deviations.  The  movable  parts  of  the 
instrument  (the  mirror  and  prism)  are  therefore  rendered 
extrom(dy  light  and  inol)ile,  without  any  sacrifice  in  accuracy, 
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while  incidentally  the  more  or  less  troublesome  minimum- 
deviation  attiichmont  is  done  away  with.  The  last  arranoe- 
ment,  which  is  in  one  sense  a  direct-vision  spectroscope  with 
but  a  single  prism,  fulfils  the  condition  of  parallelism  be- 
tween the  refracted  reflected  ray  and  the  incident  ray,  and 
it  is  therefore  the  one  which  has  been  finally  adopted  for 
the  spectro-bolometer  of  the  Observatory  in  place  of  the  form 
first  used  on  that  instrument"^. 

A  plan  view  of  the  mounting  in  this  particular  form  of 
instrument  is  shown  in  fig.  5,  PI.  IX.,  and  a  side  view 
(photograph)  in  PI.  X.  It  will  be  seen  that  the  prism  and 
mirror  are  mounted  together  in  a  single  frame  AA,  provided 
with  three  levelling-screws  which  rest,  one  in  a  conical  hole, 
the  second  in  a  slot,  and  the  third  on  a  plane  ;  so  that  the 
whole  frame  may  readily  be  removed  from  the  spectrometer 
table  and  then  replaced  in  exactly  the  same  position.  The 
triangular  prism-table  B  is  arranged  to  slide  vertically  in  the 
guides  a  h,  and  thus  provide  for  prisms  of  different  heights. 
The  table  has  a  motion  of  adjustment  regulated  by  the  screw 
c,  about  a  line  parallel  to  the  mirror- face,  for  the  purpose  of 
bringing  the  refracting  edge  of  the  prism  parallel  to  that  face, 
and  is  provided  with  screws  e,  f,  g,  h,  which  serve  to  adjust 
the  prism  laterally  and  in  angle,  so  that  in  the  first  place  the 
plane  bisecting  the  refracting  angle  may  pass  through  the 
axis  of  rotation,  and,  secondly,  so  that  the  prism-faces  may 
make  equal  angles  with  the  faces  of  the  mirror  (the  minimum - 
deviation  condition).  It  will  be  observed  that  w^hen  these 
screws  are  once  adjusted  they  serve  as  stops  which  vnW  bring 
any  prism  (of  standard  G0°  angle)  that  may  be  used  into  the 
correct  position  ;  for,  if  smaller  than  the  prism  for  which  they 

*  Since  writing  the  above  my  attention  has  been  called  to  an  article 
in  Zeit.  fiir  Instrumentenkunde  for  November  1881,  describing  this 
particular  "  direct-vision  "  arrangement  of  the  prism  and  mirror.  There 
was,  however,  no  indication  of  the  general  class  of  which  this  is  but  a 
particular  type,  and  hence,  of  course,  no  indication  of  the  conditions 
which  it  was  necessary  to  fulfil  to  prevent  a  lateral  shifting  of  the  beam  ; 
indeed,  the  author  seems  to  accept  tliis  lateral  shifting  as  a  necessary 
condition,  for  he  says  "  Der  im  Minimum  der  Ablenkung  durchgehende 
Strahl  wird  also  bei  dieser  Anordnung  nur  seitlich  etwas  verschoben." 

Professor  Langley  had  also  quite  independently  used  this  particular 
arrangement  of  prism  and  reflecting  mirror  in  a  modification  of  Foucault's 
"  Lifting  Prism  "  for  separating  dillerent  orders  of  superposed  grating- 
spectra.  In  his  use  of  it  the  lateral  disjjlacement  was  recognized  as 
objectionable,  and  was  mechanically  cuiTected  for  by  an  ingenious 
arrangement,  designed  by  Mr.  C.  T  Child,  then  assistant  in  the  Obser- 
vatory, which  imparted  to  the  mirror  a  small  angular  motion,  just 
sufficient  to  correct  for  the  angular  displacement  of  the  spectral  image, 
as  the  whole  system  travelled  down  through  the  spectrum. 
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were  adjusted,  it  is  only  necessary  either  to  turn  eucli  one  in 
;i  measured  amount,  or,  more  simply,  insert  a  thin  piece  of 
glass  or  metal  between  the  screws  on  each  side  and  the  prism. 
A  still  better  plan,  if  many  pi-isms  are  to  be  used,  is  to  have 
each  prism  mounted  on  a  base  of  the  required  size  on  which 
it  has  been  adjusted  once  for  all  and  then  cemented.  The 
adjustment,  as  will  be  shown  hereafter,  does  not  need  to  be 
particularly  accurate. 

The  mirror  and  prism  having  lieen  adjusted  to  each  other 
and  to  the  spectrometer  axis  once  for  all,  the  other  adjust- 
ments preliminary  to  the  use  of  the  instrument  are  very 
simple.  The  first  opei'ation  is  to  make  the  axes  of  the  colli- 
mating  and  observing  telescopes  parallel.  This  is  most  simply 
done  by  removing  the  prism-mirror  system  and  allowing  the 
beam  for  the  collimator  to  fall  directly  on  the  objective  of  the 
view-telescope.  Since  the  constant  lateral  displacement  of 
the  beam  by  the  system  will  be  2a,  it  follows  that  if  the 
aperture  of  the  telescope  is,  say,  2^a,  sufficient  light  will  fall 
upon  the  second  objective  to  form  a  distinct  image  of  the  slit. 
Since,  however,  the  use  of  such  a  small  portion  of  the  objective 
is  apt  to  cause  a  lateral  shifting  of  the  image,  it  is  better 
either  to  mount  the  view-telescope  on  a  short  cross  slide,  or 
on  a  rocking  arm,  the  motion  of  which  is  accurately  rectili- 
near, or,  what  is  better,  to  use  a  small  double-reflection  prism, 
fig.  6  b  (PI.  IX.-),  which  will  laterally  deflect  the  beam  by  the 
amount  required.  If  a  system  like  that  in  fig.  7  (PI.  IX.)  is 
used,  the  simplest  method  of  initially  setting  the  direct  image 
on  the  cross  wire  of  the  observing  telescope  is  to  set  up  at  the 
side  of  the  slit  and  at  an  accurately  measured  distance  2a 
from  its  centre,  a  second  slit  or  fine  point,  and  bring  the 
image  of  this  to  the  centre  of  the  field. 

The  second  step  is  to  determine  the  zero  of  graduation, 
which  is  done  by  replacing  the  optical  system  and  revolving 
the  mirror  until  it  is  per})endicular  to  the  line  of  collimation. 
With  the  first  form  of  instrument  this  is  accomplished  sim])ly 
by  bringing  the  image  of  the  slit  into  coincidence  with  the 
slit  itself;  in  the  second  form  it  is  most  conveniently  done 
by  setting  up  a  point  at  a  distance  from  the  mirror  equal  to 
the  principal  focal  distance,  bringing  this  point  into  the  line 
h  tn  s  by  removing  the  eyepiece  and  sighting  w  ith  the  eye  past 
the  cross  wire  at  the  distant  point  s,  and  then  revolving  the 
mirror  until  the  image  of  this  illuminated  point  coincides 
with  the  })oint  itself.  The  reading  of  the  circle  correspond- 
ing to  this  jtosition  of  the  mirror  is  called  the  zero  reading. 
The  prism  is  then  replaced  in  position  by  being  brought 
against  the  screws  e,  /,  g,  h,  and  the  whole  system  revolved 
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until  the  desired  part  of  the  spectral  ticlJ  is  brought  into  the 
observing  ovepioce.  If  the  spectrum  is  now  either  too  high 
or  too  low,  it  shows  that  the  retracting  edge  of  the  prism  is 
slightlv  inclined  to  the  mirror-face,  and  the  screw  c  is  turned 
until  the  spectrum  is  centred.  Then,  if  all  the  preliminary 
adjustments  have  been  properly  made,  the  angular  deviation 
of  the  central  ray  in  the  field  will  be  given  by  the  relation 

where  13  is  the  cii'cle-reading  for  a  deviation  6,  and  a  is  the 
zero-reading  determined  as  already  described. 

In  very  accurate  spectrometric  work  it  is  important  to 
determine  just  what  degree  of  accuracy  is  required  in  making 
the  various  adjustments  of  parts  to  each  other  in  order  to 
attain  a  given  degree  of  accuracy  in  the  final  result.  The 
theory  of  these  adjustments  is  comparatively  simple,  but  some- 
what lengthy,  and  it  will  therefore  be  briefly  indicated  in  a 
futiu'e  paper, 

Astro-Physical  Observatory, 
Washington,  D.C,  March  1893, 

XXXIX.   On  the  Highest  Wave  of  Permanent  Type. 
By  J,  McCowAN,  M.A.,  D.Sc,  University  College,  Dundee^. 

IN  a  preA^ous  communication  f,  in  which  I  discussed  the 
general  theory  of  the  class  of  waves  in  water  or  other 
liquid  which  have  no  finite  wave-length  but  which  are  of 
permanent  type,  that  is  to  say,  which  are  propagated  with 
constiint  velocity  without  change  of  any  kind,  I  gave  a  rough 
estimate  of  the  maximum  height  to  which  such  waves  might 
attain  without  breaking,  Tiie  paper  dealt  chiefly  with  an 
approximation  which  was  specially  suitable  for  waves  of  small 
or  moderate  elevation,  and  it  is  the  object  of  the  present 
paper,  therefore,  to  supplement  this  by  investigating  an 
approximation  better  adapted  to  the  discussion  of  the  extreme 
case  of  the  wave  at  the  breaking  height,  and  sufficiently  exact 
for  ordinary  purposes.  I  trust,  however,  to  be  soon  able  to 
communicate  a  fuller  discussion  of  the  general  theory  of  the 
solitary  wave  which  I  have  almost  completed. 

1.   The  General  Equation  of  the  Motion. 

The  highest  wave  which  can  be  propagated  without  change 
in  water  of  any  given  depth  is  obviously  the  highest  solitary 

*  Coinmuiiicated  by  the  Author,  having  been  read  before  the  Edin- 
burgh Matlieniatical  Society,  June  8,  1894. 

t  "On  the  .SoUtary  Wave,"  Phil.  Mag.  July  1891. 
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wave  for  sucli  depth  ;  for  tbe  height  to  which  waves  can 
attain  without  breaking  must  evidently  increase  with  their 
length,  and  the  solitary  wave  may  be  regarded  as  the  limiting 
type  to  which  each  individual  wave,  reckoned  from  trough  to 
trough,  in  a  permanent  train  of  finite  waves  a])proaches  as 
the  wave-length  indefinitely  increases.  In  fact  this  paper 
and  the  former,  "  On  the  Solitary  Wave,"  may  be  regarded 
as  giving  a  very  close  approximation  to  the  form  and  motion 
of  the  individual  waves  in  a  train  of  finite  waves  if  the  wave- 
length is  even  so  small  a  multiple  of  the  depth  as  ten  or 
twelve. 

It  will  thus  be  convenient  to  follow  to  some  extent  the 
methods  and  notation  of  the  paper  "  On  the  Solitary  Wave/' 
and  references  to  it  will  be  briefly  indicated  by  an  S  prefixed. 

Consider,  then,  a  solitary  wave  propagated  with  uniform 
velocity  U  along  the  direction  in  which  x  Increases  in  an 
endless  straight  channel  of  uniform  rectangular  cross  section, 
the  axis  of  ,x  being  taken  along  the  bottom  and  that  of  z 
vertically  upwards. 

Let  the  motion  be  regarded  as  reduced  to  steady  motion  by 
having  superposed  on  it  a  velocity  equal  and  opposite  to  the 
velocity  of  propagation  of  the  wave,  and  take  x  =  0  and  z=c 
as  the  coordinates  of  the  crest.  Let  u  and  to  be  the  horizontal 
and  vertical  components  respectively  of  the  resultant  velocity 
q  in  the  steady  motion  at  x,  z,  of  which,  further,  (f)  is  the 
velocity  potential  and  yfr  the  current  function. 

We  shall  now,  referring  to  the  "  General  Theory  of  the 
Wave,"  (S.  §  1),  seek  to  determine  a  form  of  the  relation 
between  i/r  +  t^,  or,  as  we  shall  here  find  more  convenient, 
u  +  ac  and  z  +  ix  corresponding  to  S.  (1)  and  (2),  but  only 
containing  so  many  disposable  constants  as  will  suffice  for 
the  degree  of  accuracy  at  present  desired.  Noting  that 
for  the  limiting  form  the  velocity  at  the  crest  must  vanish, 
and  remembering  Sir  George  Stokes's  expression*  for  the 
leading  term  in  the  velocity  near  the  crest  of  a  wave  at 
the  breaking-limit,  we  shall  assume  (compare  S.  (6)):  — 


w  +  tio  =  _  U  { 1  -fk^  sec-  i  m  {z  +  i,v) }  \/ 1  -  /t"-^  sec^  i  m  [z  +  t.r) ,  (1) 

where 

k=  cos {mc  ; (2) 

as  a  form  conveniently  integrable  with  respect  to  z-\-i,v  so  as 
to  give  •yjr  +  Lcj)  in  finite  terms  if  so  desired. 

It  should  be  noted  that  all  the  conditions  required  to  be 

*  "On  the  Theory  of  Oscillatory  Waves,''   Appendix   B.     'Collected 
Papers,'  vol.  i. 
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satisfied  for  a  solitary  wave,  with  the  exception  of  the  con- 
dition of  constant  surface-pressure,  are  identically  satisfied 
by  (1):  for  lo  vanishes  with  c,  and  when  .??=+qo,  u=- —\j 
and  w=0.  We  proceed,  therefore,  to  determine  the  surface- 
pressure  with  a  view  to  the  determination  of  the  available 
constants  so  as  to  satisfy  as  nearly  as  may  be  this  condition 
for  Si  free  surface  :  as  it  is,  (1)  may  be  regarded  as  giving  a 
particular /b/'Ctfc?  wave. 

2.   The  Surface-Pressure  near  the  Mean  Level. 
Expanding  (I),  and  writing  for  brevity 

«  =  l  +  2/;    ^=1-4/,  &c.,     ....     (3) 
we  get 

-  (u  -H  m)I^J  =  1  -1  «F  sec2  ^  m(c  -I-  ix)  -^  /S^^  sec^  l»i(2  +  lx)  ;  (4) 

therefore,  further,  for  x  positive 

-((<+  t2:j)/U=l-2«y5:2e-m(^-u)  +  2(2a-/3/(;'')p6-2'"(^-'^)&c.;     (5) 

therefore,  integrating  with  respect  to  ^  +  ix, 

-m{-^-\-LJ>)l'\J  =  m{z^-Lx)  +  2t«F6-"'(^-'^)-^(2a-/3F)/;2e-2'"(^-''"^.   (6) 

Now  if  h  be  the  mean  depth,  or  the  depth  at  an  infinite 
distance  from  the  crest,  we  must,  taking  y{r  =  0  at  the  bottom, 
have  ■>^=— U/i  at  the  surface.  Also,  if-?;  denote  the  eleva- 
tion of  the  surface  at  any  point  above  the  mean  level,  we  must 
have  z  =  h  +  r}  at  the  surface.  Substituting  these  values  in 
the  expression  for  -\/r  involved  in  (6),  we  obtain  as  the  equation 
to  the  surface, 

m7}  =  2cik^€-""  sin  m{h  +  r})  —  {'2oi— ^P)k'^€-^'^ sin '27n{h +  7)) . . . ; 

or,  when  rj  is  small, 

7m}  =  2al^€-'^smmh  —  {2oi—^U^  —  '2a?l<?) Pe-^""' sin 2mh . . . ;  (7) 

which  gives  the  equation  to  the  surface  in  a  convenient  form 
for  points  not  too  near  the  crest. 

Again,  from  (5)  we  get 
qyW  =  l-4.aJ^'€-"''  cos  mz  +  4Fe-2'n^{  {2a-l3k^)  cos  2m2-|-4a2p}  j  (8) 
therefore,  by  (7),  we  have  at  the  surface  where  rj  is  small, 
^7U^  =  l—4:ap6-""  cos  mh 

+  4p€-2mx|  (2a  -ySyb")  cos  2mh  +  a^^^l  +  2  sin^  mh)}....  (9) 

Now  in  a  liquid  of  density  p  moving  irrotationally  acted 
on  by  no  force  but  gravity,  the  pressure  p  at  any  point  is 

/)=  constant  —fpg^—gpz;     .     .     .     .     {w) 
Phil.  Mag.  S.  5.  Vol.  38.  No.  233.  Oct,  1894.         2  B 
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and  therefore  if  bp  denote  the  excess  of  pressure  at  any  point 
on  the  surface  over  that  at  the  mean  level,  we  have 

Sp  =  Lp(^W-./)-gprj;      ....       (11) 

whence,  on  substituting  for  tj  and  </'  from  (7)  and  (9),  we  get 

Bp/p\J^  =  '2akh-'^'{cos  mh-glmW.  sin  mh\  +  &c.     .     (12) 

Now  for  a  free  surface  hp  ought  to  vanish;  therefore  for  a  first 
approximation  we  must  take 

cosrn/i— ^/«iU^.  sin  wi/t  =  0  ; 
that  is, 

U^=,9'/mtan?/i/i ; (13) 

and  (12)  becomes,  writing  it  out  to  the  next  term, 

hplpV''  =  2/;2e-2"'^{  (2«-  /8F)  sin^  mh  - Su'P] .  .  .  (14) 
The  coefficient  of  e~'^'"'^  in  (14)  ought  of  course  to  bo  made 
to  vanish;  but  it  will  be  preferable  for  our  present  purpose  to 
retain  it  as  a  small  pressure  error,  and  so  leave  another  of  our 
constants  available  to  satisfy  the  conditions  in  the  neighbour- 
hood of  the  crest  to  which  we  proceed. 


-(l  +  3/)}/8/.,) 


3.    I'he  Surface-Pressure  near  the  Crest. 

Put  ~=c  — ^,  so  that  ^  vanishes  at  the  crest ;  then,  writing 
for  brevity 

p  =  tan  ^  mc, 

A=l-/,  Y     .     .     (15) 

B  =  {(1  +  11/)/- 
we  get,  on  expanding  (1)  in  powers  of  ^—cx, 

-(u-\-iioj/JJ=  v'jym(?-ic'?^){A  +  Bm(?-w)  +  &c.}  ;      (16) 
whence,  integrating  with  respect  to  ^—lx,  we  get 

where  -v/tq  is  the  value  of  i/r  at  the  crest. 
Put 

^  =  rcosd,  .t'  =  ?'sin-&, (18) 

then  (18)  gives  for  the  surface,  determined  l)y  ■\{r  =  ^jr^„ 

lAcosf^  +  iBmrcosi^  +  &c.=0.     .     .     .   (19) 

Thus  when  ?'  =  0,    d=  +  t?  showing  that  the  crest  is  formed 

bv  two  branches  equally  inclined  to  the  bottom  cutting  at  an 

angle  of  120°. 

Put  then  3  =  .    +a  ; 

'6 
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.•.   (19)  gives  when  a-  is  small, 

o-=_Bm?-/5A, (20) 

as  a  convenient  approximation  for  the  form  of  the  surface  in 
the  neighbourhood  of  the  crest. 
Again,  (11)  may  be  written 

8p=^p{W-q')-gp{c-h-0,  ....  (21) 

whence,  since  q  and  ^  vanish  together,  to  make  8p  vanish  we 
must  have 

W=2g{c-h), (22) 

and  this  reduces  (21)  to 

^P=9PK-W (23) 

Now  from  (16)  we  obtain 

qVWpmr{A^  +  2ABm^-{r&c.l       .     .     .     (24) 
and  thus 

8p=pr{gco3^-imA''pV^  +  ABWm^+&c.}.    .  (25) 

Hence,  since  •&=  o  +  o"  we  must  have,  to  make  Sp  vanish  to 
o 

a  first  approximation, 

^cos  ^  —^mA^j)'[J^=0, 

that  is 

\J'=g/mA'p, {26) 

and  (25)  becomes 

gy,/pU2=-i(l-^WBm*V  +  &c.     .     .     (27) 

This  cannot  vanii^h  unless  B  vanishes,  in  which  case  we  see 
by  (20)  that  the  curvature  of  the  surface  vanishes  close  to 
the  crest.  This  result  is  obviously  independent  of  our  ap- 
proximation, but  we  have  not  taken  enough  of  constants  to 
secure  it  here  :  it  will  be  found,  however  (v.  §  5),  that  the 
other  equations  determining  the  constants  we  have  at  our 
disposal  will  make  B  very  approximately  vanish. 

4.  Numerical  Determination  of  tlie  Constants. 

There  is  still  one  important  condition  to  be  satisfied.  To 
ensure  the  connexion  between  our  separate  treatment  of  the 
neighbourhoods  of  the  crest  and  mean  level,  we  must  secure 
that  the  stream-line  •\/r=— U/i,  bounding  the  distant  surftice, 
shall  pass  through  the  crest :  or,  in  other  words,  the  flow 
across  any  infinitely  distant  section  must  be  equal  to  the  flow 

2B2 
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across  the  axis  of  z.     This  condition  may  be  written,  by  (1) 

h=\     (1  -fp  sec'^  imz)  V T^^^FIg^J^z  .  dz,    .     (28) 

which  gives,  remembering  that  ^=cos^?/ic, 

mh  =  7r{  1  —  cos  ^  mc  —  i/sin  ^  mc  .  sin  mc} .     .     (29) 

We  may  now  proceed  to  evaluate  the  constants  in  (1)  in 
terms  of  h  the  mean  depth  of  the  Hquid  in  the  channeL 
Eliminating  U^  between  (22)  and  (13)  we  get 

mc  =  mh +  ^  tan  mh, (30) 

while  (13)  and  (26)  give 

(1— /j^  =  cot?n/icot  |mc (31) 

If  now  we  solve  equations  (29),  (30),  and  (31)  for  m,  c,  and 
/,  we  shall  find  mh  =  1  '0025  approximately :  hence,  remembering 
that  at  best  the  surface-pressure  is  only  to  be  approximately 
constant,  it  will  be  sufficient  to  take  for  our  present  purpose 

mh  =  l, (32) 

and  it  is  just  possible  that  this  may  be  the  exact  value. 
Substituting  this  value  in  (30)  wo  get 

c  =  1-787* (33) 

This  gives  for  the  maximum  wave-height 

c-h=r}(,=  -78h, (34) 

which  differs  by  less  than  the  experimental  error  from  the 
value  '75/4  which  I  have  already  {S.  §  10}  given  as  a  fair 
average  of  some  experiments  I  made  in  connexion  with  my 
former  paper. 

Again,  from  (13)  and  (32),  or  (22)  and  (34) ,  we  obtain  for 
the  velocity 

W=l'56gh, (35) 

which  shows  that  the  maximum  wave  travels  about  25  per 
cent,  faster  than  low  waves  in  the  same  depth  of  channel. 
Finally,  substituting  from  (32)  and  (33)  in  (31)  we  get 

/=-28 (36) 

We  have  now  only  to  substitute  the  values  of  the  constants 
just  determined  in  our  general  equations. 
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5.   Tlie  Final  Equations  of  the  Motion. 
The  fundamental  equation  (1)  may  now  be  written 


n-\-iw=-l-2b  s/gh{l- -11  sQC^{z-\-ix)m  '^l--^O^eQ^l{z  +  ix)lh,  .   (37) 

which  completely  determines  the  motion  of  the  fluid. 

It  is  convenient,  however,  to  consider  the  formulce  specially 
suitable  to  the  regions  near  to,  and  fairly  distant  from,  the 
crest.  Thus  for  regions  fairly  distant  from  the  crest  (where 
€xp{  —  x/h)  is  small)  (5)  and  (6)  give 

-(?i  +  ut')/"t^=l-l-24e-(^-'^)/*  +  &c.,    .     .     (38) 
and 

-(i/r  +  t<^)/U/i=(0  +  ta;)//i  +  tl-246-(^-^^)/*-&c.,  .  (39) 

in  which  U  has  the  value  given  by  (35). 

The  equation  to  the  free  surface,  as  given  by  (7),  becomes 

77//i  =  l-046-^/*--446-2^/'^&c.,  .     .     .     .(40) 
and  for  the  pressure-error  given  by  (14)  we  have 

Sy)= --89  6-2^/^/3/* (41) 

Again,  for  the  neighbourhood  of  the  crest  (16)  and  (17) 

gi^e  

-(;/  +  iu')/U=-80  \/(?-i^^)//'{H--084(?-ia?)/A}  .   (42) 
and 
(^^  +  '<^)/UA  =  l  +  -53{(^-t.i')//i}^/2{l  +  -50(?-tA-)A}.    .  (43) 

We  have  already  seen  that  the  crest  is  formed  by  two 
surfaces,  equally  inclined  to  the  bottom,  meeting  at  an  angle 
of  120°,  so  that  the  summit  of  the  wave  has  the  form  of  a 
blunt  wedge.  We  have  also  seen  that  in  the  free  wave  these 
surfaces  must  be  plane  or  have  an  infinite  radius  of  curvatiire 
at  the  crest ;  we  have,  however,  made  no  effort  to  satisfy  this 
condition,  but  on  substituting  the  values  of  the  constants  in 
(20)  we  find  that  it  gives  the  radius  of  curvature  at  the  crest 
about  equal  to  thirty  times  the  depth  of  the  water,  a  result 
sufficiently  indicating  the  closeness  of  our  approximation. 

The  pressure-error  near  the  crest,  as  given  by  (27),  is 

Bp=-OSgpryh.  ......     (44) 

By  (41)  and  (44)  we  see  that  the  deviation  from  constant 
surface-pressure  is  everywhere  very  small  ;  there  is  a  very 
slight  excess  near  the  crest  but  vanishing  at  the  crest,  and  a 
slight  defect  near  the  mean  level.  The  deviation  has  in  fact 
only  an  appreciable  value  over  a  very  limited  region,  say 
from  x='bh  to  x  =  l'5h  ;  (41)  and  (44)  are  hardly  applicable 
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within  this  region,  but  I  estimate  that  within  it  the  maximum 
defect  of  pressure  is  less  than  that  of  a  head  of  water,  or 
whatever  other  liquid  the  channel  may  contain,  of  one  tenth 
of  the  mean  depth. 

The  accompanying  figure  shows  the  form  of  the  wave,  only 
half  of  it  heino-  drawn,  however,  as  the  wave  is  svmmetrical 


about  the  crest.  The  thicker  straight  line  indicates  the  bottom 
of  the  channel,  while  the  mean  depth  is  shown  by  a  finer  line 
to  which  the  surface  approaches  asymptotically. 


XL.  On  the  Velocity  of  the  Cathode-Rays.  By  J.  J. 
Thomson,  M.A.,  F.R.S.,  Cavendish  Professor  of  Experi- 
mental Physics,  Cambridge^. 

THE  phosphorescence  shown  by  the  glass  of  a  discharge- 
tube  in  the  neighbourhood  of  the  cathode  has  been 
ascribed  by  Crookes  to  the  impact  against  the  sides  of  the 
tube  of  charged  molecules  driven  off"  from  the  negative  elec- 
trode. The  remarkably  interesting  experiments  of  Hertz 
and  Lenard  show  that  thin  films  of  metal  when  interposed 
between  the  cathode  and  the  walls  of  the  discharge -tube  do  not 
entirely  stop  the  phosphoi'escence.  This  has  led  some  phy- 
sicists to  doubt  whether  Crookes's  explanation  is  the  true  one, 
and  to  support  the  view  that  the  phosphorescence  is  due  to 
setherial  waves  of  very  small  wave-length,  these  waves  being 
so  strongly  absorbed  by  all  substances  that  it  is  only  when 
the  film  of  the  substance  is  extremely  thin  that  any  per- 
ceptible phosphorescence  occurs  behind  it.  Thus  on  this 
view  the  phosphorescence  is  due  to  the  action  of  a  kind  of 

*  Communicated  by  the  Author. 
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nlt^a-^^olet  light,  which  possesses  in  an  exaggerated  degree 
the  property  possessed  by  the  llltra-^^olet  rays  of  the  sun  of 
producing  jihosphorescence  when  incident  upon  such  sub- 
stances as  German  or  uranium  glass.  It  is  perhaps  worth 
while  to  observe,  in  passing,  that  the  light  produced  in  an 
ordinary  discharge-tube  by  an  intense  discharge  is  very  rich 
in  phosphorogenic  rays.  I  have  been  able  to  detect  phos- 
phorescence in  pieces  of  ordinary  German-glass  tubing  held 
at  a  distance  of  some  feet  from  the  discharge-tube,  though  in 
this  case  the  light  had  to  pass  through  the  glass  walls  of  the 
vacuum-tube  and  a  considerable  thickness  of  air  Ijefore  falling 
on  the  phosphorescent  body. 

The  view,  to  which  Lenard  has  been  led  by  his  experi- 
ments, that  the  cathode-rays  are  retherial  waves  demands  the 
most  careful  consideration  and  attention;  for  if  it  is  admitted, 
it  follows  that  the  ?ether  must  have  a  structure  either  in  time 
or  space.  For  these  cathode-rays  are  deflected  by  a  magnet, 
which,  so  far  as  our  knowledge  extends,  does  not  produce  any 
effect  on  ultra-violet  light  unless  this  is  passing  through  a 
refracting  substance  :  thus  if  the  cathode-rays  are  supposed 
to  be  ultra-violet  light  of  excessively  small  wave-length,  it 
follows  that  in  the  pether  in  a  magnetic  field  there  must  either 
be  some  length  with  which  the  wave-length  of  the  cathode- 
rays  is  comparable,  or  else  some  time  comparable  with  the 
period  of  vibration  of  these  rays. 

It  might  be  objected  that  it  is  possible  that  the  action  of  a 
magnet  on  the  cathode-rays  is  a  secondary  effect,  and  that 
the  primary  action  of  the  magnet  is  to  affect  the  main  cur- 
rent of  the  discharge  passing  between  the  positive  and  negative 
electrodes,  and  thus  to  alter  the  distribution  of  the  discharge 
entering  the  cathode:  this  would  affect  the  distribution  of  the 
places  of  greatest  intensity  over  the  cathode,  and  thus  in- 
directly the  distribution  of  the  waves  emerging  from  it.  To 
test  this  point  I  shielded  the  cathode  from  magnetic  forces  by 
means  of  a  magnetic  screen  consisting  of  a  ring  made  of  soft 
iron  wire  :  the  length  was  about  I'o  inch,  its  thickness  was 
about  '75  inch.  When  this  ring  encircled  the  cathode  a 
magnet  was  brought  up  to  the  tube  :  the  phosphorescent 
patches  inside  the  ring  were  not  now  affected  by  the  magnet, 
but  those  on  the  parts  of  the  tube  farther  away  from  the 
cathode  and  outside  the  iron  ring  were  very  much  displaced 
by  the  magnet;  thus  pro\-ing  that  the  magnet  acts  on  the 
cathode-rays  through  the  whole  of  their  course,  and  does  not 
merely  affect  the  place  on  the  cathode  at  which  they  have 
their  origin.  There  thus  seems  no  escape  from  the  conclusion 
that  the  establishment  of  the  hypothesis  that  the  cathode-rays 
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are   aetherial   rays   would   also   prove   the   finiteness  of  the 
structure  of  the  aether. 

The  following  experiments  were  made  with  the  view  of 
determining  the  velocity  with  which  the  cathode-rays  travel, 
as  it  seemed  that  a  knowledge  of  this  velocity  would  enable 
us  to  discriminate  between  the  two  views  held  as  to  the  nature 
of  the  cathode-rays.  If  we  take  the  view  that  the  cathode- 
ravs  are  aetherial  waves,  we  should  expect  them  to  travel  with 
a  velocity  comparable  with  that  of  light ;  while  if  the  rays 
consist  of  molecular  streams,  the  velocity  of  these  rays  will  be 
the  velocity  of  the  molecules,  which  we  should  expect  to  be 
very  much  smaller  than  that  of  light. 

The  method  I  employed  is  as  follows  : — The  discharge-tube 
was  sealed  on  to  the  pump,  and  the  two  electrodes  were  placed 
at  the  neck  of  this  tube.  The  discharge-tube  was  covered  with 
lampblack,  with  the  exception  of  two  thin  strips  in  the  same 
straight  line  from  which  the  lampblack  was  scratched  :  these 
strips  were  about  10  centim.  apart ;  the  one  nearest  to  tbe 
negative  electrode  was  about  15  centim.  from  the  electrode, 
the  other  was  25  centim.  from  the  electrode.  They  were  chosen 
so  as  to  phosphoresce  with,  as  nearly  as  could  be  judged,  equal 
brilliancy  when  the  discharge  passed  through  the  tube. 

The  light  from  the  phosphorescent  strip  fell  upon  a  rota- 
ting mirror  about  75  centim.  from  the  tube.  This  mirror  is 
the  one  used  by  me  in  my  experiments  on  "  The  Velocity  of 
Propagation  of  the  Electric  Discharge  through  Gases  "  (Proc. 
Roy.  Soc.  1890) ,  and  is  described  in  that  paper.  The  only 
change  made  in  the  mirror  was  to  replace  the  single  plane 
strip  of  silvered  glass  which  was  used  in  the  previous  ex- 
periments by  six  strips  of  mirror  fastened  symmetrically 
round  the  axis.  The  mirror  was  driven  by  a  large  gramme- 
machine. 

The  images  formed  by  reflexion  from  the  mirror  were 
observed  through  a  telescope,  of  which  the  object-glass  was  a 
large  portrait  photographic  lens  of  4-inch  aperture,  the  eye- 
piece a  short-focus  lens  :  when  the  mirror  was  at  rest  the  two 
images  of  the  phosphorescent  strips  were  seen  in  the  same 
straight  line,  and  the  adjacent  ends  of  the  two  images  were 
brought  into  coincidence  by  inserting  between  one  of  the 
phosphorescent  strips  and  the  mirror  a  very  acute-angled 
prism.  The  point  of  the  experiment  was  to  see  if  the  images 
of  the  two  phosphorescent  strips  remained  in  the  same 
straight  Hue  when  the  mirror  was  in  rapid  rotation.  If,  for 
example,  the  cathode-rays  travelled  with  the  velocity  of 
sound,  they  would  take  about  33^0  ^^  ^  second  to  pass  from 
one  strip  to  the  next ;  if  the  mirror  were  rotating  300  times 
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a  second  it  would,  in  the  interval  taken  by  sound  to  pass 
from  one  strip  to  the  next,  rotate  through  about  33°  ;  the 
displacement  of  the  image  produced  by  a  rotation  one 
thousandth  part  of  this  could  easily  be  detected. 

When  the  phosphorescence  was  produced  by  the  discharge 
of  an  ordinary  induction-coil,  the  images  seen  in  the  tele- 
scope after  retlexion  from  the  revolving  mirror  were  drawn 
out  into  very  faint  ribands  of  light  without  definite  begin- 
nings or  ends;  so  that  it  was  impossible  to  say  whether  or 
not  there  was  any  displacement  of  one  image  relative  to  the 
other. 

1  tried  a  considerable  number  of  phosphorescent  substances 
in  the  hope  of  obtaining  sharp  images,  but  without  success. 
The  substances  I  tried  were  ordinary  German-glass,  uranium- 
glass,  lead-glass,  the  cyanide  of  magnesium  and  platinum, 
asaron,  fesculine,  and  Schuchardt's  "  Leucht-farbe." 

The  gradual  fading  away  of  the  phosphorescence  after  the 
exciting  cause  has  been  removed,  is  one  reason  why  one  of 
the  edges  of  the  image  formed  by  the  revolving  mirror  should 
be  indistinct  :  this  cannot  be  remedied  unless  some  substance 
can  be  found  which  ceases  to  phosphoresce  immediately  the 
incidence  of  the  negative  rays  ceases.  I  was  unable  to  find 
any  substance  possessing  this  property  :  of  the  substances  I 
tried,  uranium-glass  was  the  one  whose  phosphorescence  died 
away  most  quickly. 

I  tried  several  experiments  with  a  specimen  of  asaron.  This 
substance  was  found  by  Lenard  to  cease  to  phosphoresce 
so  quickly  after  the  cessation  of  the  phosphorogenic  rays  that 
he  could  not  detect  its  duration  in  his  very  sensitive  phos- 
phoroscope.  My  specimen  of  asaron  must,  I  think,  have  been 
impure,  as  it  phosphoresced  a  coral-pink  instead  of  violet  as 
described  by  Lenard,  and  its  phosphorescence  showed  a  very 
appreciable  duration  ;  in  addition  to  this,  it  did  not  give  out 
nearly  enough  light  to  be  of  any  use  in  experiments  of  this 
kind. 

But  even  though  the  images  of  the  phosphorescent  strips 
have  one  edge  (that  corresponding  to  the  end  of  the  phos- 
phorescence) indistinct,  we  can  get  the  information  we  require 
about  the  velocity  of  the  cathode-rays  if  we  can  get  the 
image  of  the  edge  corresponding  to  the  beginning  of  the 
phosphorescence  sharp  and  distinct. 

After  unsuccessful  attempts  with  several  methods,  I  found 
that  this  could  be  done  in  the  following  way,  using  the  oscilla- 
tory currents  produced  by  the  discharge  of  a  Leyden  jar  : — 
The  electrodes  of  the  discharge-tube  were  connected  with  the 
ends  of  the  secondary  coil  of  a  transformer,  whose  primary 
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circuit  consisted  of  a  coil  of  wire  with  the  ends  connected  to 
the  outside  coatings  of  two  Leyden  jars,  the  inside  coatings 
of  wliich  were  connected  with  the  extremities  of  an  induction- 
coil:  the  secondary  coil  of  the  transformer  had  about  30  turns 
for  each  turn  of  the  primary  coil.  It  was  heavily  insulated, 
and  both  primary  and  secondary  were  immersed  in  an  oil- 
l)ath.  This  transformer  easily  gave  sparks  7  or  8  inches  long 
in  air,  and  when  connected  to  the  terminals  of  a  discbarge- 
tube  made  of  uranium-glass  produced  a  very  vivid  phos- 
phorescence. When  the  phosphorescence  was  produced  in 
this  way,  the  iiuages  after  reflexion  in  the  rotating  mirror 
had  one  edge  quite  sharp  and  distinct,  though  the  other  edge 
was  indeterminate  in  consequence  of  the  duration  of  the 
phosphorescence. 

When  the  images  of  the  two  bright  phosphorescent  strips 
were  observed  in  the  telescope,  after  reflexion  from  the 
rapidly  revolving  mirror,  their  bright  edges  were  seen  to  be 
no  lono-er  in  the  same  straight  line  :  if  the  imaoes  came  in 
the  field  of  view  from  the  bottom  and  went  out  at  the  top, 
then  the  shrrp  edge  of  the  phosphorescent  strip  nearest  the 
electrode  was  lower  than  the  edge  of  the  other  image  ;  if  the 
direction  of  rotation  of  the  mirror  was  reversed  so  that  the 
images  came  in  at  the  top  of  the  field  of  view  and  disappeared 
at  the  bottom,  then  the  bright  edge  of  the  image  of  the 
phosphorescent  strip  nearest  the  negative  electrode  was  higher 
than  the  bright  edge  of  the  image  of  the  other  strip.  This 
shows  that  the  luminosity  at  the  strip  nearest  the  cathode 
begins  to  be  visible  before  that  at  the  strip  more  remote  ;  and 
that  the  retardation  is  sufficiently  large  to  be  detected  by  the 
revolving  mirror.  This  retardation  might  be  explained^  (1)  by 
supposing  it  due  to  the  time  taken  by  the  cathode-rays  to 
traverse  the  distance  between  the  phosphorescent  patches;  or 
(2)  we  might  suppose  that,  though  the  cathode-rays  reached 
the  two  phosphorescent  patches  almost  simultaneously,  it  took 
longer  for  the  rays  falling  on  the  patch  at  the  greater  dis- 
tance from  the  cathode  to  raise  the  patch  to  luminosity.  In 
other  words,  there  may  be  an  interval  between  the  incidence 
of  the  cathode-raj's  and  the  emission  of  the  phosphorescent 
light ;  this  interval  being  greater  the  further  the  phos- 
phorescent patch  is  from  the  cathode.  This  latter  sup- 
position cannot,  however,  explain  the  displacement  of  the 
images  for  the  following  reasons  : — The  sharpness  and  bright- 
ness of  the  edge  of  the  image  show  that  the  phosphorescence, 
when  once  it  is  visible,  must  attain  its  maximum  brilliancy  in 
a  time  very  small  compared  with  the  time  taken  by  the  mirror 
to   rotate  through  an   angle    large  enough  to   produce  the 
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observed  displacement  of  the  images.  Again,  the  two  phos- 
phorescent patches  are  as  nearly  as  possible  of  equal  bright- 
ness, so  that  there  can  be  very  little  difference  in  the  intensity 
of  the  cathode-rays  falling  npou  them  :  it  was  for  this  reason 
that  both  the  phosphorescent  patches  were  taken  some  dis- 
tance down  the  tube.  Again,  I  took  a  tube  which  was  bent 
so  that  that  the  cathode-rays  fell  more  directly  upon  the  patch 
farther  from  the  cathode  than  upon  the  oiher  patch,  so  that 
in  this  case  the  phosphorescence  of  the  more  remote  patch 
was  brighter.  The  displacement  of  the  images  with  this  tube 
was  just  the  same  as  for  the  previous,  i.  e.  the  phosphorescence 
commenced  at  the  patch  nearest  the  cathode  soonei*  than  at 
the  other  patch  ;  whereas  if  the  displacement  of  the  images 
was  due  to  the  interval  between  the  arrival  of  the  rays  and 
the  beginning  of  the  phosphorescence  it  should  have  com- 
menced at  the  patch  furthest  from  the  cathode,  as  this  was  the 
most  exposed  to  the  cathode-rays  and  phosphoresced  with  the 
greatest  brilliancy. 

I  conclude,  therefore,  that  the  displacement  of  the  images 
is  due  to  the  time  taken  by  the  rays  to  travel  from  one  patch 
to  the  other.  This  displacement  enables  us  to  measure  the 
velocity  of  the  cathode-. ays.  The  amount  of  displacement 
observed  through  the  telescope  is  not  constant :  even  though 
the  mirror  is  turning  at  a  itniform  rate,  there  are  quite  appre- 
ciable and  apparently  irregular  variations  in  the  amount  of 
the  displacement  of  the  images  seen  in  the  course  of  a  few 
minutes.  I  think  these  are  due  to  irregularities  in  the  sparks 
discharging  the  jar,  and  the  consequent  irregularities  in  the 
electromotive  force  acting  on  the  discharge-tube. 

When  the  mirror  was  rotating  300  times  a  second,  the 
bright  edges  of  the  two  patches  were  on  the  average  sepa- 
rated by  the  same  distance  as  the  image  of  two  lines  1*5  millim. 
from  each  other  placed  against  the  discharge-tube.  Since  the 
distance  of  the  discharge-ttibe  which  contained  hydrogen  from 
the  mirror  is  75  centim.,  the  mirror  must,  in  the  time  taken 
by  the  cathode-rays  to  pass  from  one  patch  to  the  other,  have 

1*5 
turned  through  the  angle  whose  circular  measure  is- — ztttj. 

Since  the  mirror  makes  300  revolutions  per  second,  the 
time  it  takes  to  rotate  through  this  angle  is 

1-5  1 


2  X  750  X  27r  X  300      Gttx  10^  ' 
and  since  the  distance  between  the  patches  is  10  centim.,  the 
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velocity  of  the  cathode-rays  is 

Gtt  X  10^  cm./sec, 
or  about 

1"9  X  10'^  cm./sec. 

This  velocity  is  small  compared  with  that  with  which  the 
main  discharge  from  the  positive  to  the  negative  electrode 
travels  between  the  electrodes  (see  J.  J.  Thomson,  Proc. 
Roy.  Soc.  1890).  I  verified  this  by  inserting  an  electrode 
into  the  far  end  of  the  tube  used  in  the  previous  experiment, 
and  observing  the  images  formed  when  a  bright  discharge 
passed  down  from  the  electrode  at  the  beginning  to  the  elec- 
trode at  the  end  of  the  tube.  The  light  from  the  luminous 
gas  shines  through  the  places  where  the  lampblack  has  been 
scraped  from  the  tube,  and  we  get  two  images,  which  when 
the  mirror  is  at  rest  coincide  in  position  with  the  images  of 
the  two  phosphorescent  patches  in  the  previous  experiment. 
These  images,  however,  unlike  the  phosphorescent  one,  re- 
mained in  the  same  straight  line  when  the  mirror  was  rotating 
rapidly,  thus  proving  that  the  velocity  of  the  main  discharge 
is  very  large  indeed  compared  with  that  of  the  cathode-rays. 

The  velocity  of  the  cathode-rays  is  very  much  greater  than 
the  velocity  of  mean  square  of  the  molecules  of  gases  at  the 
temperature  0°  C.  Thus,  for  example,  at  0°  C.  the  velocity  of 
mean  square  of  the  molecules  of  hydrogen  is  about  1"8  x  10^ 
centimetres  per  second  :  the  velocity  of  the  cathode-rays  is 
about  one  hundred  times  as  great.  The  velocity  of  the 
cathode-rays  found  from  the  preceding  experiments  agrees 
very  nearly  with  the  velocity  which  a  negatively  electrified 
atom  of  hydrogen  would  acquire  under  the  influence  of  the 
potential  fall  which  occurs  at  the  cathode.  For,  let  v  be  the 
velocity  acquired  by  the  hydrogen  atom  under  these  circum- 
stances, m  the  mass  of  the  hydrogen  atom,  V  the  fall  in 
potential  at  the  cathode,  e  the  charge  on  the  atom;  then  we 
have,  by  the  conservation  of  energy, 

Now  e  has  the  same  value  as  in  electrolytic  phenomena,  so 
that  elm=W. 

Warburg's  experiments  show  that  V  is  about  200  volts,  or 
2  x  10^"  in  absolute  measure.     Substituting  this  value,  we  find 

^2=4x10^% 
or 

v  =  2  X  10^  cm./sec. 

A  value  almost  identical  with  that  found   by  experiment. 
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The  very  small  difference  between  the  two  is  of  course  acci- 
dental, as  the  measurements  of  the  displacement  of  the 
images  on  which  the  experimental  value  of  v  was  founded 
could  not  be  trusted  to  anything  like  5  per  cent. 

Tlie  action  of  a  magnetic  force  in  deflecting  these  rays 
shows,  assuming  that  the  deflexion  is  due  to  the  action  of 
a  magnet  on  a  mo\-ing  electrified  body,  that  the  velocity  of 
the  atom  must  be  at  least  of  the  order  we  have  found. 

Consider  an  atom  projected  parallel  to  the  axis  of  the  tube 
which  is  situated  in  a  uniform  field  of  magnetic  force,  the 
Hnes  of  magnetic  force  being  at  right  angles  to  the  axis 
of  the  tube.  Let  H  be  the  intensity  of  the  magnetic  force. 
Then,  if  m  is  the  mass  of  the  atom,  v  its  velocity,  and  p  the 
radius  of  curvature  of  its  path,  we  have 

'^=^ev, 
P 

where  e  is  the  charge  on  the  atom;  since  ejm  for  hydrogen  is 

10*,  we  have  v  =  pHxlO*. 

I  cannot  find  any  quantitative  experiments  on  the  deflexion 
of  these  rays  by  a  magnet ;  but  ordinary  observation  shows 
that  it  would  require  a  strong  magnetic  field  to  make  p  as 
small  as  10  centim.,  which  would  mean  clearing  the  tube  of 
phosphorescence  except  within  about  10  centim.  of  the 
cathode.  If  v  were  2  x  10',  this  would  give  H  =  200,  which 
is  not  extravagant. 


XLI.   On  the  Amplitude  of  Aerial  Waves  ivhich  are  but  just 
Audible.     By  Lord  Rayleigh,  Sec.  R.S.^ 

THE  problem  of  determining  the  absolute  value  of  the 
amplitude,  or  particle  velocity,  of  a  sound  which  is  but 
just  audible  to  the  ear,  is  one  of  considerable  difiiculty.  In  a 
short  paper  published  seventeen  years  agof  I  explained  a 
method  by  which  it  was  easy  to  demonstrate  a  superior  limit. 
A  whistle,  blown  under  given  conditions,  consumes  a  known 
amount  of  energy  per  second.  Upon  the  assumption  that 
the  whole  of  this  energy  is  converted  into  sound,  that  the 
sound  is  conveyed  without  loss,  and  that  it  is  uniformly  dis- 
tributed over  the  surface  of  a  hemisphere,  it  is  easy  to  calcu- 
late the  amplitude  at  any  distance  ;  and  the  result  is  neces- 
sarily a  superior  limit  to  the  actual  amplitude.     In  the  case 

*  Read  at  the  Oxford  Meeting  of  the  British  Association.     Communi- 
cated by  the  Author. 

t  Proc.  Key.  See.  vol.  xxvi.  p.  248  (1878). 
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of  the  whistle  experimented  on,  of  frequency  2730,  the 
superior  Hmit  so  arrived  at  for  a  sound  just  easily  audible 
was  8"lx?0~^cm.  The  maximum  particle  velocity  v  and 
the  maximum  condensation  s  are  the  quantities  more  im- 
mediately detei mined  by  the  observations,  and  they  are 
related  by  the  well-k^iown  equation  v=:as,  in  which  a  denotes 
the  velocity  of  propagation.  In  the  experiment  above  re- 
ferred to  the  superior  limit  for  v  was,  '0014  cm.  per  second, 
and  that  for  s  was  4*1  x  10~^.  I  estimated  that  on  a  still 
night  an  amplitude,  or  velocity,  one  tenth  of  the  above  would 
probably  be  audible.  A  very  similar  number  has  been  arrived 
at  by  Wien*,  who  used  an  entirely  different  methodf. 

In  co'^ne  :ion  with  calculations  respecting  the  sensitiveness 
of  telephones,  I  was  desirous  of  checking  the  above  estimates, 
and  made  some  attempts  to  do  so  by  the  former  method.  In 
order  to  a\oid  possible  complications  of  atmospheric  refraction 
which  may  occar  when  large  distances  are  in  question,  I 
soi-ght  to  coi?st"Uct  pipes  which  should  generate  sound  of 
given  piuch  upon  a  much  smaller  scale,  but  with  the  usual 
ecoi  omy  of  wind.  In  this  I  did  not  succeed,  and  it  seems  as 
if  there  is  some  obstacle  to  the  desired  reduction  of  scale. 

The  experiments  here  to  be  recorded  were  conducted  with 
tunino-forks.  A  fork  of  known  dimensions,  vibrating  with 
a  known  amplitude,  may  be  regarded  as  a  store  of  energy  of 
which  the  amount  may  readily  be  calculated.  This  energy 
is  gradually  consumed  by  internal  friction  and  by  generation 
of  sound.  When  a  resonator  is  employed  the  latter  element 
is  the  more  important,  and  in  some  cases  we  may  regard  the 
dying  down  of  the  amplitude  as  sufficiently  accounted  for  by 
the  emission  of  sound.  Adopting  this  view  for  the  present, 
we  may  deduce  the  rate  of  emission  of  sonorous  energy  from 
the  observed  amplitude  of  the  fork  at  the  moment  in  ques- 
tioi  and  from  the  rate  at  which  the  amplitude  decreases. 
Thus  if  the  law  of  decrease  be  e"^^'  for  the  amplitude  of  the 
fork,  or  e~^'  for  the  energy,  and  if  E  be  the  total  energy  at 
time  t,  the  rate  at  which  energy  is  emitted  at  that  time  is 
—d^/dt,  or  /tE.  The  value  of  k  is  deducible  from  observa- 
tions of  the  rate  of  decay,  e.  g.  of  the  time  during  which  the 
amplitude  is  halved.     With  these  arrangements  there  is  no 

*  Wied.  A7in.  xxxvi.  p.  834  (1889). 

t  The  first  estimate  of  the  amplitude  of  but  just  audible  sounds,  with 
which  I  have  ouly  receutly  become  acquainted,  is  that  of  Toepler  and 
Boltzmann  (Pogg.  Ann.  cxli.  p.  321  (1870)).  It  depends  upon  an  in- 
genious application  of  v.  Helmholtz's  theory  of  the  open  organ-pipe  to 
data  relating  to  the  maximum  condensation  ■\^*ithin  the  pipe  as  obtained 
by  the  authors  experimentally.  The  value  of  s  was  found  to  be  6'5  X 10—8 
for  a  pitch  of  181.  —  A.ugust  21. 
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difficulty  in  converting  energy  into  sound  upon  a  small  scale, 
and  thus  in  reducing  the  distance  of  audibility  to  such  a 
figure  as  30  metres.  Under  these  circumstances  the  obser- 
vations are  much  more  manageable  than  when  the  operators 
are  separated  by  halt"  a  mile,  and  there  is  no  reason  to  fear 
disturbance  from  atmospheric  refraction. 

The  fork  is  mounted  upon  a  stand  to  which  is  also  firndy 
attached  the  observing-microscope.  Suitable  points  of  light 
are  obtained  from  starch  grains,  and  the  line  of  light  into 
which  each  point  is  extended  by  the  vibration  is  determined 
with  the  aid  of  an  eyepiece-micrometer.  Each  division  of 
the  micrometer-scale  represents  '001  centim.  The  resonator, 
when  in  use,  is  situated  in  the  posit'on  of  maximum  effect, 
with  its  mouth  under  the  free  ends  of  the  vibrating  prongs. 

The  course  of  an  experiment  was  as  follows  : — In  the  first 
place  the  rates  of  dying  down  were  observed,  with  and  with- 
out the  resonator,  the  stand  being  situated  u])on  the  ground 
in  the  middle  of  a  lawn.  The  fork  was  set  in  vibration  with 
a  bow,  anu  the  time  required  for  the  double  amplitude  to  fall 
to  half  its  original  value  was  determined.  Thus  in  the  case 
of  a  fork  of  frequency  256,  the  time  during  which  the  vibra- 
tion fell  from  20  micrometer-divisions  to  ^0  micrometer- 
divisions  was  16^  without  the  resonator,  and  9^  when  the 
resonator  was  in  position.  These  times  of  halving  were,  as 
far  as  could  be  observed,  independent  of  the  initial  amplitude. 
To  determine  the  minimum  audible,  one  observer  (myself) 
took  up  a  position  30  yards  (27*4  metres)  from  the  fork,  and 
a  second  (Mr.  Gordon)  communicated  a  large  vibration  to  the 
fork.  At  the  moment  when  the  double  amplitude  measured 
20  micrometer-divis'ons  the  second  observer  gave  a  signal, 
and  immediately  afterwards  withdrew  to  a  distance.  The 
business  of  the  first  observer  was  to  estimate  for  how  many 
seconds  after  the  signal  the  sound  still  remained  audible.  In 
the  case  referred  to  the  time  was  12^.  When  the  distance 
was  reduced  to  15  yards  (13*7  metres),  an  initial  double 
amplitude  of  10  micrometer-divisions  was  audible  for  almost 
exactly  the  same  time. 

These  estimates  of  audibility  are  not  made  without  some 
difficidty.  There  are  usually  2  or  3  seconds  during  which 
the  observer  is  in  doubt  whether  he  hears  or  only  imagines, 
and  different  individuals  decide  the  question  in  opposite  ways. 
There  is  also  of  course  room  for  a  real  difference  of  hearing, 
but  this  has  not  obtruded  itself  much.  A  given  observer  on 
a  given  day  will  often  agree  with  himself  surprisingly  well, 
but  the  accuracy  thus  suggested  is,  1  think,  illusory.  Much 
depends  upon  freedom  from  disturbing  noises.     The    wind 
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in  the  trees  or  the  twittering  of  birds  embarrasses  the  ob- 
server, and  interferes  more  or  less  with  the  accuracy  of 
results. 

The  equality  of  emission  of  sound  in  various  horizontal 
directions  was  tested,  but  no  difference  could  be  found.  The 
sound  issues  almost  entirely  from  the  resonator,  and  this  may 
be  expected  to  act  as  a  simple  source. 

When  the  time  of  audibility  is  regarded  as  known,  it  is 
easy  to  deduce  the  amplitude  of  the  vibration  of  the  fork  at 
the  moment  when  the  sound  ceases  to  impress  the  observer. 
From  this  the  rate  of  emission  of  sonorous  energy  and  the 
amphtude  of  the  aerial  vibration  as  it  reaches  the  observer  are 
to  be  calculated. 

The  first  step  in  the  calculation  is  the  expression  of  the 
total  energy  of  the  fork  as  a  function  of  the  amplitude  of 
vibration  measured  at  the  extremity  of  one  of  the  prongs. 
This  problem  is  considered  in  §  164  of  my  'Theory  of 
Sound.'  If  I  be  the  length,  p  the  density,  and  w  the  sectional 
area  of  a  rod  damped  at  one  end  and  free  at  the  other,  the 
kinetic  energy  T  is  connected  with  the  displacement  t]  at  the 
free  end  by  the  equation  (10) 

'il=lpl(o(drjldtY. 

At  the  moment  of  passage  through  the  position  of  equilibrium 
9^  =  0  and  drj/dt  has  its  maximum  value,  the  whole  energy 
being  then  kinetic.  The  maximum  value  of  dif^ldt  is  connected 
with  the  maximum  value  of  i)  by  the  equation 

(dr]/dt)ra3.x.  =  27r/T  .  {v)m^x. ', 

SO  that  if  we  now  denote  the  double  amphtude  by  27],  the 
whole  energy  of  the  vibrating  bar  is 

or  for  the  two  bars  composing  the  fork 

E  =  ipcol7ryrK{2vy, (A) 

where  pcol  is  the  mass  of  each  prong. 

The  application  of  (A)  to  the  256-fork,  vibrating  with  a 
double  amplitude  of  20  micrometer-divisions,  is  as  follows. 
We  have 

Z=  14*0  cm.,         ft)= '6  X  1*1  =  "66  sq.  cm., 

1/t=256,         P  =  7'8,         277  =  -050cm.;' 
and  thus 

E  =  4'06xl0''ergs. 

This  is  the  whole  energy  of  the  fork  when  the  actual  double 
amplitude  at  the  ends  of  the  prongs  is  "050  centim. 
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As  has  already  been  shown,  the  energy  lost  per  second  is 
^'E,  if  the  amplitude  vary  as  ^~^*'.  For  the  present  purpose 
k  must  be  regarded  as  made  up  of  two  parts,  one  ki  repre- 
senting the  dissipation  which  occurs  in  the  absence  of 
the  resonator,  the  other  A-g  due  to  the  resonator.  It  is  the 
latter  part  only  which  is  effective  towards  the  production  of 
sound.  For  when  the  resonator  is  out  of  use  the  fork  is 
practically  silent ;  and,  indeed,  even  if  it  were  worth  while 
to  make  a  correction  on  account  of  the  residual  sound,  its 
phase  would  only  accidentally  agree  with  that  of  the  sound 
issuing  from  the  resonator. 

The  values  of  ki  and  k  are  conveniently  derived  from  the 
times,  ti  and  t,  during  which  the  amplitude  falls  to  one  half. 
Thus 

^■  =  21og^2.A,     k,  =  2]ogJ./t,; 
so  that 

k2=2log/2  .  {l/t-l/t^)  =  1-386  (l/t-l/ti). 

And  the  energy  converted  into  sound  per  second  is  ^•2E. 

We  may  now  apply  these  formulaa  to  the  case,  already 
quoted,  of  the  2o6-fork,  for  which  t  =  9,  ti=l6.  Thus  ^25  the 
time  which  would  be  occupied  in  halving  the  amplitude  were 
the  dissipation  due  entirely  to  the  resonator,  is  20' 6  ;  and 
/:2  =  "067i.     Accordingly, 

/:2E  =  267  ergs  per  second, 
corresponding  to  a  double  amplitude  represented  by  20 
micrometer-di%'isious.  In  the  experiment  quoted  tlie  duration 
of  audibility  was  12  seconds,  during  which  the  am})litude  would 
fall  in  the  ratio  2^-/^  :  1,  and  the  energy  in  the  ratio  4^^^^:  1, 
Hence  at  the  moment  when  the  sound  was  just  becoming 
inaudible  the  energy  emitted  as  sound  was  42' 1  ergs  per 
second*. 

The  question  now  remains,  "What  is  the  corresponding- 
amplitude  or  condensation  in  the  progressive  aerial  waves  at 
27*4  metres  from  the  source  ?  If  we  suppose,  as  in  my  former 

*  It  is  of  interest  to  compare  with  the  energy-emission  of  a  source  of 
light.  An  incandescent  electi-ic-lamp  of  200  candles  absorbs  about  a 
horse-power,  or  say  10^"  ergs  per  second.  Of  the  total  radiation  only 
about  ^g^  part  acts  effectively  upon  the  eye  ;  so  that  radiation  of  suitable 
quality  consuming  5  X  10'  ergs  per  second  corresponds  to  a  candle-power. 
This  is  about  10'  times  that  emitted  as  sound  by  the  fork  in  the  experi- 
ment described  above.  At  a  distance  of  10-  X  30,  or  3000  metres  the 
stream  of  energy  from  the  ideal  candle  would  be  about  equal  to  the 
stream  of  energy  just  audible  to  the  ear.  It  appears  that  the  streams  of 
energy  required  to  influence  the  eye  and  the  ear  are  of  the  same  order 
of  magnitude,  a  conclusion  already  drawn  by  Toepler  and  Boltzmann. 
— August  21. 
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calculations,  that  the  ground  reflects  well,  we  are  to  treat  the 
waves  as  liemisj)herical.  On  the  whole  this  seems  to  be  the 
best  supposition  to  make,  although  the  reflexion  is  doubtless 
imperfect.  The  area  S  covered  at  the  distance  of  the  observer 
is  thus  27r  x  2740"'^  sq.  centim.,  and  since  * 


we  find 


and 


52  = 


S.iapr2=S.i/3aV  =  42-l, 
42-1 


IT  X  2740"-^  X  -00125  x  341003  ■ 
5  =  6-0x10-9. 


The  condensation  s  is  here  reckoned  in  atmospheres;  and  the 
result  shows  that  the  ear  is  able  to  recognize  the  acklition  and 
subtraction  of  densities  far  less  than  those  to  be  found  in  our 
highest  vacua. 

The  amplitude  of  aerial  vibration  is  given  by  asr/'Iir,  where 
1/t  =  256,  and  is  thus  equal  to  ]-27  x  10"'^   cm. 

It  is  to  be  observed  that  the  numbers  thus  obtained  are  still 
somewhat  of  the'  nature  of  superior  limits,  for  they  depend 
upon  the  assumption  that  all  the  dissipation  due  to  the  resona- 
tor represents  production  of  sound.  This  may  not  be  strictly 
the  case  even  with  the  moderate  amplitudes  here  in  question, 
but  the  uncertainty  under  this  head  is  far  less  than  in  the  case 
of  resonators  or  organ-pipes  caused  to  speak  by  wind.  From 
the  nature  of  the  calculation  by  which  the  amplitude  or 
condensation  in  the  aerial  waves  is  deduced,  a  considerable 
loss  of  energy  does  not  largely  influence  the  final  numbers. 

Similar  experiments  have  been  tried  at  various  times  with 
forks  of  pitch  384  and  512.  The  results  were  not  quite  so 
accordant  as  was  at  first  ho})ed  might  be  the  case,  but  they 
suffice  to  fix  with  some  approximation  the  condensation 
necessary  for  audibility.     The  mean  results  are  as  follows  : — 

c',  frequency  =  256,     5  =  6-0x10-^, 

g',        „        =384,     5  =  4-6  xlO-^ 

c",        „        =512,     5=4-6x10-9, 

no  reliable  distinction  appearing  between  the  two  last  numbers. 
Even  the  distinction  between  6-0  and  4-6  should  be  accepted 
with  reserve;  so  that  the  comparison  must  not  be  taken  to 
prove  much  more  than  that  the  condensation  necessary  for 
audibility  varies  but  slowly  in  the  singly  dashed  octave. 

^-  -  Theory  of  Sound,'  §  2-i5. 
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XLII.  Ji^ofe  on  the  Relation  hetioeen  the  Coefficients  of  Pressure 
in  Thermometry.     By  C.  Chree,  M.A* 

THE  stmly  of  thermometers  intended  for  very  exact 
j)hysical  work  has  been  the  object  of  much  patient 
research  at  the  Bureau  International  des  Poids  et  Mesures, 
and  an  important  booI\t,  embotlying  the  principal  results 
obtained  and  irivino-  a  full  account  of  the  several  corrections 
required,  has  been  written  by  Dr.  Guillaume,  attache  to  the 
Bureau.  The  present  paper  was  called  into  existence  by 
Dr.  Guillaumo's  discussion  on  his  pages  91.'-111  of  what  he 
terms  "  Coefficients  de  Press'on." 

There  are  two  such  coefficients  of  pressure,  an  "  external  " 
and  an  "  internal."  Both  have  to  do  with  the  change  in  the 
internal  volmne  of  the  thermometer,  i.  e.  the  volume  con- 
tained within  the  inner  glass  surface  ;  but  the  external 
coefficient  is  connected  with  the  reduction  of  this  volume 
under  increased  pressure  on  the  outside  of  the  thermometer, 
while  the  internal  coefficient  is  connected  with  the  increase  of 
volume  accompanying  increased  pressure  on  the  inner  surface 
itself. 

The  increase  of  external  pressure  may  be  due  to  a  rise  in 
the  barometer  or  to  immersion  in  a  liqu'd ;  while  an  increased 
internal  pressure  follows  a  rise  in  temperature  if  the  stem  be 
vertical,  or  the  alteration  of  the  thermometer  from  a  hori- 
zontal to  a  vertical  position. 

As  a  matter  of  convenience,  Dr.  Guillaume  combines  the 
correction  required  by  the  change  of  volume  of  the  glass  with 
that  required  by  the  compressibility  of  the  mercury  itself. 
Here,  however,  we  shall  have  to  do  solely  with  the  corrections 
due  to  the  compressibility  of  the  glass.  The  coefficients  of 
pressure  dealt  with  here  are  those  which  Dr.  Guillaume  (/.  c. 
p.  99)  denotes  by  the  letters  «i  and  Ug.  They  may  be  defined 
as  follows  : — 

Let  V,-  denote  the  internal  volume  of  the  thermometer 
w^hen  free  from  all  pressure.  Let  this  become  increased  by 
8V/  when  there  is  a  uniform  internal  pressure  p'  and  no 
external  pressure,  and  let  it  become  diminished  by  6V,"  when 
there   is    a   uniform    external  pressure  p"  and  no    internal 

*  Communicated  by  the  Author. 

t  Traite  Pratique  de  la  Thermomitrie  de  Precision.  (Gauthier-Villars 
et  Fils,  Paris,  1889.) 
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pressure  ;  then 

_  1  SV'^  .     .     (1) 

It  is  assumed  that  the  change  of  volume  does  not  exceed 
the  ehistic  hmits,  and  that  strain  varies  directly  as  stress  ;  in 
other  words,  that  «»■  and  ag  are  constants  independent  of  the 
absolute  magnitude  of  ^/  or  p". 

The  experimental  determination  of  ag  appears  to  be  easy  ; 
but  that  of  Ui  is,  according  to  Dr.  Guillaume,  so  troublesome* 
that  he  prefers  to  deduce  it  by  the  theoretical  relation 

ag  —  ai=l/k,         (3) 

where  k  is  the  bulk-modulus  of  glass,  assumed  to  be  an 
isotropic  elastic  material. 

On  reading  Dr.  Guillaume's  Ijook  I  was  struck  by  the 
simplicity  of  the  result  (3),  but  was  unable  to  feel  confidence 
in  the  proof,  of  which  the  following  is  a  brief  outline: — 

Let  Ri  and  Rg  denote  the  radii  of  the  inner  and  outer 
surfaces  of  an  isotropic  spherical  shell,  and  let  it  become 
exposed  to  uniform  internal  and  external  pressures  P,-  and  P^. 
Then  the  elastic  displacement  u  is  along  the  radius,  and  is 
given  at  a  distance  r  from  the  centre  by 

1       PiR.^-P.B|        1   (P,-P,)R^Rf  1 
where  X  and  /x  are  Lame's  elastic  constants.     Noticing 

it  is  easy  to  prove  that  the  relation  (3)  holds  exactly. 

Take  next  a  hollow  circular  cylinder  extending  from  the 
plane  z  =  0  in  the  direction  o?  z  positive.  Let  R,-  and  Rg  be 
the  radii  of  its  inner  and  outer  cylindrical  boundaries,  and  let 
uniform  internal  and  external  pressures  Pi  and  P^  be  applied. 
Then,  according  to  Dr.  Guillaume,  there  is  at  any  point  not 
too  near  the  ends  of  the  cylinder,  and  at  distance  ?•  from  the 
axis,  a  displacement  w  parallel  to  the  axis  and  a  displacement 

*  See,  however,  vol.  i.  p.  79  of  the  Wiss,  Abhand.  Physik.  Tech. 
Reichsan^talt  at  Charlotteiiburg,  ^^ith  description  of  tlie  direct  determi- 
natiou  of  the  iuterual  coelhcieut  and  results. 
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u  perpendicular  to  it  given  by 

1  PjRj— PgRe 


tr= 


(5) 


3\  +  lV      R',-R?       ' 

U=   _1_    PfBf-PeR^^.  1      P,-Pe    RfR? 

3\+2/-t  R'-Pr  '  ->R;-Rf  '■ 
If  we  now  suppose  (5)  to  apply  throughout  the  whole  length 
Z  of  the  cylinder,  whose  internal  volume  is  ttR^Z.  we  again 
find  the  relation  (3)  to  hold. 

Having  proceeded  thus  far  Dr.  Guillaume  argues  as  fol- 
lows *: — "  En  supposant,  ce  qui  uVst  sans  doute  qu'approxima- 
tivement  vrai,  que,  dans  un  reservoir  compose  d'un  cylindre 
termine  par  des  hemispheres,  la  partie  cylindrique  et  les 
calottes  se  deferment  d'une  maniere  independante,  on  pourra 
combiner  les  formules  precedentes  de  fa^on  a  obtenir  les 
valours  qui  conviennent  sensiblement  au  cas  d'un  reservoir 
thermometrique.  La  relation  (3),  commune  aux  deux  cas, 
doit  encore  subsister." 

In  order  to  judge  of  the  force  of  the  concluding  argument 
we  must  consider  what  has  been  actually  proved.  The  solu- 
tion (4)  is  quite  satisfactory  for  a  uniform  isotropic  material 
bounded  by  two  complete,  exactly  concentric,  spherical  sur- 
faces. The  solution  (5j  gives  a  uniform  pressure  P,-  over  the 
inner  surface  ?'=R,-,  and  a  uniform  pressure  Pe  over  the  outer 
surface  r=Re  of  a  cylindrical  tube  of  isotropic  material;  it 
likewise  gives  a  resultant  tension  7r(P,R?  — PgRg)  uniformly 
distributed  over  the  area  7r(Re  — Rf)  of  any  section  perpendi- 
cular to  the  axis  of  the  tube. 

Now  if  we  supposed  a  hollow  vessel  constructed  of  the 
cylindrical  tube  in  question  closed  at  each  end  by  any  form 
of  surface,  or  cap,  to  be  exposed  to  uniform  internal  and 
external  pressures  Pi  and  P^,  the  resultant  of  the  pressures 
on  one  of  the  caps  is  necessarily  a  force  it  (Pi  R^  — PgRj) 
parallel  to  the  axis,  and  by  ordinary  statics  this  must  equal 
the  resultant  of  the  tensions  over  any  orthogonal  cross  section 
of  the  tube.  With  a  cap  symmetrical  about  the  axis  of  the 
cylinder,  the  tension  borne  by  the  wall  of  the  tube  will 
obA^iously  be  the  same  at  all  points  in  the  same  transverse 
section  which  are  equidistant  from  the  axis.  The  solution  (5) 
would  thus  satisfy  all  the  conditions  for  the  cylindrical  por- 
tion of  the  hollow  vessel  if  the  caps  were  of  such  a  form  that 
the  tensions  parallel  to  the  axis  of  the  cylinder  over  the  trans- 
verse sections  where  the  cylindrical  wall  passes  into  the  caps 
*  Loc.  cit.  p.  102. 
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were  independent  of  r.  This,  however,  is  not  the  case  for 
either  hcmispherioal  or  plane  caps,  and  it  is  open  to  doubt 
wliether  it  can  be  secured  by  caps  of  any  form.  The  solu- 
tion (5)  thus  breaks  down  in  this  respect.  In  accordance, 
however,  with  what  has  been  termed  the  "equivalence  of 
statically  equipollent  systems  of  terminal  loading""^,  it  is  pretty 
generally  conceded  that  if  one  dimension  of  a  body  be  rela- 
tively small,  such  as  the  diameter  of  a  long  beam,  then  the 
precise  law  of  distribution  of  forces  applied  over  the  small 
dimension  is  not  of  great  importance  so  far  as  concerns  the 
elastic  strains  and  stresses,  except  at  points  near  the  surface 
where  the  force  is  applied.  It  would  thus,  I  think,  be  gene- 
rally admitted  that,  in  the  case  of  a  closed  tube  of  length  not 
less  than  twenty  times  its  external  diameter,  (5)  would  apply 
in  the  case  of  uniform  pressures  with  a  close  approach  to 
accuracy  throughout  much  the  greater  portion  of  the  volume. 
At  the  sajre  time  it  is  uncertain  how  large  are  the  terminal 
volumes  throughout  which  (5)  is  appreciably  erroneous,  and 
how  great  is  the  effect  of  the  consequent  error  on  the  result  (3). 
This  error  is  really  neglected  by  Dr.  Guillaume,  for  though 
he  starts  by  admitting  the  failure  of  (5)  near  the  ends  of  the 
tube  he  applies  it  finally  to  the  entire  length. 

A  more  serious  objection  arises  when  we  pass  to  the  assuni})- 
tion  that  (4)  holds  for  two  hemispherical  caps  connected  by  a 
cylindrical  tube.  Let  us  lay  aside  for  the  moment  any  pre- 
conceived ideas  as  to  the  shape  of  a  thermometer,  and  suppose 
we  are  really  dealing  with  a  cylindrical  tube  with  hemi- 
spherical ends,  whose  radii  R,-,  Ee  Jii'c  the  same  as  the  cylin- 
der's. In  this  case  the  theory  of  equipollent  systems  of 
loading  cannot  be  invoked  with  the  least  show  of  reason,  so 
far  as  the  hemispheres  are  concerned,  unless  the  thickness 
Eg— Ri  of  material  be  very  small  compared  to  E,- ;  and  even 
in  that  extreme  shape  the  error  introduced  by  applying  the 
theory  would  be  most  uncertain.  There  is  thus,  I  think,  very 
little  mathematical  basis  for  the  assumption  that  (4)  may  be 
applied  to  two  hemispheres  connected  by  a  cylindrical  tube, 
unless  it  should  turn  out  that  the  solutions  (4)  and  (5)  are  in 
very  close  agreement  over  the  transverse  sections  where  the 
hemispherical  caps  pass  into  the  cylindrical  tube.  This,  how- 
ever, is  in  general  far  from  the  case.  We  see  in  fact  that  the 
radial  displacements  u  in  (4)  and  in  (5)  are  totally  different 
functions  of  r,  except  in  the  special  case  when  P,  =  Pe.  A 
like  incompatibility  will  be  found  between  the  stress  parallel 
to  the  axis  in  the  cylinder  and  the  stress  it  would  require  to 
equal  in  the  hemisphere. 

*  See  Todhunter  and  Pearson's  'History  of  Elasticity,'  vol.  ii.  art.  21. 
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There  is  a  final  objection  to  the  extension  of  the  result  (3) 
to  a  therniomoter,  which  has  tloubtloss  occurred  already  to 
every  one  familiar  with  the  ordinary  shape  of  that  instrument. 
A  mercury-thermometer  of  ordinary  dimensions  which  makes 
the  slightest  ]n'etence  to  an  open  scale  must  have  the  internal 
diameter  of  its  bulb  a  very  large  multiple  of  that  of  its  tube. 
Its  resemblance  to  a  cylindrical  tube  with  hemispherical  ends, 
whose  diameters  must  of  course  equal  that  of  the  tube,  is 
thus  so  remote  that  even  if  (3)  had  been  satisfactorily  estab- 
lished for  the  one  body  its  extension  to  the  other  would  have 
been  a  very  long  .tep  into  the  unknown. 

The  object  of  the  preceding  remarks  is  solely  to  show  the 
necessity  for  further  investigation.  It  is  far  from  my  desire 
to  reflect  in  any  way  on  the  author  of  the  proof,  whether 
Dr.  Guillaume  or  another.  The  discriminating  physicist 
whom  the  exigencies  of  the  case  compel  to  use  imperfect 
mathematical  methods,  but  who  nevertheless  reaches  results 
of  practical  utility,  ought  rot  to  be  classed  with  the  mathe- 
matical proficient  who  overlooks  errors  in  his  analysis  which 
wholly  vitiate  his  physical  conclusions,  or  who  fails  to  recog- 
nize fundamental  differences  between  the  problem  he  has 
actually  solved  and  that  which  is  presented  by  nature. 
Whi^e  the  mathematician  devoid  of  physical  insight  may  go 
badly  wrong  through  some  slip  which  mathematically  con- 
sidered is  insignificant,  the  man  possessed  of  keen  physical 
instincts  would  almost  appear  protected  by  a  special  pro- 
vidence which  causes  even  his  mistakes  to  work  to  his 
advantage. 

The  conclusion  to  which  my  own  investigations  lead  is  that, 
on  the  hypothesis  of  uniform  j^ressure,  (3)  is  true  absolutely, 
and  not  merely  approximately ,  for  any  homogeneous  elastic 
material,  isotropic  or  aeolotropic,  limited  hy  an  internal  and  an 
external  surface  of  any  shape  or  shapes  xoliat soever;  and  this  I 
now  proceed  to  prove. 

In  any  homogeneous  elastic  material,  with  any  number  of 
elastic  constants  from  2  to  21,  acted  on  only  by  surface- 
forces,  the  elastic  stresses  must  satisfy  the  three  internal 
equations 

d  XX      d  xy      d^^  _f\ 
dx        dy         dz 


dxy  ^  dyy   ^  ^^V^  _^ 

dx  dy         dz         ' 

d  xz  dyz       d  ^z_^ 

dx  dy         dz        'J 


.     .     (6) 
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where  we  employ  the  symmetrical  notation  of  Todhunter  and 
Pearson's  '  History,'  and  refer  everything  to  fixed  Cartesian 
axes.  Also  if  \']  fi',  v'  denote  the  direction-cosines  of  the 
outward-drawn  normal  at  any  y^oint  on  a  surface,  and  B\  G-,  H 
be  the  components  of  the  applied  force  there  per  unit  area  of 
surface,  we  must  have 

\'xx  +  /j!xt/-\-  v'xz=  F,~\ 
^         ^        ^  I  (7) 

\'xz+fM'yz+v'zz=z'K.'i 
The  internal  equations  are  obviously  satisfied  by 

x7/=yz=:xz  =  0,      -\  ^g^ 


xy=yz=i  az  =  U,      ^ 
cex=ijy  =  zz--p,S 


where  p  is  any  constant. 

If  the  material  be  bounded  by  one  surface  Se,  this  is  ob- 
viously the  solution  for  a  uniform  pressure  p  over  that  surface, 
for  the  components  oi  p  are 

(^=-l^%\ (9) 

H=-v'/>,J 

so  that  the  equations  (7)  are  satisfied. 

Answering  to  (8)  we  have  everywhere  a  uniform  "  dilata- 
tion "  A  given  by 

A=-p/k, (10) 

where  k  is  the  bulk-modulus*. 

As  A  is  uniform,  the  reduction  SYg  of  the  volume  Yg 
enclosed  by  S^  is  given  by 

SYe/Ye=-^=p/k, 

and  so 

i^-=i  (11) 

Suppose,  now,  any  imaginary  surface  Sj  drawn  in  the 
material  enclosing  a  volume  Vi.  Then  since  (8)  holds  every- 
where, it  holds  over  the  surface  S,-,  and  so  glancing  at  (7)  we 
recognize  that  the  stress  over  S,-  is  a  uniform  normal  pres- 

*  See  Thomson  and  Tait's  'Natural  Philosophy,'  Part  ii.  art.  682, 
and  Love's  '  Elasticity,'  vol.  i.  art.  41. 
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sure  p.  Thus  iu  a  shell  bounded  by  S,-  and  S^  under  egual 
uniform  pressure?  p  on  the  two  surfaces,  the  stresses,  and  so 
the  strains  aud  disphicenients,  are  at  every  point  the  same  as 
if  S,-  were  an  imaginary  surface  drawn  in  material  completely 
filling  Se,  and  p  were  applied  over  Sg  only.  In  particular, 
the  changes  in  the  volumes  contained  by  the  surfaces  Sj  and 
Se  must  be  the  same  in  the  two  cases. 

Iu  the  case  of  the  shell,  let  8V,  and  SVg  be  the  increases 
in  the  volumes  V^  and  Yg  when  uniform  pressure  p  is  applied 
over  the  inner  surface  only,  and  let  SV,-  and  BYg  be  the  cor- 
responding reductions  when  the  same  pressure  p  is  applied 
over  the  outer  surface  only. 

In  the  case  of  the  solid,  bounded  by  the  one  surface  Sg,  let 
BYi  be  the  reduction  in  the  partial  volume  V,,  and  SYg  the 
reduction  in  the  total  volume  Vg  due  to  uniform  pressure  j) 
over  Sg.  Then  by  what  has  preceded,  since  stresses  are 
superposable, 

SV;'  +  (-6V:-)  =  SV.- (12) 

8Yl  +  (-8Y'g)  =  BYg (13) 

But  in  the  case  of  the  complete  solid  A  is  uniform,  being 
given  by  (10),  and  so 

l8V,_l8Vg_l 

P  V,  -p  Yg-k ^^^^ 

Thus,  substituting  for  SV,-  in  (12),  we  get 

isv:  isv:_i. 

P  Y,      p  V,  -r ^^^> 

or,  after  Dr.  Guillaume's  definition,  see  (1)  and  (2), 

_1 

the  result  required. 

Again  substituting  for  BYg  from  (14)  in  (13),  we  get 

l8V:_l8Vg_l 

p  Yg      p  Yg-k ^''^ 

Dr.  Guillaume  had  no  occasion  to  arrive  at  this  latter 
result.  To  put  it  in  a  similar  form  to  the  other,  let  7,-  repre- 
sent the  increase  per  unit  volume  of  Vg  due  to  unit  pressure 
per  unit  surface  of  S,-,  and  let  jg  represent  the  reduction  per 
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i  pres 


unit  volume  of  V^  due  to  unit  pressure  per  unit  surface  of  S^, 
then 


7i=-  V"' 


(17) 


1  8V" 

^'=^,^= (i«) 

and  so  by  (10), 

le-yi=\ (19) 

Since  the  result  (3)  may  come  under  the  notice  of  some 
persons  whose  interest  in  thermometry  is  not  accompanied  by 
a  knowledge  of  elastic  solids,  it  may  be  well  to  state  explicitly 
under  what  conditions  it  has  been  proved  to  hold,  and  wherein 
these  conditions  may  differ  from  what  occurs  in  practice  with 
actual  thermometers. 

The  conditions  assumed  in  the  mathematical  theory  are  : — 

(A)  that  the  material  is  completely  homogeneous,  though 
not  necessarily  isotropic  ; 

(B)  that  the  pressure  is  perfectly  uniform  over  the  surface 
where  it  is  applied  ; 

(C)  that  the   volume   whose  change  is   considered  is  the 
entire  volume  within  the  inner  surface. 

The  fact  that  (3)  holds  when  all  these  conditions  are  satisfied 
does  not  of  course  necessarily  imply  that  it  ceases  to  hold  if 
one  of  the  conditions  is  not  satisfied.  As  a  matter  of  fact  it 
certainly  holds  in  one  case  when  (A)  is  only  partially  satisfied, 
viz.  in  the  case  of  a  spherical  shell  composed  of  concentric 
layers  of  different  isotropic  materials,  which  though  differing 
in  rigidity  have  all  the  same  compressibility.  But  it  is 
obvious  that  in  any  case  where  the  compressibility,  and  so 
the  bulk-modulus,  is  not  uniform  it  would  be  meaningless. 

There  is  room  for  doubt  as  to  how  far  condition  (A)  is 
satisfied  by  thermometers.  Differences  of  elastic  quality 
between  the  bulb  and  stem,  or  even  between  the  material  at 
the  outside  and  inside  of  the  stem,  seem  not  unlikely  to  occur. 

The  condition  (B)  is  probably  never  satisfied  exactly ;  audit 
may  be  very  far  from  holding  when  the  stem  is  vertical,  in 
the  case  either  of  internal  pressure  or  external  flind  pressure. 
It  may,  however,  be  regarded  as  practically  satisfied  in  the 
case  of  external  atmospheric  pressure. 

The  |)receding  mathematical  theory  gives  no  direct  and 
certain  information  as  to  how  the  change  of  volume  is  divided 
between  the  bulb  and  stem  e\en  when  the  pressure  is  uniform. 
If,  however,  we  for  a  moment  supposed  the  bulb  and  a  short 
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adjacent  portion  of  the  stem  to  be  converted  into  a  closed 
vessel  by  moans  of  a  flat  disk  of  glass  closing  the  bore,  the 
effect  on  the  change  of  the  volume  so  enclosed  could  hardly 
differ  appreciably  from  that  occurring  previous  to  the  closure, 
supposing  the  bore  to  be  fine.  Also  if  the  bulb  be  nearly 
spherical  the  pressure  over  its  surface  would  seem,  so  far  as 
change  of  vohnne  is  concerned,  to  be  replaceable  without 
serious  error  by  a  uniform  pressure  equal  to  that  actually 
found  at  the  level  of  the  bulb's  centre. 

We  should  thus  conclude  that  the  change  in  the  volume  of 
a  nearly  spherical  bulb  follows  approximately  the  same  law 
as  if  the  bulb  were  closed  and  subjected  to  uniform  pressure 
equal  in  intensity  to  that  occurring  at  the  level  of  its  centre 
of  gravity.  A  relation  equivalent  to  (3)  thus  seems  likely  to 
hold  approximately  for  the  bulb  alone,  at  least  wdien  it  is 
nearly  spherical  and  the  bore  is  fine.  This  is,  I  think,  prac- 
tically in  harmony  with  the  conclusion  leached  by  Dr. 
Guillaume  on  his  p.  111. 


XLIII.    On  a  Neic  Method  for  Mapping  the  Spectra  of  Metals. 
By  Prof.  Henry  Crew  and  Mr.  Egbert  Tatnall  *. 

THE  difference  in  physical  character  between  the  various 
lines  in  the  spectrum  of  an  element  has  recently  assumed 
such  importance  that  a  table  of  wave-lengths  is  now,  to  some 
extent,  incomplete  unless  accompanied  by  a  photographic 
map.  This  is  especially  true  for  one  who  is  seeking  new 
relations  among  the  wave-lengths.  Thus,  in  the  case  of 
cadmium,  the  triplets  overlap,  but,  "  owing  to  the  physical 
similarity  of  the  lines  forming  any  one  triplet,  it  is  a  matter 
of  perfect  ease  to  select  them  ^'f. 

Indeed,  in  many  cases  where  series  have  been  discovered, 
one  might  decide  to  what  series  a  given  line  belongs  quite 
as  well  by  its  appearance  as  by  its  wave-length,  liydberg 
has  happily  suggested,  for  these  series,  names  which  describe 
the  appearance  of  their  respective  lines. 

So  far  as  we  are  aware,  all  photographs  of  metalhc  spectra 
which  have  hitherto  been  made  are,  with  two  exceptions, 
either  of  spark  spectra  or  spectra  of  substances  vaporized  in 
the  carbon  arc.  The  two  exceptions  to  which  we  refer  are, 
first,  the  well-known  spectrum  of  iron  by  Kayser  and  liuno-e, 
in  which  the  arc  employed  is  that  between  iron  rods  about 
one  centim.   in   diameter  ;  and,  secondly,  a  copper  arc  with 

*  Communicated  by  the  Authors. 
t  Ames,  Phil.  Mag.  July  1890,  p.  45. 
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which  these  same  gentlemen  have  attempted  to  vaporize 
strontium,  and  thus  obtain  the  strontium  triplet*  at  X,3800, 
free  from  the  cyanogen  band.  They  say,  however,  that  the 
arc  worked  so  badly  as  to  give  only  one  line  out  of  the 
three. 

The  well-known  difficulty  with  the  spark  spectrum  is  that 
it  is  almost  as  characteristic  of  the  sHght  differences  in 
physical  condition  under  which  it  is  obtained  as  of  the 
chemical  element  from  which  it  is  obtained.  Not  only  so, 
but  owing  to  its  streaks,  as  it  were,  of  high  temperature 
("  luminescence^'  ?)  there  is  obtained,  at  the  same  time  with 
the  spectrum  of  the  metal,  also  the  spectra  of  the  gases  in 
which  the  discharge  takes  place. 

In  the  case  of  the  carbon  arc,  nature  has  fortunately 
grouped  its  many  thousand  lines  into  bands,  leaving  here  and 
there  comparatively  clear  spaces  in  which  the  lines  due  to 
substances  deliberately  introduced  into  the  arc  can  be  studied 
and  measured  with  a  high  degree  of  accuracy,  as  exemplified 
in  the  work  of  Rowland  and  of  Kayser  and  Runge. 

Fortunately  also,  in  the  case  of  some  metals,  especially  the 
easily  volatile  ones,  the  metallic  vapour  acts  as  if  it  shunted 
off  the  current  from  the  carbon  vapour  ;  and  the  metal  comes 
out  strong  in  comparison  with  the  carbon. 

At  the  same  time,  the  carbon  and  cyanogen  bands  stj-etch 
practically  through  the  whole  spectrum  from  X  3500  into  the 
infra-red.  Not  only  so,  but  many  of  these  carbon  lines  have, 
as  a  rule,  intensities  quite  comparable  to  those  of  the  metallic 
lines.  One  ingenious  effort  has  been  made  by  Kayser  and 
Runge  (^.  c.)  to  rid  themselves  of  the  cyanogen  bands  by 
working  the  carbon  arc  in  a  current  of  carbon  dioxide.  This 
is  partially  successful ;  but,  at  best,  it  only  diminished  the 
intensity  of  the  band.  Messrs.  Lewis  and  Ferry  f,  speaking 
of  the  infra-red  spectra  of  the  metals,  say : — "  It  seems  as 
though  little  more  could  be  done  in  the  discovery  of  new 
metallic  lines  unless  the  carbon  lines  are  first  carefully 
mapped,  or  some  means  is  devised  for  raising  the  substances 
investigated  to  sufficiently  high  temperature  \Aithout  placing 
them  directly  in  the  [carbon]  arc" 

We  have,  therefore,  de\'ised  and  used  during  the  past  year 
the  following  method  for  obtaining  the  arc  spectrmn  of  the 
metallic  elements  free  from  carbon,  free  from  air-lines,  and 
free  also  from  any  continuous  spectrum. 

The  idea  is  simply  that  of  an  arc  in  which  one  pole  rapidly 

*  Kayser  and  Eunge,  ^^'ied.  Ann.  lii.  p.  115  (1894). 
t  Johns  Hopkins  University  Circular,  May  1894. 
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rotates  or  \'ibrates,  thus  preventing  welding  and  destroying 
the  coating  of  oxide  which  in  some  cases  interrupts  the 
current  between  ordinary  metallic  poles. 

^'  Fig. 


^r^ 


3    K  r/r/'m 


To  accomplish  this,  a  brass  disk  is  fitted,  by  means  of  a 
collar  and  set-screw,  to  the  shaft  (or  counter-shaft)  of  a  small 
high-speed  electric  motor.  Parallel  to  this  brass  disk,  and 
upon  it  as  a  base,  is  screwed  a  similar  disk.  These  disks  are 
used  a?  jaws  in  which  to  clamp  small  pieces  of  metal  to  be 
vaporized.  One  pole  of  the  electric  circuit  which  includes 
the  arc  is  connected,  by  brushes,  to  the  counter-shaft,  shown 
in  section  at  A  (fig.  1).  The  other  pole  of  the  arc  circuit  is 
connected  to  another  clamp  F,  which,  by  means  of  the  screw 
E,  can  be  made  to  approach  or  recede  from  the  rotating  disk. 
The  clamp  F  is  also  fitted  with  parallel  jaws,  to  receive  a 
small  piece  of  the  metal  (B)  to  be  vaporized.  This  metal  B 
is  moved  always  ])arallel  to  itself,  and  the  arc  between  B  and 
C  is  maintained  always  at  the  same  point.  Both  the  rotating 
and  the  sliding  jaws  are  mounted  on  the  same  base  with  the 
motor  ;  and  the  whole  is  so  light  as  to  be  easily  carried  about 
in  one  hand. 

The  disk  is  set  in  rapid  rotation  and  the  metal  at  B  is  slowly 
fed  in,  by  the  screw  E,  until  the  arc  strikes.  The  incan- 
descent vapour  is  then  carried  out  by  the  disk  into  the  form 
of  an  open  fan,  and  is  projected  upon  the  slit  of  the  spectro- 
scope by  the  "  image  "  lens. 

In  the  case  of  those  elements  which  are  easily  obtainable 
in  the  form  of  a  regulus,  an  entire  disk  may  be  made  of  the 
metal.  With  the  rarer  elements  one  needs  to  use  only  a 
small  piece  in  the  clamp,  but  the  time  of  exposure  is  cor- 
respondingly lengthened.  The  disk  once  started,  no  attention 
is  required  except  the  feeding-in  of  the  metal,  B.  Nearly  all 
the  wear  is  on  this  piece  and  very  little  on  the  disk,  so  that 
the  latter  will  last  for  a  comparatively  long  time,  while  the 
former  has  to  be  renewed  with  a  frefjuency  depending  upon 
the  amount  of  current  employed.     "We  have  generally  used 
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a  hniidrod-volt  circuit  and  an  alternating  current  of  from  two 
to  ten  amperes.  Higher  voltages  sustain  a  longer  arc,  and 
thus  protect  the  metal  from  mechanical  wear. 

For  the  purpose  of  a  comparison  spectrum  is  used  a  second 
counter-shaft  placed  parallel  to,  and  in  the  same  horizontal 
plane  with,  the  first.  This  shaft  carries  an  iron  disk,  about 
an  inch  in  diameter,  against  which  is  fed  a  piece  of  iron 
tubing.  Tile  spectrum  of  any  one  metal  having  been  photo- 
graphed, the  whole  instrument  is  translated  laterally  and  the 
current  switched  on  to  the  iron  disk.  While  not  so  con- 
venient as  the  sun  in  many  ways,  the  iron  spectrum  has  an 
abundance  of  sharp  lines  evenly  distributed  :  it  permits  one 
to  work  in  all  kinds  of  weather  and  at  night. 

The  plates  whose  measures  follow  will  illustrate  the  method. 
They  were  taken  with  a  Rowland  concave  grating  of  ten  feet 
radius  and  ruled  with  fifty  thousand  lines.  The  portion  of 
the  plate  measured,  in  each  case,  covers  a  part  of  the  spec- 
tram  where  the  carbon  bands  are  strong.  Knowing  of  no 
adequate  method  of  reproduction,  except  silver  printing, 
which  is  too  expensive,  we  have  selected  three  typical  plates 
and  simply  measured  on  a  dividing-engine  all  the  lines  visible, 
including  "  ghosts  "  and  recognized  impurities.  The  tables 
explain  themselves.  They  include  all  the  lines  certainly 
visible  through  the  reading-microscope  of  the  diA-iding-engine  ; 
but  a  still  lower-power  microscope  shows  a  number  of  weaker 
lines  between  those  measured.  The  wave-lengths  were  de- 
termined not  with  the  highest  accuracy  possible,  but  well 
within  a  tenth  of  an  Angstrom  unit^  which  is  usually  ample 
for  purposes  of  identification.  The  method  was  interpolated 
between  two  of  Rowland^s  standard  iron  lines,  except  in  the 
case  of  copper,  where,  for  convenience,  the  interpolation  is 
between  two  of  Kayser  and  Runge's  copper  lines. 

Plate  No.  178.     Tin. 


'  Kayser 

! 

Element. 

Plate  178. 

and 
Runge. 

Remarks. 

Tin      

(4893-66) 

3262-44 

r  Third  order  line :    not  completely   ab- 
\      sorbed  by  glass. 

Tin     

(4762-72) 

3175-12 

)'                      JI                      ))                      !>                     J)                     1> 

(Ghost)... 

4531-20 

Second  order  ghost  of  Sn  4524-92. 

(Ghost)  ... 

4528-04 

First  order  ghost  of  Sn  4524-92. 

Tin      

4524-91 

4524-92 

Intensity  2. 

(Ghost)  ... 

4521-77 

First  order  ghost  of  Sn  4524-92. 

(Ghost)  ... 

4518-63 

Second  order  ghost  of  Sn  4524-92. 

4511-43 

Intensity  6 ;  sharp. 
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Plate  177.     Copper. 


Element. 

1 
Plate  177.  , 

Kayser 

and      1 

Inten- 

Bemarks. 

Runge.  j 

sity. 

Copper   ...' 

-KX);i-l8 

4003-18 

5 

390SO8 

6 

Hazy. 

397907 

6 

Hazy. 

397(V14 

6 

Extremely  wide  and  hazv. 

Calcium  ... 

396S-55 

4 

Fraunhofer's  H. 

3964-27 

6 

Wide  and  hazy. 

3961-64 

6 

Very  weak. 

39.51-63 

6 

Very  weak. 

39471)0 

6 

Hazy. 

Calcium  ... 

3933-76 

4 

FraunhoCer's  K. 

393311 

6 

Wide  and  hazy. 

Copper   ... 

392.-)-36 

3925-40 

5 

Copper   ... 

3821-32 

3821-38 

5 

Copper   ... 

3899-42 

3899-43 

6 

3888-73 

6 

r  Very  weak  and  hazy  ;  C£esium  line 
1      at  \  3888-83. 

3883-39 

6 

(  No  resemblance  to  head  of  C  band 
1      at  3883-47. 

3881-75 

6 

Hazy. 

(Ghost)  ... 

3865-97 

... 

Second  order ;  belongs  to  Cu  386064. 

Copper  ... 

3861-9U 

3861-88 

5 

Copper  ... 

3860-57 

3860-64 

2 

Iron    

386003 

6 

Fe3860-03(K.  &R.). 

(Ghost)  ... 

3857-88 

(» 

First  order;  belongs  to  Cu386U-64. 

3344-57 

6 

Wide  and  hazy. 

3837-48 

6 

Wide  and  hazy. 

Iron    

3825-99 

6 

Sharp  trace  of  Fe  3826-04  (K.&  R.). 

Copper   ... 

3825-17 

3825-13 

6 

Copper   ... 

3820-97 

382101 

4 

3820-52 

6 

Sharp;  unlike Hg  3820-6  (K.  &R.), 

3817-57 

6 

Hazy. 

3813-60 

5 

Probably  not  copper. 

Copper   ... 

3.S12-08 

3812-08 

6 

Wide  and  hazy. 

Copper   ... 

3.S05-29 

3805-33 

3 

3803-64 

6 

Wide  and  hazy. 

3800-57 

4 

Fairly  sharp. 

3799-99 

5 

Rather  sharp. 

3797-34 

6 

Hazy. 

3785-74 

6 

Wide  and  hazy. 

3780-20 

6 

Wide  and  hazy. 

Copper   ... 

3771-96 

3771-96 

4 

3764-98 

6 

Wide  and  hazy. 

Copper  ... 

3759-56 

3759-53 

4 

Iron    

3758-36 

6 

Fe3758-36(K.  &R.). 

Iron    

3749-61 

6 

Fe  3749-61  (K.  &  R.). 

3745-53 

5 

Hazy. 

3743-53 

6 

Copper  ... 

3741-36 

3741-32 

3 

Iron    

3737-27 

6 

Fe  3737-27  (K.&R.). 

Iron    

3734-96 

6 

Sharp  trace  of  Fe  373500  (K.  &  R.). 

Copper   ... 

3734-29 

3734-27 

3 
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Plate  177.     Copper  (continued). 


Element. 

Plate  177. 

Kayser 
and 

Inten- 

Remarks. 

Eunge. 

sity. 

3721-79 



6 

Hazy. 

3720-89 

5 

Very  sharp. 

372009 

6 

Sharp. 

Copper   ... 

3712-OG 

3712-b5 

4 

Hazy. 

3707-31 

6 

Exceedingly  weak  and  hazy. 

Iron    

3701-20 

6 

Trace  of  Fe  3701-20  (K.  &  R.). 

Copper  ... 

3700-61 

3700-63 

3 

3699-17 

6 

Hazy. 

3695-48 

6 

Hazy. 

Copper   ... 

3688-38 

3688-60 

6 

Exceedingly  wide  and  hazy. 

3686-67 

5 

Rather  sharp. 

368.5-04 

6 

Rather  sharp. 

Copper  ... 

3<)84-77 

3684-75 

3 

Lead   

3683-60 

6 

Faint  trace  of  Pb  3683-60  (K.  &  R.). 

Copper   ... 

3676-96 

3676-97 

5 

Copper  ... 

3(>72-04 

367200 

5 

Copper   ... 

3665-83 

3665-85 

4 

3664-21 

6 

Hazy. 

Copper  ... 

3659-44 

3659-44 

6 

Copper  ... 

3656-86 

3656-90 

6 

Copper  ... 

36.55-99 

3655-99 

4 

Copper  ... 

3654-47 

3654-6 

6 

Copper  ... 

3652-48 

3652-56 

6 

3650-97 

6 

Hazy. 

Copper  ... 

3648-52 

3648-52 

5 

Copper   ... 

3645-31 

3645-32 

4 

* 

3643-80 

6 

Copper   ... 

3641-80 

3641-79 

5 

Copper   . . . 

3636-01 

3636-01 

4 

3632-67 

5 

Shaded  towards  yiolet. 

3629-90 

6 

Copper   ... 

3627-40 

3627-39 

4 

Copper   ... 

3624-36 

3624-35 

5 

Copper  ... 

3621-32 

3621-33 

3 

Copper   ... 

3620-47 

3620-47 

5 

3619-52 

6 

Certainly  not  copper. 

(Ghost)  ... 

3618-88 

(J 

First  order :  belongs  to  Cu  3621  -33. 

(Ghost)  ... 

3616-37 

6 

Second  „               „                  „ 

Copper   ... 

3614-31 

36i4"31 

6 

Copper  ... 

3613-85 

3613-86 

4 

3610-88 

5 

Hazy.    Strong  Cd  line  at  X  3610-66. 

3609-43 

5 

Very  sharp. 

(Ghost)  ... 

3607-22 

6 

i  Second  order:  belongs  to  3602'11. 

(Ghost)  ... 

3604-64 

6 

;  First         „            „                  „ 

(Ghost)  ... 

3604  30 

6 

!  Second      ,,            ,,                  ,, 

Copper  ... 

3602-10 

3662-11 

3 

! 

Copper  .. 

3599-20 

3599-20 

3 

i 


*  The  iron  line  at  3643-80  (K.  &  R.)  is  much  weaker  than  some  of  its  neigh- 
bours which  do  not  show  as  impurity  lines.  Hence  this  line  is  probably  not 
iron. 
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which  conformed  precisely,  and  witliout  undue  pressure,  to 
the  sheet  of  dielectric  ;  and,  at  the  same  time,  made  perfect 
contact  with  it,  leavino;  no  air-spaces  or  spark-gaps  where 
ozone  or  other  oases  mii>ht  collect. 

Circular  sheets  of  celluloid,  11^  inches  in  diameter,  were 
employed  for  these  tests.  To  prevent  leakage,  a  3-inch 
margin  was  allowed  all  round,  so  that  the  working-surface  in 
contact  with  mercury  was  5^  inches  in  diameter.  The  method 
of  fixing  the  dielectric  sheet  wp.s  as  follows  : — Two  flat  ebonite 
rings,  5^  inches  internal  diameter,  and  (3 ^  inches  outside,  were 
faced  on  each  side  with  ii)dia-rubl)er,  forming  insulating 
washers.  These  rings  were  placed  exactly  opposite  each 
other,  flatwise,  one  on  each  side  of  the  sheet  to  be  tested. 
Circular  plates  of  iron  were  now  laid  against  the  outer  faces 
of  the  rings,  and  combined  to  make  two  mercury-tight  hollow 
boxes,  one  on  each  side  of  the  dielectric.  The  whole  was  then 
gripped  vertically  in  an  ebonite  vice  ;  after  which  mercury 
was  poured  in  to  fill  the  boxes.  This  apparatus,  with  the 
exception  of  the  insulating  rings,  is  the  same  as  that  designed, 
I  believe,  by  Mr.  Evers.  The  great  advantage  of  the  method 
is  that  the  mercury  conforms  to  the  surface  of  the  dielectric, 
leaving  no  air-spaces  and  necessitating  no  artificial  pressure. 
The  surface-leakage  can  be  made  as  small  as  desired,  by  the 
simple  device  of  leaving  enough  margin.  Experiments  made 
upon  dielectrics  fixed  in  this  apparatus  give  results  entirely 
different  from  those  obtained  with  rigid  metallic  plates. 

A  sheet  of  celluloid  '071  inch  in  thickness  was  the  first  that 
came  under  trial.  Its  behaviour  during  a  cycle  of  voltage 
from  150  to  1200  volts  is  represented  in  Table  II. 

Table  II. 


Volts  increasing.       \ 

1 

Volts  diminishing. 

Volts. 

Eesistance 
in  megohms. 

Volts. 

Resistance 
in  megohms. 

150 
300 
450 
600 
750 
900 
1050 
1200 

82-7 
82-3 
82-0 
81-5 
81-2 
80-8 
80-6 

80-6 

1 

1050 
900 
750 
600 
450 
300 
150 

80-7 
810 
81-3 
81-5 
820 
82-3 
82-7 
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The  curves  practically  overlap.  The  insulation  falls  some- 
what with  the  increase  of  voltage,  but  recovers  its  original 
value  as  the  cycle  is  completed.  There  was  no  observable 
"electrification";  the  first  and  second  minute  readings  were 
in  each  case  identical. 

The  next  sheet  of  celluloid  tested  was  6  mils  in  thickness. 
Here  again  there  was  no  sign  of  "  electrification,"  though 
there  was  a  tlistinct  diminution  of  insulation  with  v^oltage. 
This  sheet  broke  down  at  1200  volts  ;  there  is  nothing  in  the 
curve  to  indicate  that  such  a  rupture  was  about  to  take  place. 
These  results  are  given  in  Table  III. 


Table  III. 

Resistance 

Volts  increasiny. 

in  megohms. 

150 

30-0 

300 

29-6 

450 

29-2 

600 

28-4 

750 

27-7 

900 

26-8 

1050 

26-0 

1200 

Broke  dow^n 

A  third  sheet,  cut  from  the  same  specimen  as  the  last,  was 
then  tested  through  a  cycle  from  150  to  1050  volts  ;  it 
showed  practically  no  hysteresis  and  no  "  electrification,"  the 
return  values  being  simply  reproductions  of  the  rising  ones. 
There  is  the  same  drop  in  insulation  with  voltage  as  in  the 
previous  tests,  as  shown  by  Table  IV. 

Table  IV. 


Volts  increasing. 

Volts  diminishing. 

Volts. 

Resistance 
in  inegohiiis. 

Volts. 

Resistance 
in  megohms. 

150 
300 
450 
600 
750 
900 
1050 

26-34 
25-56 
24-93 
2415 
23-51 
22-72 
21-89 

900 
750 
600 
450 
300 
150 

22-72 
23-48 
24-15 
24-93 
25-68 
26-52 
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Tlie   same   sheet    was   then   tested   between   hard  metallic 
plates,  the  results  are  indicated  in  Table  IV.  a. 

Table  IV.  a. 


volts 

150 

volts 
300 

volts 
450 

volts 
600 

volts  volts 
750  900 

volte 
1050 

volts  volts 
900 1 750 

1 

volts 
600 

volts     volts 
450       300 

i 

volts 
1.50 

m 
m 

6 

23-5 
23-7 

61-5 
640 

161 
171 

3076 

278   156 
296   162 

i 
870  283 

158 
162 

186 
189 

127 
129 

117-0 
118-5 

950      39-5 
96-5  !   39-5 

115 

megohms 
20,550 

10440 

6047 

135 

199 

549 

1641 

1 
3915  '6212 

10720 

'^Dielectric  Hysteresis." 

"  Dielectric  hysteresis  "  is  here  alluded  to  in  a  sense  which 
needs  a  little  explanation.  The  similarity  in  shape  and 
character  between  some  of  these  curves  and  the  well-known 
forms  of  the  hysteresis  curves  of  magnetism  is  all  that  1  wish 
to  imply, — it  is  not  the  phenomenon  of"  dielectric  hysteresis  " 
])roper.  In  an  article  in  the  Electrotechnische  Zeitschrift, 
29th  April,  1892,  p.  227,  Steinmetz  traces  the  analogy  be- 
tween a  dielectric  medium  in  an  electrostatic  Held  and 
ma<fnetic  bodies  in  a  magnetic  field,  with  a  view  to  deter- 

..  ... 

mining  whether  the  loss  of  energy  in  dielectrics,  under  the 
influence  of  an  alternating  electrostatic  field,  would  follow  a 
law  similar  to  that  which  defines  the  magnetic  losses  due  to 
magnetic  hysteresis.  The  experiments  of  Steinmetz,  and 
of  Aruo,  have  gone  to  show  that  the  energy  expended  in  a 
dielectric  medium,  in  an  electrostatic  field  of  alternating 
potential,  is  sensibly  proportional  to  the  square-root  of  the 
intensity  of  the  electrostatic  field.  These  losses  are  due  to 
"  dielectric  hysteresis  "  proper,  and  are  quite  distinct  from 
the  mere  change  of  resistance  with  voltage  here  described. 
The  experimental  results  of  Steinmetz  should,  however,  bo 
corrected  for  this  other  phenomenon  of  change,  which,  for 
the  time  being,  we  may  call  "  dielectric  mutability/'  or  any 
other  term  which  denotes  the  variation  of  resistance  with 
voltage;  for  it  is  clear  that  the  energy  expended  during  a 
cycle  of  potential  cannot  rightly  be  calculated  ujjon  the  basis 
of  constant  resistance  assumed  by  Steinmetz.  With  this  cor- 
rection, if  it  could  be  determined  and  applied  to  his  results, 
the  observed  values,  notwithstanding  their  present  close 
agreement  with  those  calculated,  may  possibly  be  brought 
even  nearer  to  conformity. 
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"  Residual  Charge." 

The  residual  charf^e  l)ecoines  a  very  small  quantity  a  tew 
minutes  after  breaking  circuit ;  consecutive  voltages  can 
therefore  l)e  a]ij)lied  without  having  to  wait  very  long  for  the 
practical  disaj)})earance  of  the  last  charge.  In  the  above  tests 
it  was  made  a  rule  never  to  send  a  current  into  a  sheet  until  the 
jirevious  charge  had  vanished  to  within  i  per  cent.  Although, 
under  these  conditions,  the  charge  is  quickly  got  rid  of,  yet 
during  the  first  few  seconds  the  amount  left  in  may  be  very 
considerable.  Conversely,  the  celluloid  takes  up  its  chai-ge 
comi)aratively  tardily.  If,  for  instance,  an  attempt  is  made 
to  determine  the  capacity  of  the  sheet,  when  in  the  mercury 
ap})aratus,  by  the  simple  discharge  method,  an  eye  which  is 
accustomed  to  watching  the  "  throw  "  of  the  galvanometer  will 
at  once  observe  tha>.  the  needle  is  under  the  action  of  an  ex- 
tended discharge  and  not  of  a  sudden  impulse.  When  first 
this  phenomeno  1  was  observed  I  carried  out  the  following  ex- 
periment : — The  celluloid  was  charged  from  20  cells  for  15 
seconds.  -It  was  then  discharged,  not  through  the  galvano- 
meter, but  throagh  the  short-circuit  key.  After  two  seconds 
the  short-circuit  key  was  opened,  and  there  was  a  discharge 
of  a  few  degrees  to  the  right — that  is,  in  the  "  discharge  " 
direction ;  this  fell  in  a  few  seconds  across  the  zero  to  5 
divs.  on  the  left,  where  it  remained  perfectly  steady.  This 
curious  reversal  of  sign  was  at  first  rather  puzzling  ;  if  the 
spot  had  merely  fallen  to  zero,  it  would  have  been  easy  to 
refer  it  to  complete  loss  of  charge  ;  if  it  had  fallen  a  little  to 
the  right  of  zero,  it  could  lirve  been  attributed  to  incomplete 
loss  of  charge  ;  but  falling,  as  it  did,  on  the  negative  side  of 
zero,  a  no\el  case  was  presented. 

After  several  repetitions,  charging  with  various  potentials 
up  to  as  high  as  900  volts,  this  reversal  still  manifested  itself, 
although  the  time  required  to  attain  it  was  of  course  greater 
as  the  testing-voltage  increased.  Days  and  nights  of  short- 
circuiting  would  not  wipe  it  out ;  whatever  w'as  tried,  it 
remained  always  the  same  negative  deflexion.  It  is,  in  fact, 
an  initial  ])ermanent  E.M.F.  of  about  '0006  of  a  volt  with 
which  nothing  seems  to  interfere.  It  is  a])parently  due  to 
the  contact  of  the  mercury  with  the  celluloid  ;  it  did  not 
a})pear  when  metalhc  plates  were  used.  This  point  having 
been  so  far  settled,  the  experiments  on  slow  discharge  were 
repeated  Avith  100,  200,  400,  and  600  cells  ;  the  corresponding 
discharge-readings — after  short-circuiting  the  sheet  for  two 
seconds  in  each  case  before  discharge — were  res})ectively  18, 
oi^,  57,  and  80  divs.,  falling  to  zero,  or  very  nearly  to  zero  in 
a  few  minutes,  and  ultimately  crossing  the  zero  to  — 5.  The 
discharge  from  a  standard  microfarad  charjied  to  30  volts  is 
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11,103  scale-divs.  The  instantaneous  discliargo  from  the 
celluloid  sheet  (aiin.  diam.,  "00615  incli  thick)  with  the  same 
voltage,  was  115  divs.,  which  is  the  mean  of  the  two  readings 
obtained  by  reversing  the  battery.  The  test  can  scarcely  be 
regarded  as  a  capacity  test  under  the  above  conditions.  It  is 
recorded  here  simply  to  show  the  phenomenon  of  slow  dis- 
charge, and  the  existence  of  the  permanent  initial  E.M.F. 

Gntta-Percha. 

Appended  are  the  results  of  some  tests  upon  a  sheet  of 
pure  gutta-percha,  in  the  mercury  apparatus,  at  high  voltages. 
The  thickness  of  this  sheet  was  about  2  mils  ;  the  diameter  of 
the  circular  mercury  surface  in  contact  with  it,  bounded  by 
the  insulating  rings,  was,  as  before,  5i  inches.  Curves  drawn 
from  the  tabulated  results  exhibit  the  phenomenon  of  dielectric 
hysteresis,  and  show  that  the  effect  of  the  current,  up  to  a 
certain  point,  is  to  increase  the  resistance  ;  there  is  a  subse- 
quent tendency  in  the  opposite  direction,  which  would  probably 
end  in  the  breaking-down  of  the  sample.  There  was  no  initial 
electromotive  force  to  be  observed  with  the  gutta-percha. 

Four  separate  tests  were  made  u})on  the  sheet,  two  with  a 
cycle  commencing  at  maximum  volts,  and  two  commencing" 
at  the  minimum.  In  each  case,  whether  beginning  at  the 
maximum  or  minimum  volts,  there  w^as  a  decided  increase  of 
resistance  as  the  result  of  a  cycle.  With  such  a  thin  sheet  as 
2  mils  the  test  was  a  very  severe  one  for  the  gutta-percha  ; 
hence  it  is  not  surprising  that  the  curves  are  somewhat  broken. 
Two-thousandths  of  an  inch  of  material  is  here  effectively 
contending  against  1200  volts,  and  setting  up  a  barrier  of 
3000  million  ohms  over  an  area  of  o|  inches. 

A  very  interesting  point  about  these  four  tests  is  thatwdien 
the  cycle  commences  at  maximum  voltage  the  subsequent  read- 
ings are  far  steadier,  and  the  curve  of  resistance  and  voltage 
smoother,  than  when  minimum  volts  are  started  with;  this  is 
clearly  indicated  by  a  comparison  of  the  four  curves  w^hich 
may  be  drawn  from  these  tables. 

There  is  no  absolute  need  to  short-circuit  the  apparatus  in 
order  to  remove  the  residual  charge  of  the  sheet ;  but  short- 
circuiting  probably  quickens  the  })rocess.  This  is  a  matter 
for  further  experiment.  It  was  found  that  the  sample  of 
gutta-jtercha  completely  lost  its  charge  after  twenty-four 
hours,  whether  short-circuited  or  not,  and  during  that  time  it 
regained  its  normal  condition  as  regards  insulation  resistance. 
Twenty-four  hours  was  therefore  allowed  between  each  of  the 
four  tests  upon  the  gutta-percha  sheet.  As  a  rule,  about 
ten  minutes'  rest  was  given  between  the  consecutive  voltages 
of  individual  tests  ;  this  was  found  to  be  time  enough  to 
practically  discharge  the  sheet  when  short-circuited. 

2E2 
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Table  V.— Gutta-Perchca  sheet  (G2). 
(Volts  increasing.^ 


volts 
150 

volts 
300 

volts 
450 

volts 
GOO 

volts 
750 

volts  - 
900 

volts 
1050 

volts 
1200 

1'"  ... 

2'" 

2(V2 
25-6 

49-8 
47-0 

()8-4 
65-0 

82 

unsteady 
98 

unsteady 
130 

117 

unsteady 
150 

135 

unsteady 
160 

160 

steadier 
171 

159 

2272"" 

2384"" 

2614"" 

2910"" 

2290"" 

2383"" 

2602-^ 

2789"" 

1 

volts 
1050 

volts 
900 

volts 
750 

volts 
600 

volts 
450 

volts 
300 

volts 
150 

volts 
1200 

1>"  ... 
2'" 

steady 
126 

126 

100 
100 

73 

75 

53-5 
49-0 

38-5 
31-0 

24-5 

18-0 

120 
9-2 

170 

148 

3303-^ 

3572^ 

4079"" 

4459"^ 

4645"" 

4845"" 

4961"" 

2805"" 

Temp.  =66*'  R 

Table  VI.— Gutta-Percha  sheet  (Gg). 
(Volts  diminishing.) 


volts 
1200 

volts 
1050 

volts 
900 

volts 
750 

volts 
600 

volts 
450 

volts 
300 

volts 
150 

1'" ... 

steady 
171-2 

166-0 

137-0 
135-0 

112-5 
111-5 

91-8 
89-5 

71-8 
68-0 

54-2 
49-0 

39 
34 

20-0 
17-7 

3220""- 

3510"" 

3670"^ 

3760"" 

3840"" 

3820"" 

3530"" 

3470"" 

1 

volts 
300 

volts 
450 

volts 
600 

volts 
750 

volts 
900 

volts 
1050 

volts 
1200 

1"'  ... 

Om 

38-5 
33-8 

53-5 
48-0 

69-5 
64-5 

84 

81 

100 

98 

118-5 

a  little  unsteady 
119  0 

steady 
145 

143 

3570"" 

3870"" 

3970"^ 

4130"" 

4130"" 

4070"" 

3800"" 

23rd  April,  1894. 


Temp.  =64°-5  F. 
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Table  VIL— Gutta-Porclia  sheet  (Gg) 
(Volts  incvecmug.) 


1"' ... 

9111 

volts 

150 

volts 
300 

volts 
450 

volts 
600 

volts 
750 

volts 
900 

volts 
1050 

22-0 
210 

uusteady 
74 

54 

1 
unsteady       steady 
85             84-5 

71             80-5 

steady 
1000 

94-5 

unsteady 
118-2 

1180 

unsteady 
143 

139 
3140^ 

20W 

1730"" 

2280""        3050"" 

3230"" 

3260"" 

1 

1'"  ... 
Ora 

volts 
1200 

volts     '     volts 
1050          WO 

volts 
750 

volts 
600 

volts 
450 

volts 
300 

volts 
150 

unsteady 
167 

193 

154           125 
1.52           123 

96-5 
96-0 

70-5 
670 

52-5 
44-2 

.-iio 

27-5 

l(".-6 
14-6 

3070"" 

2920""      3080"" 

3350"" 

3660"" 

3690"" 

3760""      3920"" 

24th  April,  1894. 


Temp.  =03°  F. 


Table  VIII.— Gutta-Percha  sheet  (Gg). 
(Volts  diminishing.) 


volts 
[     1200 

volts 

1050 

volts 
900 

volts 
750 

volts 
600 

1 

\olts 
450 

volts 
300 

volts 
160 

1'"  ... 
2"" 

231 

187 

143 
131 

99 
94 

68 
65 

50-0 

48-7 

37-6 
35-6 

25-8 
240 

13-0 
12-3 

\  1620"" 

2290"" 

2830 '" 

3430"" 

3720"" 

3700"" 

3570"" 

3550"" 

1 

volts 
300 

volts 
450 

volts 
600 

volts 
750 

volts 
900 

volts 
1050 

volts 
1200 

1™  ... 
2™ 

25-6 
23-8 

37- 
34-( 

i 

470 
44-5 

58 
58 

73 
75 

91 
92 

109 
117 

1 

3600"" 

3720"" 

3970"" 

4020"" 

3780"" 

3600"^ 

3430"" 

25th  AprU,  1894. 


Temp.  =62°  F. 
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The  small  opaque  white  spots,  observed  within  the  celluloid 
under  the  microscope,  led  to  some  further  experiments  to 
investigate  the  effect  of  isolated  foreign  particles  within  the 
substance  and  upon  the  surface  of  dielectrics.  Coarse  brass 
filings  wore  scattered  as  thickly  as  possible  over  one  face  of  a 
warmed  strip  of  gutta-percha,  IG  inches  long,  2  inches  wide, 
and  -^  inch  thick.  The  insulation  of  such  a  strip  is  not  exactly 
what  might  be  expected  ;  when  tested  even  with  750  volts  its 
resistance  was  practically  infinite,  and  was  certainly  greater 
than  000,000  megohms.  A  charged  gold-leaf  electroscope 
could  not  be  discharged  with  such  a  strip  in  this  condition. 
If,  however,  a  wet  cloth  was  passed  once  over  the  ron- 
metallic  face  of  the  strip,  or  if  it  was  simply  breathed  upon, 
the  insulation  fell  to  5000  megohms,  and  tbe  strip  now  easily 
discharged  the  electroscope.  A  round  rod  of  gutta-percha 
can  be  warmed  and  rolled  in  a  heap  of  brass  filings  so  as  to 
appear  almost  like  a  brass  rod,  and  such  a  rod  does  not 
discharge  the  electroscope.  This  would  be  an  instructive 
experiment  for  schools  and  instrument-makers. 

^'Sensitive  "  Dielectrics. 

The  next  experiments  were  made  with  rods  formed  of  a 
mixture  of  gutta-percha  and  brass  filings  melted  together  in 
various  proportions.  The  length  of  these  rods  was  about  20 
inches,  and  their  diameter  f  of  an  inch.  Contact  was  made 
with  the  ends  for  about  1^  inches  by  tin-foil  which  was  bound 
round  with  wire.  It  is  found  that,  for  small  proportions  of 
brass  filings,  the  resistance  between  the  ends  of  these  rods  is 
exceedingly  high,  and  this  high  resistance  is  maintained  until 
about  2  parts,  by  weight,  of  brass  are  mixed  with  one  part, 
by  weight,  of  gutta-percha.  Here  a  "  critical  "  point  of  propor- 
tionality between  the  two  substances  occurs,  under  which  the 
rods  have  a  very  low  resistance,  of  son^ething  like  one  ohm  ; 
and  above  which  the  resistance  is  exceedingly  high,  and  can 
only  be  measured  in  megohms.  Several  rods  were  made  at 
or  near  this  "  critical "  poirt,  and  in  no  case  could  a  medium 
resistance  of,  say,  a  few  hundred  ohms  be  attained.  All  the 
rods  were  either  of  very  high  or  very  low  resistance. 

The  method  of  making  them  is  to  warm  a  sheet  of  otitta- 
percha  upon  a  hot  plate,  using  French  chalk  to  prevent 
sticking.  The  filings  are  sprinkled  in  as  soon  as  the  sheet 
becomes  soft.  The  whole  is  then  made  up  into  a  pudding, 
which  is  again  flattened  out  into  a  sheet ;  this  is  repeated 
until  a  good  mixture  is  arrived  at.  The  compound  is  then 
rolled  into  rods. 
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1 

Proportion 
No.  of  Rod.          l\v  weiglit 
G.P. 
Brass' 

Approximate  Resistance. 

1    

2 

3   

4   

5   

6 

7   

8   

9 

10   

11    

12   

13   

14   

15   

I 

9 

1 
3 

i 
1 

2 

1 

i 
i. 

2 

1 
2 

1 
3 

2 

.5 

1 
2 

i 

4 

■'2  olim. 
•07  „ 

•n  „ 

00  . 

00  . 

283,000  megohms. 
173,000 
oc. 

770  megohms. 
•37  ohm. 
1-68  „ 
19        ohms. 
3-9     „ 

•48  ohm. 
1*5  megohm. 

Table  IX.  gives  the  proportion  by  weiglit  of  these  rods  and 
the  corresponding  resistance.  When  rods  made  np  in  this 
way  are  submitted  to  the  action  of  oscillating  discharges,  they 
l)ehave  in  a  similar  manner  to  the  "  impulsion  "  cells  of  Prof. 
Minchin  and  the  tubes  of  M.  Branly.  If,  for  instance,  one 
of  the  low-resistance  rods  of,  say,  four  parts  by  weight  of 
gutta-percha  to  nine  of  brass  filings  is  connected  to  one  arm 
of  a  Wheatstone's  bridge  and  bolanced,  an  oscillatory  dis- 
charge made  anywhere  near  it  will,  in  "early  all  cases,  pro- 
duce a  considerable  diminution  of  resistance — in  some  cases 
amounting  to  more  than  10  per  cent.,  and.  in  one  experiment, 
to  as  much  as  45  per  cent.  This  charge  remains  until  restored 
to  the  former  condition  of  things  by  a  slight  mechanical  tap. 
I  haye  repeated  this  experiment  upon  seven  dif/erent  rods, 
and  have,  in  each  case,  obtained  a  diminution  when  the  dis- 
charge-spark passed  at  the  oscillator.     The  small-resistance 


408  Mr.  Rollo  Appleyard  on  Dielectrics. 

rods  of  Tabic  IX.  were  all  sensitive  to  these  electromagnetic 
oscillations.  The  liioh-rcsistancc  rods  do  not  come  within  the 
range  of  measiirenient  of  the  usual  form  of  Wheatstone's 
brido-o  ;  the  ordinary  insulation-test  was  therefore  a})plied, 
using  a  battery  of  400  Leclanchc  cells.  In  this  way  resist- 
ances up  to  000,000  megohms  could  be  measured.  A  rod 
composed  of  4  parts,  by  weight,  of  gutta-percha,  to  7  parts  of 
brass  filings  had  practically  infinite  resistance.  Another, 
buying  2  parts,  by  weight,  of  gutta-percha  to  3  of  brass,  had 
100,000  megohms.  A  third,  made  up  in  the  ratio  of  4  parts 
uutta-percha  to  7  of  brass,  was  of  infinite  resistance.  Four 
rods  were  made  in  the  proportion  1  gutta-percha  to  2  of  brass, 
which  is  near  the  critical  ratio  of  conductor  to  insulator  ; 
their  resistances  were,  respectively,  X) ,  40  megohms,  and  12 
ohms.  The  *17  ohm  rod  exhibited  a  decided,  but  not  very 
great  diminution  of  resistance  under  the  influence  of  the  oscil- 
lator. Apparently,  the  high-resistance  rods  are  unaffected  by 
the  discharges.  The  40  megohm  rod  was  not  of  very  con- 
stant resistance,  the  spot  moved  up  and  down  the  scale  ;  the 
spark  had  therefore  to  be  passed  at  moments  when  the  spot 
halted, — the  result  was  not  very  satisfactory.  At  one  time  it 
was  thought  actually  to  increase  the  resistance  of  this  rod. 
The  12  ohm  rod  was  especially  interesting  from  its  exti-eme 
sensitiveness  ;  in  one  condition  it  had  a  resistance  of  19  ohms, 
the  sudden  passage  of  a  spark  at  the  oscillator  reduced  this 
by  45  per  cent.  The  rocl  was  generally  unstable.  The  40 
megohm  rod  seemed  the  one  most  nearly  corresponding,  in  its 
galvanometer-readings,  with  a  faulty  cable  ;  the  readings  being- 
erratic.  Its  resistance  has,  at  times,  been  as  high  as  770 
megohms.  This  rod  is  probably  unstable  in  some  opposite 
direction  to  the  12  ohm  rod ;  tliey  were  both  made  in  the 
same  proportions  and  in  the  same  manner.  In  Table  IX. 
they  appear  as  No.  9  and  No.  12  respectively. 

Alternating  Voltages. 

Tests  were  now  made  upon  specimens  submitted  to  alter- 
nating currents,  and  I  have  to  thank  Mr.  George  Boustield 
for  assisting  me  in  this  part  of  the  exjjeriments.  I  took  the 
strip  sprinkled  with  filings,  and  two  rods ;  these  were  first 
tested  for  insulation  in  the  ordinary  way,  with  the  following 
results  : — 

Dielectric.  Resistance. 

Strip   =   CO  . 

No.  6  =   283,000  megohms. 

No.  9  =  47*2  megohms. 
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The  strip  bogan  to  break  down  under  the  action  of  the 
alternatinii-  current  at  900  volts  ;  at  oOOO  volts  it  was  emitting 
small  local  arcs,  some  crimson,  others  violet.  After  the 
application  for  some  time  of  this  high  voltage  the  number 
and  brilliancy  of  the  arcs  diminished, — the  insulation  had 
apparently  improved.  At  5500  volts  there  were  bright  dis- 
charges similar  to  the  first.  These  were  not  of  the  nature  of 
long  sparks,  but  of  small  local  arcs. 

Rod  No.  G  gave  way  at  6500  volts  and  exhibited  the  same 
apparent  improvement  in  insulation.  The  arcs  shot  out  in 
miniature  flames,  like  very  small  blowpipe  blasts ;  locally,  as 
in  the  case  of  the  strip. 

With  rod  No.  9  sparking  commenced  at  1500  volts,  having 
the  appearance  of  small   beads  of  crimson  and    violet   light 
burning  themselves  out  at  fixed  points.     When  these  speci- 
mens had  become  cool  their  insulation  was  again  tested. 
Dielectric.  Ilesistimce. 

Strip    =    CO  . 

No.  6  =    70,750  megohms. 
No.  9  =   2020  megohms. 

The  strip  thus  appears  to  have  recovered  entirely.  No.  Ij 
has  fallen  to  a  quarter  of  its  first  value,  and  No.  9  has  greatly 
im])roved,  under  this  trying  ordeal. 

Rod  No.  15  was  com])Ounded  of  iron  filings,  Sr,  &c.,  with 
a  view  to  obtaining  a  brilliant  discharge.  The  salts  brought 
the  insulation  down  rather  low  ;  there  was  a  great  deal  of 
heat  generated,  and  little  else.  Such  a  rod  should  probably 
be  made  simply  of  metallic  powders  intermixed  with  the 
dielectric. 


XLVII.  On  the  Resistance  of  a  Fluid  to  a  Plane  kept  moving 
unifornily  in  a  direction  inclined  to  it  at  a  small  angle.  By 
Lord  Kelvin*. 

§  1.  T"  ET  q  be  the  velocity  ;  i  its  inclination  to  the  plane  ; 
1  i  and  ?f,  V  its  components  in  and  perpendicular  to  the 
plane.     We  have 

u  =  (J  cos  i,     r = 5'  sin  i. 

§  2.  Suppose  now  the  moving  body  to  bo  not  an  ideal 
infinitely  thin  ])lane,  but  a  disk  of  finite  thickness  very  small 
in  comparison  with  its  least  diameter,  and  having  its  edges 
everywhere  smoothly  rounded.  If  the  fluid  is  inviscid  and 
incompressible,  and  the  boundary  containing  it  perfectly 
*  Communicated  bv  the  Author. 
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unyielding,  the  motion  produced  in  the  fluid  from  rest,  by  any 
motion  oiyen  to  the  disk,  is  detormino.tely  the  unique  motion 
of  M-hich  tlio  energy  is  less  than  that  of  any  other  motion 
})ossihle  to  the  fluid  with  the  g'ven  motion  of  the  disk.  Wo 
suppose  the  disk  to  be  very  thin,  and  therefore  the  profile- 
curvature  at  every  point  of  its  edge  to  be  very  great :  thei^e 
is  no  limit  to  the  thinness  at  which  the  proposition  could 
cease  to  he  true  ;  so  it  still  holds  in  the  ideal  ca^e  of  an 
infinitely  thin  disk,  when  the  fluid  and  its  boundary  fulfil 
the  ideal  conditions  of  the  enunciation. 

§  3.  But  in  nature  every  fluid  has  some  degree  of  viscous 
resistance  to  change  of  shape  ;  and  any  viscosity  however 
small  (even  with  ideally  perfect  incompressibility  of  the  fluid 
and  unyieldingness  of  the  boundary)  would  prevent  the  in- 
finitely great  velocities  at  the  edge  of  the  disk  which  the 
unique  minimum-energy  solution  gives  when  the  disk  is 
infinitely  thin  ;  and  would  originate  so  great  a  disturbance 
in  the  motion  of  the  fluid  that  the  resistance  to  the  motion  of 
the  disk  would  probably  be  very  nearly  the  same  whatever  the 
actual  value  of  the  viscosity,  if  not  too  great  in  comparison 
with  the  velocity  of  the  disk  multiplied  by  the  least  radius  of 
curvature  of  the  boundary  of  its  area.  No  approach,  ho  .vever, 
has  hitherto  been  made  towards  a  complete  mathematical 
solution  of  any  case  of  this  problem,  or  indeed  of  the  motion 
of  a  body  of  any  shape  through  a  viscous  fluid,  except  when, 
as  in  Stokes's  original  solutions  for  the  globe  and  circular 
cylinder,  the  motion  is  so  slow  that  its  configuration  is  the 
same  as  it  would  be  if  it  were  infinitely  slow,  and  when 
therefore*  the  velocity  of  the  fluid  at  every  point  is  equal  to, 
and  in  the  same  direction  as,  the  infinitesimal  static  displace- 
ment of  an  elastic  solid  when  a  rigid  body  imbedded  in  it  is 
held  in  a  position  infinitesimally  displaced  from  its  position 
of  equilibrium,  in  the  manner  translationally  and  rotationally 
corresponding  to  the  translational  and  rotational  velocity 
given  to  the  rigid  body  in  the  fluid. 

§  4.  It  has  occurred  to  me,  guided  by  the  teaching  of 
William  Froude  regarding  the  continued  communication  of 
momentum  to  a  fluid  by  the  application  of  force  to  keep  a 
solid  moving  with  uniform  translational  velocity  through  it, 
that  an  approximate  determination  of  the  resistance,  which  is 
the  subject  of  the  present  communication,  may  probably  be 

*  The  equations  for  the  steady  infinitely  slow  motion  of  a  viscous  fluid 
are  identical  with  those  for  the  equilihriuni  of  an  elastic  solid.  See 
'Mathematical  and  Physical  Papers'  (Sir  W.  Thomson),  ^o\.  iii., 
art.  cxix.  §§  17.  18, 
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found  by  the  followinor  method,  uitli  result  expressed  in  §  9, 
wbieli  1  venture  to  give  as  a  guess,  and  not  as  a  satisfactory 
mathematical  investigation. 

§  5.  Considering  a  disk  of  finite  thickness,  however  small, 
moving  in  an  inviscid  incompressible  liquid  within  an  un- 
yielding boundary,  and,  for  a  moment,  thinking  only  of  the 
H-component  of  the  motion,  according  to  the  notation  of  §  1, 
let  E  and  E'  denote  the  front  and  the  rear  parts  of  the  edge, 
respectively.  Imagine  now  instead  of  the  real  mot'on  of  the 
unvarying  solid  disk  through  the  fluid,  that  the  disk  grows 
all  over  E,  by  rigidification  and  accretion  of  the  fluid  in  front 
of  it,  and  melts  away  from  E'  by  liquefaction  of  the  solid. 
In  an  infinitesimal  time  S^  the  extent  of  the  accretion  in  front 
of  E  will  be  i(8(.  Now  if  tlie  r  component  of  the  motion  of 
the  disk  is  maintained  without  diminution  during  this  accre- 
tion, a  force,  F,  equal  to  (I'  — 1)/8/,  must  be  applied  from 
without,  perpendicular  to  the  disk  ;  I  denoting  the  inipulsive 
force  which  Avould  be  required  to  give  the  r-component 
velocity  to  the  miaugmented  disk,  and  I'  that  required  to  give 
the  same  velocity  to  the  augmented  disk.  The  point  of 
apphcation  of  the  force  {l'  —  l)/8t  must  be  that  of  the 
resultant  of  impulses  I'  and  —I,  applied  at  the  hydraulic 
centres  of  inertia*  of  the  augmented  disk  and  the  unaug- 
mented  disk  respectively. 

§  6.  Sudden  cessation  of  the  rigidity  by  liquefaction  of  any 
portion,  (finite  or  infinitely  small)  of  matter  of  the  disk  at  E' 
requires  no  instantaneous  application  of  force,  to  prevent 
change  of  the  r-motion  of  the  residual  solid.  The  continued 
gradual  liquefaction  which  we  are  supposing  performed,  leaves 
a  Helmholtz  "  vortex  sheet  "  of  finite  slii)  growinir  out  in  the 
liquid,  behind  E',  the  evolutions  and  contortions  of  which  are 
not  easily  followed  in  imagination.  This  sheet  is  in  the  form 
of  a  pocket  of  which  the  lip  remains  always  attached  to  the 
solid  disk.  The  space  enclosed  between  it  and  the  disk  is 
filled  l)y  the  liquid  which  was  solid.  It  grows  always  longer 
and  longer  by  gain  of  liquid  from  the  melting  solid  at  E'  in 
front  of  it,  and  probably  also  by  its  rear  extending  farther 
and  farther,  far  away  in  the  wake  of  the  disk. 

§  7.  Suppose  now  that,  after  having  been  performed  during 
a  certain  time  T,  the  ideal  processes  of  §§  5,  6  are  discon- 
tinued, and  the  resulting  solid  disk,  equal  and  similar  to  the 
original  disk,  but  carried  in  the  zf-direction  through  a  s[)ace 

*  I  call  tbe  "  hydraulic  centre  of  inertia  "  of  a  massless  rigid  di.sk  im- 
mersed in  liquid  the  point  at  which  it  must  be  struck  perpendicularly 
by  an  impulse,  to  give  it  a  simple  translational  motion. 
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equal  to  y/T,  is  left  with  simply  its  r-motion  throii^li  the  fluid 
innintained.  Tlio  pocket  of  liquefied  solid  will  be  left  farther 
and  fartluu-  l)eliind  the  disk.  Its  mouth,  still  always  stopped 
by  tlu!  solid,  will  shrink  from  its  original  area  which  was  the 
whole  oi'  E' ;  and  will  become  always  smaller  and  smaller,  but 
not  infinitely  small  in  any  finite  time.  The  neck  of  the  pocket 
in  the  wake  of  the  disk  will  become  narrower  and  narrower, 
and  the  whole  pocket  will  be  drawn  out  longer  and  longer 
behind  ;  but,  through  all  time,  the  fluid  which  was  solid  will 
remain  separated  by  a  surface  of  finite  slip,  or  Ilehnholtz 
''  vortex  sheet,"  from  the  surrounding  fluid,  except  over  the 
ever  diminishing  area  of  the  disk,  which  stops  the  mouth  of 
the  pocket.  The  motion  of  the  fluid  is  irrotational  outside  the 
pocket,  and  rotational  within  it.  To  keep  the  solid  disk 
moving  with  its  v-motion  constant,  and  with  no  other  motion 
whether  rotational  or  translational,  it  is  necessary  to  a})ply 
force  to  it.  But  this  force  becomes  less  and  less,  and  approxi- 
mates to  zero,  as  the  vortex-trail  becomes  finer  and  finer  ; 
and  the  motion  of  the  fluid  in  the  neighbourhood  of  the  disk 
approximates  more  and  more  nearly  to  perfect  agreement  with 
the  unique  irrotational  motion  due  to  t;-motion  of  the  solid 
through  the  fluid. 

§  8.  So  far  we  have,  in  §§  5,  G,  7,  been  on  sure  ground, 
and  every  statement  is  rigourously  true,  not  only  for  a 
"  disk  "  of  any  shape  of  boundary  and  of  any  thickness  how- 
ever small,  but  also  for  a  solid  of  any  shape,  dealt  with 
according  to  §  5,  provided  only  that  the  fluid  is  inviscid  and 
incompressible,  and  its  boundary  unyielding.  My  hypothesis, 
or  "  guess  ^''  (§  4),  which  forms  the  subject  of  the  present 
paper,  is  that  default  from  infinitely  perfect  fulfilment  of  all 
these  three  conditions  would,  for  an  infinitely  thin  disk  kept 
moving  with  uniform  translational  motion  (it,  v,  §  1),  require 
the  continued  application  to  it  of  force  determined  in  magni- 
tude and  position  by  §  5;  provided  v  be  very  small  in  coin- 
lyarison  loith  u. 

§  y.  The  result  is  worked  out  with  great  ease  for  the  case 
of  a  rectangular  disk  of  which  the  length,  /,  is  very  great  in 
comparison  with  the  breadth,  a.  For  this  case,  by  the  well- 
known  hydrokinetics  of  an  ellipsoid  or  elliptic  cylinder 
moving  translationally  in  an  inviscid  incompressible  fluid  of 
unit  density,  we  have         j_i^^j2^^,  . 

and,  still  using  the  notation  of  §  5, 
Hence  l^  =  \'iraluv  ; 
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and  tlio  distauco  of  the  point  of  application  of  this  force  from 
the  middle  line  of  the  rectangle  is 

Comparison  of  this  hypothetical  result,  with  observation,  in 
respect  both  to  the  magnitude  of  the  force  and  its  point  of 
application,  will,  I  hope,  form  the  subject  of  a  future  com- 
munication. 

Eastern  Telegraph  Compauy's  Cable-sliip  'Elcetra,' 
Athens  to  Genoa,  Sept.  3  ...  6,  1894. 

XLVIII.  "  Densities  in  the  Earth's  Crust." 
Bxj  Rev.  J.  J.  Blake,  M.A.,F.G.S* 

MR.  OSMUND  FISHER  having  been  unfortmiatelj  called 
upon  to  categorically  assent  to  or  answer  my  criticisms 
of  a  portion  of  his  work  on  the  '  Physics  of  the  EartVs 
Crust,"  has  attempted  the  latter  alternative  in  the  April 
number  of  this  magazine.  I  had  hoped  that  he  would  have 
adopted  the  former  on  more  careful  consideration  of  the 
subject ;  but,  as  it  is  not  so,  I  hope  I  may  be  excused  if  I 
point  out  still  more  clearly  the  gist  of  my  objections  to  his 
method. 

In  several  places  Mr.  Fisher  does  not  seem  to  recognize 
that  it  is  not  his  conclusions  but  his  mathematics  that  are 
discussed,  for  if  the  mathematics  are  wrong  there  are  no  con- 
clusions to  discuss.  Thus  he  begins  by  stating  that  if  I  had 
more  fully  mastered  his  "  results,"  I  should  not  have  stated 
that  "  the  argument  . . .  seems  to  def)cnd  on  the  greater  density 
of  the  superficial  hn-er  in  contiuental  than  in  oceanic  areas," 
which  he  observes  is  the  exact  opposite  of  his  "  conclusion  ; " 
but,  as  ocean  water  is  certainly  of  less  density  than  rock, 
this  is  not  a  conclusion  at  all,  but  a  datum — the  mathematical 
problem  being  this: — Given  that  the  attraction  of  a  sphere  on 
a  particle  at  any  point  on  its  surface  is  constant  for  all  such 
points—  but  that  the  su})eificial  layer  in  one  part  is  less  dense 
than  in  another — find  the  relations  between  the  densities  and 
thicknesses  of  the  underlying  layers. 

Again,  he  says  it  would  be  absurd  to  assume  any  other  law 
of  attraction  than  the  Newtonian  for  the  case  of  nature, — very 
likely  ;  but  the  objection  is  that,  if  the  method  were  correct, 
the  same  results  might  be  deduced  even  from  an  absurd  law. 
It  is  for  this  reason  that  I  call  the  functions  he  speaks  of  {J\9) 
&c.)    "  unknown," 

Again,  he  answers  my  objection  that  in  his  solution  "  it  is 

*  Communicated  by  the  Author. 
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necessary  to  assume  the  equality  of  the  two  sides  to  the  same 
tlooree  of  a})pi'oximation  as  there  are  layers  in  the  crnst/'  by 
sayini^-  tliat  there  is  no  necessity  for  such  an  equality  in 
nature.  Just  so — that  is  my  ohjection — that  the  equality  has 
to  be  assumed  for  the  sake  of  the  mathematics. 

These  minor  objection'*,  ho\A'ever,  and  their  replies  are  of 
comparatively  little  consequence;  and  I  merely  mentioned 
them  as  slight  indications  that  should  have  shown  that  some- 
thing was  amiss.  The  main  statement,  which  Mr.  Fisher 
simply  repeats,  is  to  the  following  effect: — If 

for  any  number  of  assumed  values  of  6,  then  must 

2„,(T^^)-S„(Tr--')^ (B) 

&C.      =       &C.         ) 

the  t's  denoting  densities  and  the  ^'s  thicknesses. 

That  is  his  fundamental  proposition,  and  what  I  say  is  this :  — 
that  equations  (B)  do  not  follow  from  (A),  and  that  if  they 
were  true,  they  would  be  of  no  value. 

Even  the  converse  ])roposition,  that  if  equations  (B)  are 
satisfied  the  series  (A)  is  zero,  is  only  true  if  the  series  is  con- 
vergent; but  to  deduce  (B)  from  the  series  (A)  being  zero  it  is 
necessary  to  show,  first,  that  it  is  convergent  ;  secondly,  that 
none  of  the  functions /(^),  <^(^),  &c.,  are  zero  for  all  values  of 
6,  and  particularly  that  it  is  possible  to  make  <^(^),  '^{0),  &c. 
zero  without  making_/"(0  zero  at  the  same  time.  This  is  what  I 
mean  by  "  independent."  Mr.  Fisher  replies  to  this,  that  they 
are  not  independent,  which  is  exactly  my  objection,  because  he 
has  to  assume  them,  in  Ids  loorh,  to  be  so.  As  a  matter  of  fact, 
if  we  take  Mr.  Fisher's  values  of/(^),  (/)(^),  -^{6),  as  correct, 
each  is  a  linear  function  of  the  other  two  and  all  vanish 
together  for  the  same  value  of  6,  so  that  the  coefficient  of  any 
one  may  be  distributed  amongst  the  others.    Moreover,  the  only 

value  of  6  which  makes  them  zero  is  given  by  sin-  =  — 1, 

which    is    an   impossible    value   in  the  problem    dealt    with, 

a 

while   the   occurrence  of  sin-    in  the  denominator  of   <^[d) 

and  -^{O)  shows  that  the  series  may  well  be  divergent  for 
small  values  of  6,  and,  indeed,  cannot  be  a  true  expression  for 
the  attraction  when  ^=0.     The  true  expression  is  in  fiict  a 

function  of  two  independent  variables  t  and  sin  ^  ;  and  if  we 
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attempt  to  expand  it  in  powers  of  these  the  coefficients  are 
found  to  1)0  indeterminate. 

I'ur  snpi)osin,u  ecpiations  (B)  were  true,  what  do  thcv 
mean  ? 

As  T  t'  &v.  may  bo  jiositive  or  negative,  we  can  write  them 

Tl'l   +rJ,    +T.Js   +T4^i    ...  =0 
T,/i-  +  T,^,-  +  tJ^  +  Tj//  .  .  .  =  0 

'rit,'  +  T,t2^  +  T,f,'  +  rJ^K..  =  0 
rifi^  +  r,t.^-\-r,fs'  +  TJi'...  =  0 

=0 

Then,  unless  t^ToT-^  &c.  are  all  zero,  avc  have 
!     ^1    t,    ^3    /,'...       =0 

ir  f-^  ti  t,'... 

t  3    fi    /3    /3 

fl      H      H      ^4    .  .  . 

^1*    t.^    t,'    t,\.. 

or       t,t2f,t^...{t,-t2){t,-t,)(t,-t^){t,-t^)  .  .  .  =  0. 

Hence  one  of  these  factors  must  be  zero,  and  therefore  by 
symmetry  all  in  the  same  group  ;  that  is,  either  all  the  thick- 
nesses of  the  layers  are  zero,  or  all  are  equal;  and  in  the 
latter  case  we  get 

Ti  +  T2  +  T3  +  T4  .  .  .  =  0, 

or  the  sum  of  the  densities  in  one  cap  is  equal  to  that  in 
other. 

Mr.  Fisher  nearly  came  to  this  point  when  he  supposed  his 
/(  quantities  tif2,  &c.  to  be  connected  by  n  —  1  equations.  If 
he  had  only  tried  n  equations  instead  he  would  have  come  to 
this  same  result.  It  may  be  noted  that  the  first  71  equations 
(B)  give  us  ^1  =  ^2  =  ^3?  »-^c.,  and  hence  any  number  of  such 
equations  will  be  satistied,  for  they  all  reduce  to 

n  +  "^2  +  Ts  +  T4  .  ..  =0. 

Now  since  the  supposed  layers  of  each  cap  overlap — for  I 
admit  that  my  second  objection  is  answered  and  that  this  is 
assumed  in  the  working — and  they  are  all  equal,  the  division 
of  the  cap  into  coincident  layers  of  different  density  is  quite 
arbitrary,  provided  the  sum  of  the  densities  of  the  parts  is 
the  same  in  the  two  caps.  Equations  (B)  mean,  therefore, 
that  the  two  caps  are  identical  in  all  respects.  In  other 
words,  we  get  to  the  following  curious  result,  that  Mr.  Fisher's 
mathematical  argument,  if  assumed  to  be  correct,  would  show 
that  identical  attractions  can  only  be  produced  by  identical 
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cajjs  ;  i.e.,  would  prove  that  his  hypothesis  is  wrong,  when  he 
assumes  that  gravitation  is  constant  in  spite  of  the  different 
densities  of  the  oceans  and  continents. 

A  second  paper  by  the  same  author  *,  in  reply  to  another 
criticism  of  his  conclusions  as  to  the  existence  of  a  level  of 
no  strain  at  a  small  de[)th  below  the  earth's  surface,  calls  for 
a  few  obser\ations. 

It  is  certainly  a  gain  to  have  elicited  that,  by  Mr.  Fisher 
at  least,  "  no  claim  is  made  that  such  a  change  in  condition 
exists  at  that  depth  in  the  actual  earth."  I  thought  that  a 
level  of  no  strain  had  been  "  discovered,"  and  that  its  actual 
position  in  the  earth  was  "proved"  to  be  at  so  slight  a  depth 
as  to  show  that  the  surface-features  had  been  produced  by 
some  other  cause  than  contraction,  notwithstanding  its 
presence. 

Somehow  or  other,  however,  my  two  objections  have  got 
mixed.  The  a  priori  objection  is  that  in  amj  cooling  globe 
such  a  level  in  such  a  position  is  extremely  unlikely ;  and  the 
a  posteriori  objection  is  that  ''  in  that  cnse  the  surface-features 
would  not  have  resembled  ....  those  that  we  see,"  which  is 
thus  admitted  by  Mr.  Fisher.  That  this  objection  does  not 
simply  involve  a  petitio  principii  may  be  seen  from  the  fact 
that  the  compression  at  the  poles  is  neglected  in  the  investi- 
gation, and  this  would  make  a  difference  two  or  three  times 
as  groat  as  the  suyiposed  depth  of  the  level  of  no  strain. 

But,  as  Mr.  Fisher  says,  the  primary  objection  is  to  the 
method,  and  I  am  much  obliged  to  him,  and  I  think  others  will 
be  also,  for  calling  attention  to  the  investigation  of  the  ques- 
tion by  Prof".  H.  S.  Woodward,  which  is  an  admirable  piece 
of  work,  though  I  do  not  see  that  it  helps  Mr.  Fisher  much. 
Prof.  Woodward  distinguishes  between  "  free  cooling,"  which 
is  considered  by  Lord  Kelvin  and  Mr.  Fisher,  and  "con- 
ditioned cooling,"  which  was  dealt  with  by  Poisson,  Fourier, 
and  liiemami,  and  which  is  the  actual  state  of  affairs  with 
regard  to  the  earth ;  and  he  gives  this  curious  reason  for 
assuming  that  the  former  may  be  adopted  instead  of  the 
latter,  that  "  defects  in  the  best  data  at  present  attainable, 
and  probable  inaccuracies  in  our  fundamental  assumi)tiou, 
render  the  results  uncertain  even  in  the  first  place  of  decimals." 
In  other  words,  when  a])})lied  to  the  actual  earth,  both  suppo- 
sitions must  give  such  loose  approximations  that  it  matters 
little  which  is  taken.  How,  then,  can  we  hope  to  get  resuUs 
of  any  value  when  we  deal  with  such  small  quantities  as  a 
mile  or  two  in  a  spheroidal  earth  ? 

But,  more  than  this,  it  seems  to  me  that  as  soon  as 
*  Phil.  Mag.  July  1894. 
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Mr.  Fisher  leaves  his  <ijuide  his  equations  become  wron^. 
The  tbrmulu  fjiven  by  Prof.  ^VooJ\varcl  tor  the  temperature 
a  become?  imk^terminate  when  we  mai<e  x=r,  i.e.  when 
we  seek  to  know  the  temperature  at  the  centre,  as  the  expres- 
sion in  brackets  becomes  zero  ;  and  to  this  there  is  no  objec- 
tion. But  when  Mr.  Fisher  takes  only  the  first  two  terms 
and  differentiates,  he  gets 

dt  V^r—xt^lKt 

If  in  this  we   put  .i'  =  y,  and  r  is  not  infinite,  then  -j- 

becomes  infinite — that  is,  the  rate  of  coohng  at  the  centre  is 
infinite — while  in  reality  it  must  he  quite  small.     In  like 

manner  -y-^  also  becomes  infinite,  /.  e.  the  temperature  at  the 

centre  is  infinitely  greater  than  elsewhere.  As  Mr.  Fisher^s 
results  depend  on  the  values  of  these  differential  coefficients, 
it  does  not  seem  possible  that  they  can  be  correct. 

If  the  mathematics  is  to  teach  us  anything  we  must  keep 
the  meaning  of  our  equations  well  in  mind  throughout.  As 
I  have  shown,  each  term  of  the  series  which  satisfies  the 
fundamental  equation 

d{zu)  _    d^{zu) 

~dr~''~w 

gives  the  cooling  greatest  at  the  centre,  and  the  sum  of  a 
number  of  maxima  must  itself  be  a  maximum.  Hence,  if 
we  do  not  discrim'nate  in  some  way,  it  would  follow  that 
throughout  the  whole  cooling  from  ^  =  0  to  t  =  --c>  the  cooling- 
is  greatest  at  the  centre  ;  whereas  we  know  very  well  that 
at  the  beginning  the  cooling  will  be  greatest  at  the  surface. 
This  must  be  accounted  for  in  some  way,  whether  my  ex- 
planation of  it  be  correct  or  not  ;  in  fact,  in  the  cooling  of 
every  body  there  must  be  two  stages — the  first,  a  temporary 
one,  when  the  exterior  cooling  is  most  rapid,  and  the  second, 
one  which  lasts  till  all  the  heat  is  lost,  during  which  time 
the  surface  has  so  little  heat  to  lose  that  the  centre  cools 
quickest ;  and  the  question  is  whether  the  earth  has  now,  and, 
if  so,  when  it,  entered  on  this  second  stage. 

Only  when  the  temperature  condition  of  the  earth  is  settled 
can  we  enter  into  the  question  of  its  results  as  regards  con- 
traction and  a  level  of  no  strain.  There  appears  to  me  to  be 
an  error  also  in  Mr.  Fisher's  investigation  of  this  point,  as 
he  deals  with  the  circumference  of  the  earth  at  the  leve'  he 
discusses  rather  than  with  the  spherical  area  ;  but  as  we  do 

Phil.  Mag.  S.  5.  Vol.  38.  No.  233.  Oct.  1894.        2  F 
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not  really  reaeh  this   point,   I   have   not   entered  into  that 
question,  nor  Jo  I  desire  to  do  so. 

It  does  not  ap[)ear,  therefore,  that  the  mathematieal  in- 
vestigation prevents  us  in  any  way  from  taking  a  general 
view  of  the  matter  under  the  light  of  the  positive  teachings 
of  geology.  ^Ve  know  that  a  cooling  body  must  contract, 
and  that  it  will  not  contract  equally  throughout  ;  we  know 
that  the  surface-features  demonstrate  a  great  amount  of  con- 
traction^ and  whether  other  causes  of  contraction  have  operated 
or  not,  we  are  at  liberty  to  look  on  the  cooling  as  one  of 
the  most  potent ;  and  geological  observations  must  teach  us 
how  far  and  in  what  manner  such  co  itractions  have  been 
effected. 


XLIX.   Of  the  "'Electron,"  or  Atom  of  Electricity/. 

To  the  Editors  of  the  Philosophical  Magazi7ie. 
Gentlemen, 

PKOFESSOR  EBERT,  in  his  paper  on  the  Heat  of 
Dissociation  in  last  mouth's  (September)  Phil.  Mag., 
says  on  p.  832  : — "  Von  Helmholtz_,  on  the  basis  of  Faraday's 
Law  of  Electrolysis,  ivus  the  first  to  show  in  the  case  of 
electrolytes  that  each  valency  must  be  considered  charged 
with  a  minimum  quantity  of  electricity,  the  'valency-charge,' 
which  like  an  electrical  atom  is  no  longer  divisible." 

Now  I  had  already  twice  pointed  out  this  remarkable  fact  : 
first,  at  the  Belfast  meeting  of  the  British  Association  in 
August  1874,  in  a  paper  "  On  the  Physical  Units  of  Nature," 
in  which  I  called  attention  to  this  minimum  (quantity  of 
electricity  as  one  of  three  *  physical  units,  the  absolute 
amounts  of  which  are  furnished  to  us  by  Nature,  and  which 
may  be  made  the  basis  of  a  complete  body  of  systematic 
units  in  which  there  shall  be  nothing  arbitrary.  This  same 
paper  was  again  read  before  the  Royal  DubHn  Society  on 
the  16th  of  February,  1881,  and  is  printed  both  in  the  Pro- 
ceedings of  that  meeting  and  in  the  Phil.  Mag.  of  the 
following  May. 

*  The  two  other  units  being  (1)  the  "Maxwell"  of  velocity,  that 
velocity  which  counects  electrostatic  with  electromaguetic  units  in  a 
medium  of  which  the  inductive  capacity  is  unity,  and  which,  under  the 
electromagnetic  theory  of  light,  is  also  the  maximum  velocity  of  light  ; 
and  (2)  the  "  Neivton  "  of  gravitation,  that  coefficient  of  universal  gravi- 
tation of  the  amount  of  which  Professor  Boys  has  lately  made  so  accurate 
a  determination. 
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Professor  Helmholtz's  announcement  was  made  in  Ins 
Faraday  Lecture  delivered  on  the  5tli  of  April,  1^81,  subse- 
quent to  both  the  annou.icemeuts  I  had  made.  See  the 
Journal  of  the  Chemical  Society  for  1881.  The  announce- 
ments as  made  by  him  and  by  myself  are  as  follows  : — 

G.  Johnstone  Stoney  in  Auo-.      Professor  von    Helniholtz   in 
187-4,  and    again    in    Feb.  April  1881. 

1881. 

"  And,  finally,  Nature  presents  "  Now  the  most  startling  result 

us,  in  the  phenomenon  of  electro-  of  Faraday's  Law  is  perhaps  tliis. 

lysis,  with  a  single  detinite  quantity  If  we  accept  the  hypothesis  that 

of  electricity  wliicli  is  independent  the  elementary  substances  arc  com- 

of  the  particular  bodies  acted  on.  posed  of  atoms,  we  cannot  avoid 

To  make  this  clear  I  shall  express  concluding    that    electricity    also, 

'Faraday's  Law'  in  the  following  positive    as  well    as   negalivc,   is 

terms,  which,  as  I  shall  show,  wilt  divided  into    definite    elementaiy 

give  it   precision,  viz.  : — For  each  portions  which  behave  like  atom's 

chemical  bond  7chich    is   ruptured  of  electricity.     As  long  as  it  moves 

ictthin     an     electrvlyte    a    certain  about   on   the    electrolytic    liquid 

quantity  of  electricity  traverses  the  each  ion  remaiii.-s  united  with  its 

electrolyte  which  is  the  same  jyi  all  electric  equivalent  or  equivalents. 

cases.     This   definite   quantity   of  At  the  surface  of  the   electrodes 

electricity  I  shall  call  E,.     If  we  decomposition  can    take    place   if 

make   this    our    unit  quantity   of  there    is    sufficient    electromotive 

electricity,  we  shall  probably  have  force,  and  then  the  ions  give  off 

made  a  veiy  important  step  in  our  their  electric  charges  and  become 

study  of  molecuJar  phenomena."  electrically  neutral." 

(Readers  of  my  paper  are  requested  to  bear  in  mind  that  it 
was  written  so  long  ago  that  the  Ampere  was  still  understood 
to  mean  the  electromagnetic  unit  guantifji/  of  electricity  of 
the  Ohm  series.  The  term  is  now  always  applied  to  the  unit 
current.  Moreover  the  paper,  having  been  written  before 
C.Gr.S.  units  came  into  use,  employs  those  which  had  been  at 
an  earlier  date  adopted  by  the  Committee  of  the  British 
Association  on  Electrical  Standards,  viz.  the  G.M.S.,  or  gram- 
metre-second  S}'stem.) 

In  this  paper  an  estimate  was  made  of  the  actual  amount 
of  this  most  remarkable  fundamental  unit  of  electricity,  for 
which  I  have  since  ventured  to  suggest  the  name  electron. 
According  to  this  determination  the  electron  =  a  twentietliet 
(that  is  10~^^)  of  the  quantity  of  electricity  which  was  at 
that  time  called  the  ampere,  viz. :  the  quantity  of  electricity 
which  passes  each  second  in  a  current  of  one  ampere,  using 
this  term  here  in  its  modern  acceptation.  This  quantity  of 
electricity  is  the  same  as  three  eleventhets  (3x  10"'^)  of  the 
C.G.S.  electrostatic  unit  of  quantity. 
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That  determination  was  made  twenty  years  ago,  and  is 
founded  on  the  estimate  I  had  previously  announced  in  1867 
of  the  number  of  molecules  present  in  a  gas,  viz.:  10^^  in 
each  cubic  millimetre  of  a  gas  at  standard  temperature  and 
pressure  (see  Phil.  Mag.  for  August  1868,  vol.  xxxvi. 
p.  141). 

An  estimate  of  this  same  remarkable  unit  of  electricity 
was  made  in  1891  by  Professor  Eieharz,  as  quoted  by  Pro- 
fessor Ebert  (see  p.  335  of  the  September  number  of  the 
Phil.  Mag.).  His  determination  makes  the  electron  =  12'9 
eleventhets  (12-9  x  10~^^j  of  the  C.G.S.  electrostatic  unit. 
This  appears  to  be  in  sufficiently  satisfactory  agreement  with 
my  previous  determination,  having  regard  to  the  amounts  of 
the  probable  errors  of  some  of  the  data. 

Finally,  in  1891  (see  Transactions  of  the  Royal  Dublin 
Society,  vol.  iv.  p.  583),  I  called  attention  to  the  fact,  which 
Professor  Ebert  appears  also  to  have  noticed  in  1893  (see 
footnote  on  p.  335  of  the  September  number  of  the  Phil. 
Mag.),  that  the  motions  going  on  within  each  molecule  or 
chemical  atom  cause  these  electrons  to  l^e  waved  about  in  the 
luminiferous  aether,  and  that  in  this  constrained  motion  of 
the  electrons  the  distinctive  spectrum  of  each  kind  of  gas 
seems  to  originate  :  since  lines  in  the  spectrum  will  be  fur- 
nished by  each  term  of  the  Fourier's  series  which  represents 
the  special  motion  of  each  electron  (see  Transactions  of  the 
Royal  Dublin  Society,  vol.  iv.  1891,  p.  585).  In  fact  the 
only  other  conceivable  source  of  these  spectra  is  excluded, 
viz.,  Hertzian  undulations  consequent  u])on  electric  discharges 
within  or  between  the  molecules.  This  is  because  these 
undulations,  if  they  exist,  must  consist  of  waves  of  far  too 
high  frequency  to  produce  lines  that  can  be  visible,  or  even 
that  could  be  situated  within  any  part  of  the  spectrum  that 
has  been  reached  by  photography — a  circumstance  to  which 
my  attention  was  called  by  Professor  FitzGerald.  They 
cannot,  therefore,  be  the  cause  of  any  part  of  the  ktwicn 
spectra  of  gases. 

I  am,  Gentlemen, 
Yours  faithfully, 

8  Upper  Hornsey  Rise,  N.  Q,  JoHNSTONE  StoneY. 

September  4,  1894. 
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April  11th,  1804.— Dr.  Henry  Woodward,  F.R.S., 
President,  in  the  Chair. 

THE  following  communications  were  read  : — 
1.  '  Mesozoic  Roclcs  and  Crystalline  Schists  in  the  Lepontine 
Alps.'     By  T.  G.  Bonney,  D.Sc,  LL.D.,  F.K.S.,  F.G.S.,  Professor  of 
Geology  in  University  College,  Lordon,  and  Fellow  of  St.  John's 
College,  Cambridge. 

The  author  described  the  results  of  an  examination  of  the  infold 
of  Jurassic  rock  in  the  Urserenthal,  undertaken  in  the  hope  of 
finding  some  definite  evidence  as  to  the  relations  of  the  marble, 
exposed  near  the  old  church  at  Altkirche,  and  the  adjacent  Jurassic 
rocks.  Good  sections  are  few  and  far  between  :  for  the  comparatively 
perishable  nature  of  the  rock  causes  it  usually  to  be  masked  by 
debris  and  turf. 

The  easternmost  of  the  sections  described  occurs  high  up  on  the 
slopes  north  of  the  Oberalp  road.  Bead  off  from  the  northern  side 
it  exhibits  (1)  gneiss,  (2)  phyllites  with  bands  of  subcrystalline 
limestone,  etc. — Jurassic,  (3)  a  little  rauchwacke,  (4) '  sericitic'  gneiss. 
The  next  section  (about  250  feet  above  the  8t.  Gothard  road  at 
Altkirche)  gives  (1)  gneiss,  (2)  covered  ground,  (3)  slabby  marble, 
(4)  phyllite,  (5)  thicker  mass  of  slabby  marble,  (G)  phyllite,  etc., 
(7)  '  sericitic '  gneiss.  The  third  section  (just  above  the  church) 
runs  thus,  using  numbers  to  correspond  with  the  last : — (1)  gneiss, 
(4)  phyllite,  (5)  slabby  marble,  (G)  phyllite,  etc.,  (7)  '  sericitic ' 
gneiss.  It  must  be  remembered  that  on  the  slopes  of  the  Oberalp 
farther  south,  between  the  '  sericitic '  gneiss  and  the  '  Hospentlial 
Schists,'  another  dark  phyllite  is  found,  generally  considered  by  1;he 
Swiss  geologists  to  be  Carboniferous.  The  marble  in  the  third  section 
is  in  places  distinctly  banded  with  white  mica,  and  passes  on  the 
northern  side  into  fairly  normal  mica-schist  and  quartzose  schist. 
The  fourth  section,  about  a  mile  away,  on  the  left  bank  of  the 
Reuss  valley,  gives  a  practically  continuous  section  in  phjllite  and 
dark  limestone,  without  any  marble.  In  the  fifth  section,  rather 
more  than  a  mile  farther,  if  any  marble  is  present,  it  is  very  thin  and 
shattered.  At  Eealp,  about  S|  miles  farther,  the  next  good  section 
is  obtained.  Here  the  rocks  go  in  the  following  order  (from  the 
northern  side): — (1)  gneiss;  (2)  phyllite  and  limestone ;  (3)  sub- 
crystalline  limestone,  looking  very  crushed ;  (4)  the  marble ;  (.5) 
phyllite,  etc. ;  (6)  Hospenthal  Schists.  The  last  group  of  sections 
occurs  near  the  Furka  Pass.  In  the  first,  crossed  by  the  high  road, 
there  is  no  marble,  but  a  little  rauchwacke  on  the  southern  side. 
The  next  one,  on  the  slopes  below  the  pass,  seems  to  show  two  masses 
of  the  marble  parted  by  a  subcrystalline  limestone  like  that  at 
Jlealp,  with  phyllite  above  and  below.    Of  the  two  masses  of  marble 
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the  southern  one  can  be  traced  right  across  the  pass,  but  the  extent 
of  the  other  is  not  so  clear. 

Exami.iation  of  the  m..rblo  mentioned  above  shows  in  all  cases 
that  it  has  been  considcra1)ly  modified  by  pressure  since  it  became  a 
cry.slallinc  rock.  The  author  discusses  the  evidence  of  these  sections, 
iiiid  raainrains  that  tho  hypothesis  that  the  marble  is  an  older  rock 
intercalated  by  thrust-faulting  among  Jurassic  strata  leads  to  fewer 
(litficuhics  tlian  to  consider  it  as  belonging  to  the  same  system. 

Ill  tlio  hitter  part  of  the  paper  the  results  of  a  re-examination  of 
the  ravine-section  in  the  Val  Canaria,  and  of  some  studies  of  the 
south  sid{»  of  the  Val  Bcdretto  are  described,  which,  as  the  author 
maintains,  confirm  the  view  already  expressed  by  him,  viz.,  that 
the  schists  with  black  garnets,  mica,  kyanite,  dolomite,  and  calc^'te 
(the  last  sometimes  becoming  marbles)  are  not  altered  Jurassic  rocks 
but  are  much  older. 

2.  '  Notes  on  some  Trachytes,  Metamorphosed  Tuffs,  and  other 
Rocks  of  Igneous  Origin,  on  the  Western  Flank  of  Dartmoor.'  By 
Licutenant-General  C.  A.  McMahon,  F.G.S. 

In  this  paper  tho  author  notices  the  occurrence  of  felsite  and 
trachyte  at  Hourton  Tor ;  of  rhyolite  and  of  aluminous  serpentine 
at  Was  Tor ;  and  of  a  dolerite  at  Brent  Tor  in  the  exact  situation 
indicated  by  Mr.  llutley  as  the  probable  position  of  the  throat  of 
the  Brent  Tor  volcano, 

Tho  author  descri])es  exten8i^'c  beds  of  tuffs  at  Sourton  Tor  and 
jNleldoD,  the  matrix  of  which  has  been  converted,  by  contact-meta- 
morphism,  into  what  closely  resembles  the  base  of  a  rhyolite,  and 
wliich,  in  extreme  cases,  exhibits  fluxion-structure,  or  a  structure 
closely  resembling  it.  The  fragments  included  in  this  base  are  so 
numerous  that  six  or  seven  different  species  of  lavas  may  be  seen 
in  a  single  slide  ;  this  fact,  and  a  consideration  of  the  extensive 
area  over  which  these  beds  extend,  lead  the  author  to  believe 
that  these  beds  are  metamorphosed  tuffs  and  not  tufaceous  lavas. 

He  then  describes  some  beds  on  the  flank  of  Cock's  Tor,  which 
give  evidence  on  their  weathered  surface  of  an  original  lami- 
nated structure  by  exhibiting  a  corded  appearance  like  corduroy 
cloth.  These  beds  are  composed  of  colourless  augite,  set  in  a  base 
which  in  ordinary  light  looks  like  a  structureless  glass,  but  which 
between  crossed  nicols  is  seen  to  be  an  obscurclj''  crystalline  felsjiar. 

The  author  compares  these  rocks  with  that  portion  of  the  Lizard 
hornblende-schists  for  which  a  tufaceous  origin  was  proposed  by 
Do  la  Beche  and  other  writers,  including  Prof.  Bonnej-  and  himself. 
He  shows  that  the  Lizard  schists  and  the  Cock's  Tor  rocks  agree  in 
bpecific  gravity  and  in  some  other  characteristics ;  and  he  concludes 
that  at  Cock's  Tor  the  first  stage  in  the  conversion  by  contact- 
action  of  beds  of  fine  volcanic  ash  into  hornblende-schist  had  been 
completed,  and  the  final  stage,  due  to  aqueous  agencies,  had  just 
begun. 

The  paper  concludes  with  some  remarks  on  the  relationship  of 
the  epidioritcs  to  the  rocks  of  volcanic  origin. 
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April  25th. — Dr.  Henry  Woodward,  F.ll.S., 
Presidcut,  iu  the  Chair. 

The  follo^ving  communications  wore  read  :  — 

1.  'Further  Notes  on  some  Sections  on  the  New  Kailway  from 
Romford  to  Upminster,  and  on  the  Kehitions  of  tho  Thames  Valley 
Beds  to  the  Boulder  Clay.'     By  T.  V.  Holmes,  Esq.,  F.G.8. 

The  author  alludes  to  his  discovery  of  Boulder  Clay  on  this  new 
railway  at  Horncliurch  (dealt  with  in  a  previous  paper,  Q.  J.  G.  8. 
Aug.  1892),  and  describes  the  finding  of  more  Boulder  Clay  close  to 
Romford  during  the  deepening  and  widening  of  a  cutting  there. 
The  Boulder  Clay  was  on  precisely  the  same  level  as  that  at  Horn- 
church,  a  mile  and  a  half  to  the  south-east,  and,  like  it,  was  covered 
by  gravel  belonging  to  the  highest,  and  presumably  oldest,  tci  race 
of  the  Thames  Valley  system.  A  portion  of  the  silted-up  channel 
of  an  ancient  stream-course  was  also  found  in  this  llomford  cutting. 
Its  relations  to  the  Boulder  Clay  could  not  be  seen,  as  thej'^  were 
not  in  contact,  but  they  were  alike  covered  by  the  oldest  gravel 
belonging  to  the  Thames  Valley  system.  The  author  discusses  the 
probable  direction  of  tlie  flow  of  this  stream-course,  and  the  Avay  in 
which  it  was  superseded  by  the  ancient  Thames.  After  noticing 
certain  points  brought  forward  during  the  discussion  on  his  former 
paper,  he  concludes  with  a  criticism  on  the  views  to  which  Dr. 
Hicks  inclines  in  his  paper  on  the  Sections  in  and  near  Endsleigh 
Street  (Quart.  Journ.  Geol.  Soc.  vol.  xlviii.  1892)  as  regards  t_ie  age 
of  those  beds,  asserting  that  they  are,  in  all  probability',  simply  River 
Drift  of  the  Thames  Valley  system,  and  consequently  post-Glacial, 
in  the  sense  of  being  later  in  date  than  the  Boulder  Clay  of  Essex 
and  Middlesex. 

2.  '  On  the  Geology  of  the  Pleistocene  Deposits  in  the  Valley  of 
the  Thames  at  Twickenham,  with  Contributions  to  the  Flora  and 
Fauna  of  the  Period,'  By  J.  R.  Leeson,  M.D.,  F.L.S.,  F.G.S.,  and 
G.  B.  Laffan,  Esq.,  B.Sc,  F.G.S. 

The  section  described  in  this  paper  was  exposed  during  the  con- 
struction of  an  effluent  from  the  Twickenham  sewage-works  to  the 
Thames.     Its  length  was  about  one  mile. 

The  beds  exposed  were  : — (1)  Coarse  reddish-yellow  gravels, 
coloured  blue  below,  lying  on  an  eroded  surface  of  (2)  Dark  blue 
loam,  varying  in  thickness,  the  greatest  thickness  seen  being  3  feet, 
at  a  place  where  the  bottom  was  not  reached ;  (3)  Dark  sand  ; 
(-i)  Coarse  ballast-gravel ;  (5)  London  Clay. 

Tho  loam  (which  is  quite  a  local  deposit)  yielded  8  species 
of  moUusca  and  14  species  of  plants,  all  still  living  in  the  neigh- 
bourhood. A  number  of  mammalian  bones  referable  to  7  species 
were  lying  just  on  the  surface  of  the  loam.  Amongst  the  forms 
were  bison  and  reindeer. 

The  authors  consider  that  the  loam  was  deposited  in  a  small  lake, 
and  they  allude  to  similarities  between  it  and  a  deposit  described 
by  Dr.  Hicks  as  occurring  in  the  Endsleigh  Street  excavations. 

3.  'On  a  new  Goniatito  from  the  Lower  Coal  Measures.'  By 
Herbert  Bolton,  Esq.,  F.R.S.E. 
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LI.  Intelligence  and  Miscellaneous  Articles. 

A  STUDY  OF  UNIPOLAR  INDUCTION. 
BY  PROF.  DR.  ERNST  LECHER. 

^piIE  tirst  part  contains  historical  and  general  observations,  and 
-*-  shows  that  neither  previous  experiments  nor  the  more  recent 
modifications  can  settle  this  question.  It  appears  that  the  Biot- 
ISavart  law,  of  the  action  of  a  rectilinear  conductor  on  a  magnetic 
pole,  is  not  in  harmony  with  experimental  facts. 

The  second  part  contains  a  condensed  account  of  the  experi- 
ment of  an  electrometric  proof  of  electrostatic  charges  of  a  rota- 
ting magnet.  The  author  does  not  consider  these  experiments  to 
be  free  from  objection. 

The  third  part  contains  the  experimentam  crucis,  and  the  decision 
of  the  question  raised.  A  magnet  is  divided  by  an  equatorial 
section  in  two  parts,  each  of  which  can  rotate  separately.  By 
means  of  suitable  spring  contacts  it  is  possible  to  obtain  from  the 
two  ends  of  the  magnet  an  induction  current  which  cannot  pos- 
sibly be  due  to  a  cutting  of  the  rotating  lines  of  force  in  the  short 
fixed  spring  contacts.  The  current  is  easily  explained  if  we  adopt 
the  view  of  Faraday,  which,  however,  he  afterwards  abandoned, 
that  the  rotating  magnet  cuts  its  own  fixed  lines  of  force,  and 
thus  has  an  electromotive  action. — Wiener  Berichte,  July  12, 
1894. 


ON  THE  CIRCULAR  MAGNETIZATION  OF  IRON  WIRES. 
BY  PROF.  DR.  IGN.  KLEMENCIC. 

The  author  investigated,  in  wires  of  soft  and  hard  iron  and  of 
Bessemer  steel,  the  extra  currents  which  are  formed  on  passing  a 
current  owing  to  circular  magnetization.  From  the  extra  currents 
the  susceptibility  in  a  circular  direction  may  be  calculated  by  a 
formula  of  Kirchhoff.  The  susceptibility  in  an  axial  direction  for 
different  field-strengths  ^as  determined.  The  experiments  showed 
that  qualitatively  the  course  of  the  susceptibility  in  both  directions 
is  jiretty  much  the  same.  Quantitatively,  however,  the  following 
difference  is  to  be  observed.  With  soft-annealed  iron  the  sus- 
ceptibility about  the  axis  is  less  than  in  the  direction  of  the  ax's. 
If  the  iron  wiro  is  hardened  by  a  stress,  the  susceptibility  in  a 
longitudinal  direction  diminishes  more  rapidly  than  in  the  circular, 
and  the  behaviour  observed  for  soft  iron  may  even  be  reversed. 

iSinuiltaneous  experiments  on  remanent  magnetism  gave  gi'eater 
values  for  this  with  circular  than  with  axial  magnetization,  especially 
in  hard  iron  and  steel.  Repeated  demagnetization  with  greater 
lield-strengths  increases  the  susceptibility  for  weaker  fields,  even 
with  circular  magnetization. — •  Wiener  Berichte,  July  5,  1894. 
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LII.    Wave-Lengths  of  Electricity  on  Iron  Wires. 
By  Charles  E.  St.  John,  A.M.* 

[Plate  XII.] 

THE  question  whether  the  magnetic  properties  of  iron  are 
called  into  play  under  extremely  raj)id  alternations  of 
the  magnetizing  forces  is  an  interesting  one,  and  has  received 
various  answers. 

Hertz  found  negative  results  when  he  replaced  one  side  of 
a  rectangular  copper  resonator  f  by  an  equal  iron  wire  ;  and 
in  a  later  paper,  on  the  "  Finite  Velocity  of  Electromagnetic 
Action  "J,  when  he  compares  the  rate  of  propagation  along 
copper  and  iron  wires,  he  concludes  "  that  the  rate  of  propa- 
gation in  all  wires  is  the  same,  and  we  are  justified  in  speaking 
of  it  as  a  definite  velocity.  Even  iron  wires  are  no  exception 
to  this  general  rule ;  hence  the  magnetic  properties  of  the  iron 
are  not  called  into  play  by  such  rapid  disturbances  ^'§. 

Dr.  Oliver  J.  Lodge  attacked  the  question  by  means  of  his 
experiment  on  the  alternate  path.  In  his  '  Lightning  Con- 
ductors and  Lightning  Guards  '  (181)2),  he  remarks  : — "  But 
everyone  will  say — and  I  should  have  said  before  trying — 
surely  iron  has  more  self-induction  than  copper.     A  current 

*  Communicated  by  Prof.  .7.  Trowbridge. 

t  Wied.  Ann.  xxxi.  p.  4l^9  (1887).  |  Hid.  xxxiv.  p.  351  (1888). 

§  'Electric  Waves,'  p.  113. 
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^oing  tlirougli  iron  has  to  magnetize  it  in  concentric  cylinders, 
and  this  takes  time.  But  experiment  dechires  against  this 
view  lor  the  case  of  leyden-jar  discharges." 

Prof.  John  Trowhridge  has  shown*  that  the  magnetic 
character  of  iron  wires  exercises  an  important  influence  upon 
tlie  decay  of  electrical  oscillations  of  high  frequency,  and  that 
currents  of  such  frequency  as  occur  in  leyden-jar  discharges 
magnetize  the  iron.  The  spark  in  geometrically  similar 
oscillating  circuits  of  copper  and  iron  was  photographed  hy 
means  of  a  revolving  mirror,  and  the  number  of  oscillations 
on  tbe  negatives  compared. 

Prof.  J.  J.  Thomson  has  shown  f  that  the  presence  of  iron 
can  affect  the  rapidly  oscillatiug  electric  discharges  through 
a  rarefied  gas  hy  absorbing  the  energy  of  tbe  discharges. 

In  a  |)a})er  npon  the  "  Absor{)tion  Power  of  Metals  for  the 
Energy  of  Electric  Waves," |  V.  Bjerknes  has  also  given 
results  that  prove  the  great  damping  power  of  magnetic 
metals  upon  electric  oscillations  of  very  high  frequency 
(100,000,000  double  oscillations  ])er  second). 

If  the  damping  power  of  iron  is  due  to  the  fact  that  its 
magnetic  projierties  are  brought  into  play  under  such  rapidly 
alternating  forces,  it  still  remains  an  interesting  question 
whether  the  self-induction  of  an  iron  circuit  is  measurably 
greater  than  that  of  a  similar  copper  circuit,  and  whether  the 
wave-length  remains  constant  for  oscillatiojis  of  the  same 
period. 

In  the  determinations  of  the  wave-length  due  to  the 
Hertzian  vibrator,  tbe  arrangement  originated  by  Hertz  §, 
and  modified  by  Lecher  ||  and  by  Sarasin  and  De  La  lliveli, 
has  been  very  generally  employed.  In  this  arrangement 
secondary  disks  were  placed  face  to  face  with  the  plates  of 
the  vibrator  and  near  to  thenij  to  each  secondary  disk  a  long 
wire  was  attached,  and  these  wires  carried  through  the  air 
parallel  to  each  other,  with,  sometimes,  an  additional  disk  on 
the  free  ends. 

With  such  an  arrangement  no  exact  adjustment  of  the 
length  of  the  secondary  circuit  was  required  in  order  to  excite 
powerful  oscillations  in  it,  ior  the  direct  electrostatic  induction 

*  '  Proceedings  of  American  Academy  of  Arts  and  Sciences,'  xxv., 
May  27,  1891. 

t  Phil.  Mag.  [5]  xxxii.  p.  456,  July  1891. 

X  Wied.  Attn.  xliv.  p.  74  (1891). 

§  Ibid,  xxxiv.  p.  651  (1888). 

il  I/nd.  xli.  p.  850. 

*|1  Archives  dcs  Sciences  Physiques,  t.  xxiii.  p.  113  (1800). 
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bc'twecu  tlu^  ]tl:itos  of  the  secondaiy  aiul  the  disks  on  the 
ends  of  the  primary  Avires  was  so  great  that  vigorous  oscil- 
lations were  jiroduced  along  the  secondary  wires  whatever 
their  length  might  be,  and  several  systems  of  waves  could 
be  detecteil  which  seemed  to  give  experimental  grounds  for 
believing  that  the  wave-system  sent  out  from  the  Hertzian 
vibrator  was  very  complex. 

The  ca[)acity  of  the  vibrator  is  increased  by  the  presence  of 
these  secondary  di<ks  so  ni'ai  to  the  vibrator-plates,  so  that 
the  wave-length  found  under  these  conditions  is  not  that 
due  to  the  simple  Hertzian  vibrator  but  that  duo  to  a  very 
complex  oscillating  system  with  somewhat  obscure  internal 
reactions.  Especially  is  this  true  when  the  wires  are  bridged 
as  in  the  Lecher  arrangement.  The  latter  calls  attention  to  the 
change  in  the  sound  of  the  primary  spark  when  the  secondary 
wires  are  bridged  by  a  conductor.  There  is  a  very  marked 
difference  in  the  spark  when  the  secondary  circuit  is  removed 
entirely :  the  spark  then  loses  much  in  body  and  explosive 
character.  The  secondary  circuit  under  these  conditions 
exerts  apparently  a  strong  reaction  upon  the  primary. 

It  seemed  desirable  to  devise  some  form  of  secondary 
depending  more  directly  upon  the  principle  of  electrical 
resonance,  the  use  of  wdiich  would  not  increase  the  capacity 
of  the  vibrator,  and  whose  reaction  upon  it  would  be  a 
minimum.  This  was  done  by  omitting  the  secondary  disks 
and  using  simply  a  long  wire  as  shown  in  fig.  1. 


Fi-  1. 


859  cut 


P 


S 


The  secondary  circuit  consists  of  the  long  rectangle  PQRS, 
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which  is  carefully  adjusted  to  resonance  before  any  other 
measurements  are  made. 

For  detennininfr  the  occurrence  of  resonance  and  for  ex- 
])lorinfr  the  wires  to  obtain  the  wave  form,  the  bolometer  aa 
described  by  Paalzow  and  Rubens  *  was  used  in  connexion 
with  Rubens's  f  adaj)tation  of  it.  The  ex])lonng  terminals  of 
the  bolometer  are  shown  at  P,  fig.  2.     They  consist  of  two 

Fig.  2. 


capillary  glass  tubes  set  in  a  frame  of  wood ;  the  tubes  slide 
over  the  wires  to  be  explored,  and  around  each  tube  is 
wrapped,  by  a  single  turn,  one  of  the  lead  wires  to  the 
bolometer.  Electric  oscillations  in  the  secondary  circuit 
cause  inductively  alternating  currents  along  the  lead  wires 
through  one  arm  of  a  balanced  Wheatstone  bridge,  which 
forms  the  bolometer.  This  arm  of  the  bridge  is  made  of  fine 
iron  wire,  and  so  arranged  that  the  bridge  current  and  these 
oscillating  currents  traverse  it  without  affecting  each  other. 
The  bridge  is  thrown  out  of  balance  by  the  increase  of  resist- 
ance caused  by  the  heat  generated  from  the  alternating 
currents,  and  a  corresponding  throw  of  the  galvanometer  is 
produced. 

To  adjust  the  circuit  to  resonance  the  exploring  terminals 
were  placed  at  P  S  (fig.  1).  The  induction-coil  was  put  in 
action,  and  the  reading  of  the  bolometer  taken  for  this  length 
of  wire.  A  few  centimetres  of  wire  were  cut  off  and  the  reading 
again  taken.     This  operation  was  repeated  until  a  maximum 

*  "Anwenduiior  des  bolometrischen  Princips  auf  electrische  Messungen," 
Wied.  An)7.  xxxvii.  p.  529. 

t  "  Ueber  stehende  electrische  Wellen  in  Drahteu  und  deren  Messung," 
Ibid.  xUi.  p.  154. 
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point  was  passed.  The  wires  were  renewed,  and  the  operation 
repeated  attain  and  again.  A  sharp  and  unmistakable  niaxi- 
nuim  was  found  wIumi  P  Q  was  859  centim.  long.  (fig.  8).  The 
eftect  fell  oft' ra])idly  either  when  the  Mires  were  lengthened  or 
shortened  from  this  point.  The  result  is  shown  graphically  in 
fig.  2  (PI.  XII.),  where  distances  from  Q  are  used  as  abscissas 
and  deflexions  of  the  galvanometer  as  ordinates.     When  the 
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circuit  is  thus  arranged,  there  is  little  effect  produced  upon  it 
by  the  vibrator  unless  it  is  near  the  point  of  resonance.  The 
period  of  the  vibrator  is  the  controlling  factor,  and  the  in- 
fluence of  the  secondary  circuit  is  greatly  reduced. 

To  determine  the  character  of  the  vibration  along  the  wire, 
the  lengths  Q  P  and  K  S  (fig.  1)  wei'c  fixed  at  859  centim., 
the  exploring  terminals  were  moved  along  the  rectangle,  and 
the  bolometer-readings  taken  for  each  position  of  the  explor- 
ing terminals.  The  graphic  representation  of  the  results  is 
given  in  fig.  1  of  PI.  XII.,  where,  as  in  all  the  curves,  the 
abscissas  are  the  length  of  the  sides  of  the  rectangle  and  the 
ordinates  the  bolometer-readings.  The  character  of  the  curve 
indicates  a  simple  form  of  vibration.  The  total  length  of  the 
wire  is  equivalent  to  7  half  wave-lengths.  The  minimum 
points  occur  at  nearly  equal  intervals,  and  the  distance  from 
the  minimum  at  748  centim.  to  the  centre  0  (fig.  1)  of 
the  side  Q  R  may  be  taken  as  3  half  wave-lengths.  This 
furnishes  a  read}'  means  of  calculating  the  half  wave-length. 
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QR=30c(Mitini.  748+15  =  763  centim.  763+-3  =  2r)4-3 
centini.  =  :i  liiill"  wave-lcngtii.  The  distance  from  this  miniiniun 
to  tlie  end  of  the  wire  P  should  be  a  fourtli  wave-lenoth  of 
127*]5  centim.  The  actual  distance  is  85U  — 74(S=  111  centini., 
so  tliat  the  correction  for  the  free  end  of  the  wire  is  ahout 
16  centim. 

To  adjust  the  lenpjth  of  the  wire  under  this  arrangement  was 
a  work  of  considerable  difficulty,  but  the  possibility  of  iising 
a  single-wire  circuit  free  from  disturbing  caj)acities  over- 
balanced much  inconvenience.  To  remove  some  of  this, 
the  ends  P  and  S  were  wound  upon  wooden  bobbius,  so  that 
shortening  and  lengthening  could  be  produced  without 
cutting  the  wire.  This  was  a  marked  gain  in  convenience  ; 
but  the  changing  size  and  form  of  the  coils,  as  the  wire 
was  shortened  or  lengthened,  altered  the  ca])acity  at  the  end 
slightly  and  somewhat  irregularly.  This  led  to  the  ado})tion 
of  the  arrano-ement  shown  in  fio;.  2. 

The  secondary  circuit  consists  of  the  rectangle  KLMN 
with  the  side  L  N  open;  the  lengths  of  the  sides  K  L  and  M  N 
can  be  varied  between  15  centim.  and  1000  centim.  The 
ends  are  really  formed  by  the  small  copper  boxes  L  and  N. 
These  were  10  centim.  square  and  4  centim.  thick,  and 
mounted  upon  the  wooden  l)ar  E  by  insulating  supports. 
Within  the  boxes  were  wooden  bobbins  fixed  on  a  hard  rubber 
axle,  and  each  capable  of  holding  10  metres  of  the  largest 
wire  experimented  upon.  In  the  front  of  each  box  was  a 
small  o])ening  for  the  passage  of  the  wire,  but,  to  insure  a 
firm  contact  between  the  wire  and  the  boxes,  a  brass  block 
was  soldered  on  the  inner  side  of  the  front  and  a  bindinfj 
screw  passed  in  from  the  side  of  the  box.  The  bar  E  was 
fastened  to  a  wooden  support  resting  upon  a  car  which  ran 
on  a  wooden  track  extending  the  entire  length  of  the  room. 
The  car  carried  a  brake  so  that  the  wires  could  be  drawn  taut, 
and  the  wooden  sci'ew  held  the  axle  from  turning.  With  this 
arrangement  the  length  of  the  wire  could  be  varied  at  pleasure 
while  the  end  capacities  remained  constant. 

The  end  capacities  are  not  a  desirable  feature,  for  their  own 
sake,  since  they  destroy  the  perfect  simplicity  of  the  plain 
rectangular  circuit,  and  seem  to  detract  somewhat  from  the 
sharpness  of  the  maxima  ;  but  the  gain  in  convenience  and 
the  possibility  of  obtaining  a  large  nundjer  of  observations 
whose  average  values  can  be  used  may  overbalance  these 
considerations. 

For  making  and  breaking  the  current  through  the  induction- 
coil,  an   interrupter  which  would   work    with  certainty  and 
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regularity  ^vas  imu-li  uooded.  Witli  the  assistance  of  the 
mechanician  of  the  hiboratory  I  devised  an  interriiptor  vvhich 
gave  very  satistactory  resuUs. 

A  small  electric  motor  M  (fig.  4)  was  used  to  produce  the 
necessar}'  motion.  This  was  actuated  by  the  current  from  two 
storage-cells,  and  ran  at  a  fairly  constant  speed.  The  armature 
of  the  motor  was  in  throe  sections,  and  was  free  from  dead 
points,  giving  it  the  great  advantage  for  the  present  purpose 
that  it  could  be  set  in  action  simply  by  closing  the  circuit, 
making  it  possible  to  control  it  from  the  observer's  station. 

Fig.  4.    \  Scale. 


The  motor  was  geared  to  the  two-crank  shaft  K  by  means  of 
a  wheel  and  pinion.  The  speed  of  the  shaft  K  was  about  750 
revolutions  per  minute,  so  that  about  25  breaks  were  made 
per  second.      The  plunging-rods  were  thinned  at  0  so  that 
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they  were  flexihle  and  gave  the  required  freedom  of  motion. 
They  ran  tluough  tlie  bed-phite  and  the  brass  bar  ])elow,  which 
served  as  guides.  The  plunging-rods  carried  bind-screws  by 
which  the  flexible  coils  leading  the  current  from  the  brass 
])0st  Q  were  attached.  The  lower  ends  of  the  plungers  were  of 
No.  18  platinum  wire.  The  brass  bottoms  of  the  glass  mercury- 
cups  scn^wed  into  the  brass  arm  N,  which  was  adjustable  by 
means  of  the  collar  and  binding-screw  L  along  the  pillar  P. 
At  P  was  attached  one  pole  of  the  battery  actuating  the 
coil  and  also  one  ])ole  of  the  condenser  in  the  base  of  the 
coil,  and  at  Q  was  attached  one  pole  of  the  coil  and  the  other 
pole  of  the  condenser.  The  cups  were  filled  with  mercury  to 
a  height  of  8  millim.  and  then  filled  with  alcohol  to  within  a 
few  luillimetres  of  the  top.  They  usually  required  cleaning 
only  after  several  hours^  use,  when  the  surface  of  the  mercury 
consisted  of  very  fine  globules,  and  sharp  breaks  were  not 
made  at  each  stroke  of  the  plunger  as  was  indicated  by  the 
occasional  failure  of  the  spark.  The  character  of  the  spark 
depended  much  upon  the  exact  height  of  the  mercurv-cuj)S. 
The  adjustment  was  best  made  while  the  coil  was  in  action  by 
raising  or  lowering  the  cups  until  the  spark  had  a  white  body 
and  a  i)eculiar  snap. 

The  plates  of  the  Hertz  vibrator  were  40  cenfim.  square 
and  fixed  at  61  centim.  apart.  The  spark-gap  was  supplied 
with  platinum-faced  balls  (3  centim.  in  diameter),  which 
worked  with  less  trouble  than  the  usual  brass  ones.  The  side 
K  M  (fig.  2)  of  the  secondary  circuit  was  ])arallel  to  the  con- 
ductor forming  the  vibrator  plates,  and  fixed  at  6  centim. 
distance  with  its  centre  0  opposite  the  spark-gap.  The  long 
sides  of  the  rectangular  secondary  lay  in  a  horizontal  plane, 
and  ran  through  the  centre  of  the  room  at  a  height  of  1*G 
metre  above  the  floor.  They  were  held  by  their  end  supports 
at  30  centim.  apart.  The  induction-coil  was  53  centim.  long, 
19  centim.  in  diameter,  and  was  excited  by  the  current  from 
five  storage-cells.  A  sparking  distance  of  about  6  millim. 
was  most  effective  in  producing  oscillations  in  the  secondary 
circuit. 

The  following  method  was  pursued  in  taking  the  observa- 
tions. The  interruptor  was  set  in  action,  the  circuit  closed 
through  the  induction-coil,  and  an  observation  taken  of  the 
first  swing  of  the  needle.  The  circuits  were  broken  as  soon 
as  the  needle  reached  the  end  of  its  first  swing,  and  the  extent 
of  this  excursion  was  the  reading  recorded.  In  accordance 
with  the  experience  of  Paalzow  and  Rubens,  it  was  found 
that  a  steady  deflexion  could  not  be  obtained,  but  this  first 
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swinij  was,  umler  like  conditions,  satisfactorily  constant;  and 
a  preliminary  calibration  of  the  instrument  by  jiassing  currents 
of  known  strength  through  it,  showed  that  the  square  root  of 
the  deflexion  taken  in  this  maimer  was  in  a  constant  ratio  to 
the  current. 

The  same  copper  wire  (diameter  0"1201  centim.)  that  had 
been  used  in  the  secondary  without  end  capacities  was  used 
for  the  rectangle  K  L  M  2S  in  fig.  2.  and,  with  the  exploring 
terminals  close  to  L  and  X,  the  maximum  point  was  found  by 
lengthening  and  shortening  the  wire.  Bolometer-readings 
were  taken  for  each  length  used.  To  insure  the  constant 
activity  of  the  spark,  a  convenient  length  was  taken  as  a  point 
of  reference,  and  observations  taken  at  this  point  before  and 
after  a  series  of  readings.  If  the  spark  had  remained  con- 
stant, the  readings  were  retained.  A  maximum  point  was 
found  when  KL  was  818  centim.  The  sides  were  fixed  at 
this  length,  and  the  form  of  the  wave  was  obtained  by  sliding 
the  exploring  terminals  along  the  wire,  and  taking  bolojneter 
observations  for  each  position.  The  result  is  shown  in  fig.  3 
of  PI.  XII.  The  critical  points  were  determined  several 
times,  and  the  steadiness  of  the  spark  insured  by  choosing,  as 
before,  a  point  of  reference.  The  curve  shows  three  minima 
at  240,  4i)6,  and  752  centim.,  starting  from  0.  These  give 
half  wave-lengths  of  255,  256,  and  256centim.,  with  an  averao-e 
of  255"G  centim.  The  third  minimum  at  752  centim..  was 
determined  with  care,  as  it  was  to  be  used  as  a  basis  for  calcu- 
lating the  half  wave-length.  An  error  in  determining  the 
position  of  this  minimum  would  be  divided  by  three,  since 
the  distance  from  0  to  this  minimum  was  three  half  wave- 
lengths. The  total  length  of  the  circuit  was  seven  half  wave- 
lengths, and  it  was  the  equivalent  of  one  fourth  of  a  wave- 
length from  the  third  mininmm  to  the  end.  The  actual 
distance  to  the  end  was  818  — 752  =  66  centim.  127'8  — 66  = 
61'8  centim.  =  the  equivalent  of  the  capacities  in  centimetres 
of  wire. 

A  comparison  of  the  curve  (fig.  1,  PI.  XII.)  obtained  from 
the  plain  wire  circuit  with  the  curve  (fig.  3)  obtained  when 
capacities  were  fixed  on  the  free  ends,  shows  a  quite  satis- 
factory agreement,  which  tends  to  create  confidence  in  both 
methods.  The  half  wave-length  by  the  first  is  254"3  centim. 
and  by  the  second  it  is  255*6,  values  wdiich  differ  by  about 
one-half  of  1  per  cent.  There  is  a  marked  difference,  as 
was  to  be  expected,  in  the  form  of  the  curve  next  the  free 
ends.  When  end  capacities  were  used,  the  accumulation  of 
charges  seemed  largely  confined  to  them,  out  of  reach  of  the 
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exploring-  terminals,  \vliile  with  the  plain  wire  it  seemed  dis- 
tributcd  over  a  greater  distance.  In  each  case  the  etlect  of 
the  ends  was  to  make  the  curve  depart  from  the  normal  form 
along  tlie  free  wire. 

The  theory  of  my  investigations  rests  npon  tlie  |)rinciple  of 
elcrtrical  resonance.  The  sides  of  the  rectangle  KLMN 
(Hg.  2,  J).  428)  were  shortened  to  a  few  centimetres  in  length, 
so  that  it  could  be  safely  assumed  that  the  period  of  the 
secondary  was  considerably  shorter  than  that  of  the  vibrator. 
The  exjiloring  terminals  were  kept  at  LN,  and  bolometer 
observations  takeji  for  each  small  addition  to  the  length  of  the 
sides  K  L  and  M  N.  When  best  resonance  was  foiuid  with 
the  shortest  length  of  the  secondarv  circiiit  that  "ave  a  maxi- 
mum,  it  Avas  assumed  that  the  secondary  had  the  same  period 
as  the  vibrator  and  that  its  equivalent  length  was  a  half  wave- 
length, its  actual  length  depending  upon  the  efiect  due  to  the 
iVc'e  ends.  The  occurrence  of  resonance  is  a  very  marked 
])henomenon  even  with  a  vibrator  that  damps  as  rapidly  as 
the  Hei'tzian.  The  accom}>anying  table  shows  two  series  of 
readings  for  the  first  maximum  when  an  iron  wire  was 
used  : — 

Lciiglh  of  sides  of  rectangle...  15     25    35     40         42-3        45        50     00     75 

Deflexionsof  Galvanometer...  107  145  15G     194-3    199-2     181-5   140   81     42 

...  94  119  1(U     185      191       178      13(5  76    34 

There  can  be  no  free  motion  of  electricity  at  the  ends  of  the 
secondary  circuit,  but  an  accumulation  alternately  positive 
and  negative,  and  a  resulting  alternation  of  potential,  the 
phase  at  L  being  always  opposite  to  the  phase  at  N  in  case  of 
resonance.  Elsewhere  along  the  circuit  the  electricity  moves 
with  more  freedom  and  less  accumulation.  The  point  0  may 
be  called  the  electrical  middle  of  the  circuit,  where  the  accu- 
nuilation  is  least  and  the  movement  most  unrestrained.  The 
electromotive  impulses  from  the  vibrator  act  directly  upon  tlie 
side  K  M,  so  that  0  remains  a  point  of  free  motion  or  the 
ventnd  segment  of  the  wave,  while  L  and  N  are  always  places 
of  no  electric  movement,  or  the  nodal  points.  The  shortest 
circuit  being  a  half  wave-length,  a  second  resonating  circuit 
ought  to  be  found  by  increasing  each  side  of  the  rectangle 
bv  a  half  wave-length,  making  the  circuit  three  half  wave- 
lengths long,  and  a  third  when  the  circuit  is  five  half  wave- 
lengths, and  so  on*.     It  is  known  that  the  change  of  period 

*  J.  J.  Thomson,  *  lloceut  Eesoarehes  iu  Electricity  and  Magnetism,' 
p.  297. 
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produced  l)v  replacing  copper  by  iron  does  not  exceed  2 
per  cent.  The  ilifference  in  length  between  a  copper  and  an 
iron  circuit  of  the  same  period  would  be  very  small  with 
circuits  a  half  wave-lengtli  long  ;  but  this  difference  would 
be  three  times  as  great  with  circuits  three  half  wave-lengths 
long,  and  there  might  be  a  cumulative  difference  that  would 
become  measurable  by  the  use  of  circuits  of  still  greater 
length.  To  examine  this  question,  a  copper  wire  (diameter 
0"  1:^01  centim.)  was  used  as  the  secondary  circuit  in  fig.  2. 
The  sides  were  taken  15  centim.  long,  and  gradually  lengthened 
to  875  centim.,  and  bolometer-readings  taken  for  each  addition, 
the  exploring  terminals  being  always  at  the  ends  L  and  N. 
The  result  is  shown  gra[)hioally  by  the  upper  curve  in  fig.  4, 
PI.  XII.  The  critical  points  in  the  curve  are  the  results 
of  many  separate  determinations.  The  unsteadiness  of  the 
spark  on  the  vibrator  made  the  determinations  somewhat 
laborious,  though  a  single  series  of  observations  would  locate 
a  maximum  very  closely.  After  this  had  been  done,  the  space 
of  about  a  metre,  including  the  maximum  point,  was  worked 
over  forward  and  back  ;  the  constancy  of  the  spark  was 
insured  by  choosing  a  convenient  point  of  reference,  as 
already  described. 

An  examination  of  the  curve  shows  four  maxima  occurring 
when  the  sides  of  the  rectangle  were  45,  30(3,  562*5,  and 
818  centim.  long.  The  additions  of  wire  for  the  successive 
maxima  after  the  first  were  2t)l,  25G*o,  and  255*5.  These 
should  be  half  wave-lengths.  The  last  two  agree  well,  but 
the  first  differs  from  the  average  of  the  last  two  (256  centim.) 
b}--  5  centim.  The  sides  were  fixed  at  818  centim.  and  the 
wave-form,  fig.  3  (PI.  XII.),  was  obtained.  From  this  the  half 
wave-length  was  found  to  be  255*6  centim.,  and  the  total 
length  of  the  circuit  seven  half  wave-lengths.  By  fixing  the 
sides  of  the  rectangle  at  562*5  centim.  and  306  centim.,  a 
similar  investigation  showed  the  circuits  to  be  respectively 
5  and  3  half  wave-lengths  long. 

An  explanation  of  the  fact  that  the  distance  between  the  first 
and  second  maxima  was  anomalously  large  may  possibly  be 
this:  for  the  first  maximum  the  sides  of  the  rectangle  wore  but 
45  centim.  long,  so  that  the  effect  of  the  closed  end  was  rela- 
tively great  and  the  maximum  appeared  earlier  than  it  other- 
wise would,  but  when  the  rectangle  was  300  centim.  long, 
the  influence  of  the  closed  end  became  relatively  small,  and 
the  second  and  future  maxima  came  in  the  normal  positions. 
Besides,  in  the  first  case  the  ca[)acity  was  largely  local,  while 
in  the  others  it  was  mainly  distributive.  This  same  effect 
appeared  in  every  case,  and  seemed  a  constant  phenomenon. 
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The  maximum  I  omitted  from  the  above  di?cn?sion  was  not 
constantly  jireseiit,  Init  ai)pearoil  when  the  primary  spark  was 
especially  active,  and  seems  to  belontj  to  a  eirouit  whose 
period  is  to  the  period  of  the  vibrator  in  the  ratio  of  5 : 3. 
The  sides  of  the  reetanirle  were  127-5  centim.  lont;  antl  the 
end  capacities  equivalent  to  G2  centim.  of  wire.  The  half 
wave-length  was  30  +  127-5  x  2  +  62  x  2  =  409  centim. 
40y  -f-  '200-6  =  1-G  nearly. 

This  was  the  only  indication  of  complexity  in  the  vibration 
of  the  Hertz  vibrator;  and  it  may  be  explaineil  by  sujiposing 
that  such  a  vibration  is  superjiosed  upon  the  fundamental  rate 
of  the  oscillator,  or  that  the  oscillator  when  particularly  active 
can  excite  a  circuit  having  such  a  ratio  to  itself.  This  last 
seems  the  simpler,  but  it  is  difficult  to  see  why  a  circuit  of 
the  ratio  3 :  2  should  not  be  excited  as  well.  The  maximum 
I  wouKl  indicate  the  presence  of  an  undertone  rather  than  an 
overtone.  This  point  requires  more  investigation  than  it 
has  been  possible  to  give  it,  and  will  be  left  undecided  for 
the  present. 

An  annealed  iron  wire  (diameter  0"118(>  centim.)  was  put 
in  ]»lace  of  the  copper,  and  the  same  series  of  observations 
repeated.  The  results  are  shown  in  tlie  lower  curve  of  the 
upper  pair  in  fig.  4,  PI.  XII.  The  maxima  EFGH 
appear  at  42"5,  otU,  553,  and  805  centim.,  in  each  case 
before  the  corresponding  maximum  with  the  copper;  and  the 
dift'erence  is  seen  to  mcrease  with  the  length  of  the  circuits. 
The  successive  additions  were  258'5,  252,  and  252  centim., 
the  last  two  agreeing,  but  the  tirst,  as  with  the  copper,  is  natch 
larger.  With  the  sides  of  the  rectanole  fixed  at  805  centim., 
the  form  of  the  wave  was  found  as  shown  iu  tig.  2  of  the 
plate.  The  tliird  minimum  occurs  at  740  centim.  Calculated 
as  before,  the  half  wave-length  is  740  +  15  =  755.  755-f-3 
=  251"6  centim.  This  agrees  well  with  the  value  252  given 
above  by  the  last  two  additions,  but  dit!ers  by  4  centim.  from 
the  value  iound  when  the  copper  was  used. 

The  same  series  of  observations  was  repeated  with  a  second 
pair  of  finer  wires  (diameter  of  copper  w  ire  0"0783G  centim., 
diameter  of  iron  wire  0"0785  centim.).  The  results  are  shown 
in  the  lower  pair  of  curves  in  fig.  4  of  the  plate.  A  com- 
parison of  the  curves  shows  the  same  general  result,  which 
appears  more  distinctly  from  the  following  table  : — 
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tut  Mnximum. 
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•inl  Mnxiiiiiirii. 

ill)  .\Fiiiiiriiiiii. 
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DiflT 
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ITpiHT 
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m\ 

5 

mih 

553 

9-5 

818 

805 

13 

L<iwcr 
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40 

87i5 

2-h 

;j(xj 

294 

0 

552 

540 

12 

799 

784 

15 

TIh!  HiKTCKsivc!  (lifr(!njrK!('8  hIiouIiI  Ijo  ill  tlio  ratio  u\  I,  .'»,  ."*, 
7,  if  tlio  theory  of  \\w  pr(5H<!tit  invo.sti;(atioti  is  correct,.  'I'Ik; 
(liff'onMico.s  for  tli(;  first  two  tiia.xirna  an;  very  Hiiiall.  so  that 
tlif!  cxpcriiiKriilal  error  in  tlicir  fJctcriniiiatioM  would  Ix) 
rrlativcrly  lar;^(!,  and  in  tli(r  i-AHi  of  llic  fonrlli  rniixiniuni  flio 
(lani|tin;^  wa.s  ,so  ^rcnl  that  it  was  diHicnlt  to  fi.x  tli*;  point 
with  certainly.  Tli*!  diilcrenco  lor  the  thir<J  nia.xiniiiin  was 
Hilatividy  lar^jo  and  the  det(!rniination  of  tho  ])oint  was  sharp. 
Takin;^  this  difleroncfj  as  a  point  of  reforeijf;e,  tho  cah;iilated 
an<l  oh.servcd  values  are  shown  in  fhi;  aeeonipanyin;;  tahh; : — 


UtMBxirnum. 

2nd  Maximum. 

3rd  Maximum. 

4th  Maximum, 

lut«d. 

Ob- 
Horred. 

Calcu- 
lated. 

Ob- 
(tervcd. 

Calcu- 
lated. 

1 

Ob- 
Kervcd. 

Calcu- 
lated. 

Ob- 
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UpiMjr  piiir... 
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1-9 
24 

2-5 
2-5 

5-7 
7-2 

5 
0 

95 
12 

9-5 
12 

13-3 
16-8 

13 
J6 

The  ohsei'vfjd  lialf  wave-Ien;rt.h.s  |or  the  four  wires  are  : — 

f  Co|)f»er  (diainf;ter  0"  I  201  ecntiin.j     255-(;  eentini. 
(Iron        (        „         ()•]  1  >^(j  eciit.ini.j     2.01  "^I  ecjitini. 

f  Copper  (        ,,  ()'078i}()  eentim.)  251'G  eenliin. 

(Iron        (        „  ()-078oO  eentiin.)  2]f;-><  eentiin. 

The  wires  in  eneh  p;iir  wf^re  as  near  tlir;  Hanie  di:iineter  as 
eoilld  he  found,  the  iron  of  the  lar^^er  pair  liavin;^  sli;^htly 
th(!  Hinaller  diameter,  hut  the  eof)per  f^ein;^  the  sinalhjr  one  in 
the  second  easr;.  \\\  other  resp(!ets  th(5  circuits  eoinjjared  were? 
a.s  nearly  identi(;al  as  possilde.  Tfie  ca[>acity  per  unit  h;n;^th 
being  the  .same  for  win^s  of  tlie  same  diameter,  the  shortening 
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(if  llic  wavc-lcn^tli  wluiii  iron  clis])lac(Hl  copper  must  1)0  caused 
l>v  an  increased  sell-induction  due  to  the  nuiii;netic  pro})erties 
of  the  iron.  This  iinj)lie.s  that  the  maoiietization  of  iron  can 
be  reversed  115  million  times  per  second.  This  reduced  the 
"  time  lag  "  of  maonetization  to  very  narrow  limits,  if  forces 
of  such  duration  can  mat^netize  the  iron. 

\n  the  case  of  extremely  rapid  oscillations  Prof.  J.  J. 
Thomson  has  shown  ('  Recent  Researches  in  Electricity  and 

Magnetism/  sec.  295)  tliat  approximately  i/-=.^~—^  where 
Y-T,is  the  square  of  the  frequency,  and  L  is  the  self-induction 

yTT" 

for  very  rapid  oscillations  and  C  the  capacity  of  the  system. 
It  is  easy  Irom  this  to  calculate  an  approximate  value  for  the 
ratio  between  the  self-induction  per  unit  length  of  the  iron 
and  copper  circuits. 

Let  L  =the  self-induction  of  the  copper  per  unit  length. 
L'=   ,,  „  _      „      iron  ^         „  „ 

0  =   the  capacity  of  either  per  unit  length. 

Using  as  a  basis  of  calculation  the  data  from  the  third 
maxinnnn  of  the  curves  in  tig.  4,  Fl.  XII. ,  the  total  length 
of  the  copper  circuit  (diameter  0'1201  centim.)  is  : — 

The  sides,  5G2'5  X  2 =1125centim. 

The  closed  end =      oO      „ 

The  equivalent  of  the  end  capacities  G2  x  2=    124      ,, 


1279  centim. 
For  the  wire  (diameter  0*118G  centim.)  the  length  is  : — 

The  sides,  553  X  2 =1106  centim. 

The  closed  end =      30      ,, 

The  equivalent  of  the  end  capacities  61  x  2=   122      „ 


1258  centim. 
Since  the  two  circuits  have  the  same  frequency,  the  pro- 
ducts of  the  self-induction  and  capacity  are  equal. 
1258''L'C  =  1279-LO, 

^=1-034. 

In  the  same  manner,  for 

(Copper  (diameter  0*08840  centim,),      I^'_i  rvj-i 
Iron       (       „         0-08847  centim.),      j;--'-'^*!. 

(Copper  (diameter  0*07836  centim.),      L'  _,  ^^r. 
Iron       (       „         0-07850  centim.),      j7--L*04d. 
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By  the  use  ot"  Lord  IJaylcI^h's  fonmilu  for  iiiiliK-lance 
under  very  rapid  oscillations,  it  is  easy  now  to  calculate  a 
value  for  the  permeability  of  the  iron. 

Lord  Kayleigh^s  formula  is  : — 

where  /  is  the  total  length  of  circuit,  A  a  constant  depending 
only  on  the  form  of  the  circuit,  or  ZA  is  the  inductance  of  a 
similar  copper  circuit ;  fju  the  permeability  ;  II  the  ohmic 
resistiince  ;  p  =  27rn,  where  n  is  the  number  of  complete 
oscillations  per  second. 

The  value  oi  p  =  27rn  =  dG  x  10^ 

R  for  iron  wire  (diam.  O'llSG  ceutim.)  =*lo2S  ohm  per  metre. 

„        „       „     (     .,     e-0.S8-i7     „     )  =  -227       „ 

„        „       „     (     „     0-07.S5       „     )  =  -3()l       „  „ 

For  iron  (diameter  O'llSG  centim)  : — 


L'=l-034  L  =  lfA  +  ^^y 


■P 


L+   •034L  =  L  +  /^/^^, 

V  •Znl' 


Calculating  the  value  of  L  for  a  similar  copper  circuit  I 
units  long,  substituting  the  value  in  the  above  equation,  and 
solving  for  the  three  cases,  we  get : — 

For  the  iron  wire,  diameter  0*118G  centim.,  /u.  =  430, 

0-08847      „       /L.  =  389, 
„  „  „  0'0785        „       /A=33G. 

These  values  for  the  permeability  all  fall  within  a  reasonable 
limit,  and  have  for  an  average  /x  =  385.  Those  are  the  values 
found  for  diflerent  specimens  of  wire  made  by  the  same 
company,  but  the  specimens  were  wound  and  unwound  and 
stretched  many  times  during  the  series  of  observations. 
Besides  the  shortening  of  the  wave-length  there  is  shown  a 
a  decided  increase  in  the  damping,  as  has  already  been 
observed  by  Trowbridge  and  Bjerknes.  In  fig.  4  (PI.  XII.) 
the  curves  for  iron  fall  below  the  corres])onding  ones  for 
copper,  but  owing  to  the  change  in  the  activity  of  the  sp-ark 
no  exact  measurement  was  made.  It  was  only  observed  that 
the   bolometer  throws  with  the  co})per  circuit  were  always 
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^renter  tlian  witli  tlu;  iron  circuit  of  the  same  dimensions, 
\vli('ii  the  spark  was  constant  as  inr  the  eye  and  ear  could 
jmlo-c. 

A  value  can  readily  be  calculated  for  the  damping  factor 
-m 
e  ^'  in  the  case  of  the  iron  and   cop})(!r.      Lord  Rayleigh's 

formula  for  the  resistance  under  very  ra[)id  oscillations  is  : — 

For  the  iron  wire  circuit  (diameter  0-1186  centim.),  /=  1258; 
y(x  =  430  ;  l{  =  l-(;7  X  lO'-*  ;  |)  =  3G  x  10',  whence  Il'  =  403  x  10^ 
L  =  34xl0-\ 

The  damjnng  factor  becomes  eii-^^^^"'  approximately. 
The  time  required  for  the  am])litude  to  fall  to  one  half  its 
maximum  value  is  f  =  0  0000001]  5  sec.  On  the  basis  of 
115x10"  alternations  per  second,  the  number  of  complete 
oscillations  during  this  time  is  tj'5.  A  like  calculation  for  the 
corresponding  copper  circuit  gives  about  60  times  as  many. 

The  following  table  shows  the  results  when  copper  circuits 
are  compared  in  which  wires  of  ditferent  diameters  are  used: — 

•Sid  Maximum. 

Copper  M'ire  (diameter  0"1201  centim.) 

„        „      (       M         0-«-^^4       „      ) 

„        „     (      „         0-07836     „      ) 

„        „     (      „        0-03915     „      ) 

The  half  wave-lengths  calculated  from  this  maximum  are  : — . 
Copper  (0*01201  centim.)     255-8  centim. 
„        (0-0884         „      )     252-2       „ 
„        (0-07836       „      )     251-6       „ 
„        (0-03915  _     „      )     244-8       „ 
There  are  found  by  dividing  the  total  length  of  the  circuit 
by  5  :— 

535x2  =  1070  length  of  sides. 

30  ,,       closed  end. 

124 
62  X  2  =  -  equivalent  of  end  capacities. 

1224^5  =  244-8  centim.  =  half  wave-length. 

The  range  of  wires  suitable  for  the  study  of  the  phenomena 
is  rather  limited.  If  the  wires  have  a  greater  diameter  than 
1  millim.  the  dilference  between  iron  and  copper  is  slight  ; 
while  with  wires  less  than  0-5  millim.  in  diameter  the  damp- 
ing is  so  great  that  long  wires  cannot  be  used,  and  advantage 
cannot  be  taken  of  the  cumulative  effect. 


562-5 

centim, 

553-5 

>> 

552-0 

>) 

535-0 

)) 
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I  wish  to  express  my  great  obligation  to  Prof.  John  Trow- 
bridge for  the  encouragenu'nt  and  suggestions  that  I  have 
received  from  him. 

Conclusions. 

1.  The  self-induction  of  iron  circuits  is  greater  than  that 
of  similar  copper  circuits  under  very  rapid  electric  oscillations 
(115  X  10®  reversals  per  second).  The  change  in  self-induction 
varies  from  3*4  to  4'3  per  cent,  in  the  present  investigation 
and  increases  with  decreasino;  diameters. 

2.  The  increase  in  self-induction  produces  greater  damping, 
and  a  shortening  of  the  wave-length  of  1-5  to  2  per  cent. 

3.  The  jiermeability  /a  of  annealed  iron  wire  under  this  rate 
of  alternation  is  about  385. 

4.  For  oscillations  of  the  same  period,  the  wave-length 
along  parallel  copper  wires  varies  directly  with  the  diameter 
of  the  wires.  (Range  of  wares  used  0-03915  centim.  to  0-1201 
centim.)     The  maximum  decrease  observed  is  5  })er  cent. 

Jeffersou  Physical  Laboratory, 
July  24,  1894. 

LIII.   Change  of  Period  of  Electrical  Waves  on  Iron  Wires. 
By  JoH>r  Trowbridge*. 

IX  an  investigation  upon  the  damping  of  electrical  waves 
on  iron  wdres  f,  I  endeavoured  to  detect  a  change  of 
periodicity  as  well  as  a  damping  of  these  waves.  On  account, 
however,  of  the  strong  damping  effect  exerted  by  the  magnetic 
nature  of  the  conductors,  not  a  sufficient  number  of  oscilla- 
tions could  be  set  up  in  them  to  enable  one  to  make  conclusive 
measurements.  With  more  powerful  means  of  experimenting 
I  returned  to  the  subject,  and  I  have  detected  a  marked  change 
in  the  period  of  electrical  waves  which  is  produced  by  the 
magnetic  nature  of  the  wire.  At  the  same  time  Mr.  Charles 
E.  St.  John,  working  in  the  Jefferson  Physical  Laboratory, 
by  an  entirely  different  method,  has  shown  a  change  in  wave- 
kmgth  on  iron  wire  even  for  the  very  nipid  period  of  the 
Hertz  vibrator.  It  will  be  remembered  that  Hertz  believed 
that  iron  wires  behaved  like  copper  wires  when  transmitting 
very  rapid  electrical  oscillations.  Stefan  if  in  a  recent  paper 
gives  an  analysis  of  electrical  oscillations,  in  wdiich  he  proves 
that  ra[)id  electrical  waves  on  iron-wire  circuits  have  the  same 
wave-length  as  those  on  copper  circuits  of  the  same  geome- 

*  Communicated  bv  the  Author. 

t  Phil.  Majr.  Dec.  1891. 

I  Wied.  Ann.  xli.  1890,  p.  422. 

PML  J%.  8.  5.  Vol.  38.  No.  234.  Nov.  1894.       2  H 


442       Prof.  John  Trowbridge  on  the  Change  of  Period 

trical  form — the  electrostatic  capacity  of  the  two  circuits  being 
tlie  same. 

With  reference,  therefore,  both  to  the  theory  of  electrical 
waves  and  to  the  theories  of  magnetism,  it  seems  important 
to  determine  whether  there  is  a  lengthening  of  electrical  waves 
on  iron  wires. 

Tlie  method  of  investigation  I  employed  was  the  same  as 
that  which  I  have  described  in  my  paper  on  the  damping  of 
electrical  waves  on  iron  wires.  A  leyden  jar  was  discharged 
through  the  given  wires  and  the  resulting  spark,  spread  out 
by  a  revolving  mirror,  was  photographed.  Tlie  apparatus  was 
also  modified  as  I  have  described  in  my  paper  on  "  Electrical 
Resonance  and  Electrical  Interference  "  *. 

It  was  important  in  this  investigation  to  be  able  to  compare 
the  times  of  oscillation  on  the  iron  circuits  and  the  copper 
circuits,  and  it  seemed  best  to  employ  some  method  of  imprint- 
ing, so  to  speak,  the  time  of  a  standard  circuit  on  each  photo- 
graph, beside  the  photograph  of  the  spark  produced  on  either 
the  iron  circuit  or  the  copper  circuit;  for  if  the  speed  of  the 
mirror  changed,  this  change  could  be  readily  detected  by  the 
measurements  of  the  oscillations  of  the  standard  time-spark. 
At  the  first  thought  it  seemed  a  comparatively  simple  matter 
to  arrange  a  suitable  time  circuit.  In  Hertz,  '  Electric 
Waves  '  t,  appendix  p.  271,  it  is  stated  : — 

"  Let  the  primary  coils  of  two  induction-coils  be  placed  in 
the  same  circuit,  and  let  their  spark-gaps  be  so  adjusted  as  to 
be  just  on  the  point  of  sparking.  Any  cause  which  starts 
sparking  in  one  of  them  will  now  make  the  other  begin  to 
spark  as  well ;  and  this  quite  independently  of  the  mutual 
action  of  the  light  emitted  by  the  two  sparks,  which,  indeed, 
can  easily  be  excluded.'^ 

I  therefore  slipped  two  induction-coils  of  exactly  the  same 
self-induction  on  a  long  electromagnet,  placing  them  sym- 
metrically upon  it.  In  the  circuits  of  these  induction-coils  I 
placed  the  same  amount  of  capacity.  The  spark-gap  on  the 
time  circuit  was  made  of  the  same  length  as  that  on  a  circuit 
of  iron  or  copper  wire  which  was  under  examination.  I 
expected  thus  to  obtain  a  photograph  of  the  spark  on  my 
standard  circuit  at  the  same  instant  as  that  of  the  spark  on  the 
trial  circuit  of  iron  or  copper.  To  my  surprise,  I  found 
that  the  two  induction-coils  did  not  respond  at  the  same  in- 
stant to  the  impulse  in  the  electromagnet,  when  the  spark-gaps 
were  of  the  same  length.  It  was  necessary  to  make  careful 
adjustment    of   these  lengths  and  to  modify  the  amount  of 

*  Phil.  Mag.  Aug.  1894. 

t  'Electric  Waves,'  Dr.  lleinricli  Hertz,  translated  hy  ]).  E.  .Tones,  B.Sc. 
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capacity  of  the  circuits.  This  want  of  isochronisni  may  have 
been  due  to  irreoularities  iu  the  hard  rubber  condensers  which 
I  employed.  This,  however,  does  not  seem  probabh*.  The 
condensers  were  made  of  sheets  of  hard  rubber  one  eighth  of 
an  inch  in  thickness,  covered  with  tinfoil,  and  the  set  of 
condensers  in  the  time  circuit  did  not  ditter  geometrically 
appreciably  from  the  set  in  the  trial  circuit.  The  electrical 
disturbance  on  such  a  connected  system  is  evidently  a  com- 
plicated one  when  its  various  reactions  are  considered,  and  the 
statement  given  by  Hertz,  which  I  have  quoted,  must  be 
modified  if  there  is  any  capacity  in  the  circuits  of  the  two 
Ruhmkorf  coils  which  have  a  common  primary. 

The  capacity  in  the  time  circuit  was  the  same  geometrically 
as  that  in  the  circuit  which  included  the  wires  under  examin- 
ation. A  suitable  amount  of  self-induction  was  placed  in  the 
time  circuit.  To  ascertain  whether  the  time  circuit  could  be 
relied  upon,  I  made  many  measurements  of  the  ratio  of  the 
oscillations  in  the  time  circuit  to  those  in  the  triid  circuit, 
which  contained  copper  wires  and  the  same  geometrical 
capacity.  I  had  no  reason  to  suspect  a  chtmge  in  the  self- 
induction  in  my  time  circuit ;  a  change  might  occur,  however, 
in  the  capacity  of  the  indiarubber  condensers,  duo  possibly  to 
hysteresis  from  electric  strains  and  deformations.  I  could  not 
detect,  however,  such  effects.  I  was  dealing  with  single  dis- 
charges, not  repeated  ones,  such  as  are  employed  in  obtaining 
wave-lengths  along  wires,  and  the  photogra[)hs  of  such  single 
discharges  showed  no  evidence  of  inconstancy  in  the  capacity 
of  my  condensers.  If  there  was  \xny  effect  of  electrical  hys- 
teresis, it  affected  my  time  circuit  and  my  trial  circuit  alike. 

As  an  example  of  the  degree  of  accuracy  which  can  be 
obtained  iu  the  measurement  of  the  distances  between  the 
oscillations  on  the  negative,  the  following  table  is  given. 
The  distances  between  different  numbers  of  oscillations  is 
given  in  the  first  column  and  the  average  length  of  the  oscil- 
lations is  given  in  the  third  column. 


Distance  in  millim. 

between  the  first  and 

last  oscillations. 

Number  of  oscillations 

included  in  this 

distance. 

Average  length  of 
oscillations  in  millim. 

i 

22-5 

2(5-1 

300 

15  1 

6 
7 
8 
4 

375 
373 
3-74 
3-77 

2H2 
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Repeated  measures  between  the  same  number  of  oscillations 
give  closer  results  ;  but  one  is  apt  to  set  the  measuring 
instrument  each  time  on  the  same  points  on  the  negative.  It 
is  evident  that  measuring  each  time  the  space  between  a 
different  number  of  oscillations  gives  the  fairest  result.  It  is 
surprising  how  close  one  can  set  the  measuring  instrument 
upon  the  serrations  of  the  negative. 

It  will  be  noticed  that  the  ratio  between  any  two  determina- 
tions of  the  time  on  the  time  circuit  is  the  same  as  that 
between  the  corresponding  times  on  the  trial  circuits.  When 
iron  wire  of  suitable  diameter,  however,  was  substituted  for 
copper  wire  of  the  same  diameter  and  same  geometrical  form 
in  the  trial  circuits,  the  ratio  of  the  determinations  of  time  in 
the  time  circuit  and  the  ratio  of  the  oscillations  in  the  iron 
circuit  were  no  longer  constant.  This  inconstancy  I  desire 
to  dwell  upon  as  my  strongest  proof  that  the  period  of  elec- 
trical oscillations  on  iron  wires  is  not  the  same  as  that  of 
oscillations  on  copper  wdres  of  the  same  geometrical  form. 

The  arrangement  of  a  suitable  iron  circuit  gave  me  con- 
siderable trouble.  The  problem  was  to  obtain  a  sufficient 
length  of  iron  wire  to  show  any  effect  of  change  in  periodicity, 
and  also  to  obtain  a  sufficient  amount  of  self-induction,  in 
order  that  the  distances  between  the  oscillations  on  the  photo- 
gra])h  should  be  measurable.  The  strong  damping  effect  of 
iron  did  not  permit  of  my  using  more  than  four  or  five  metres 
of  wire.  It  was  not  a  simple  matter  to  arrange  two  circuits, 
one  of  iron  and  one  of  copper,  which  would  have  exactly  the 
same  geometrical  form.  After  many  trials  I  arranged  my 
trial  circuit  as  follows  : — 

A  cylinder  of  very  porous  wood,  11*5  centim.  in  diameter, 
15  centim.  long,  v.as  boiled  in  pai-affin,  and  a  spiral  was  cut 
upon  its  surface.  The  turns  of  the  spiral  were  1  centim.  a])art. 
On  this  cylinder  and  in  these  spirals  the  wires  under  examina- 
tion were  wound.  After  a  determination  had  been  made  with 
a  copper  wire  it  was  unwound  from  the  cylinder  and  an  iron 
or  steel  wire  was  wound  in  the  grooves  occupied  by  the  copper 
wire.  Exact  geometrical  similarity  was  thus  obtained  with 
good  insulation.  Several  hundred  determinations  were  made 
Avith  \\ires  of  different  sizes.  With  iron  wires  larger  than 
"0312  inch  in  diameter,  no  marked  change  in  ])eriod  could  be 
perceived.  If  a  great  number,  however,  of  photographs  were 
measured,  an  inconstancy  of  ratios  was  noticed  which  never 
appeared  when  the  copper  circuits  were  compared.  It  seemed 
as  if  at  certain  times  the  iron  exerted  a  magnetic  effect  and 
at  other  times  failed  to  do  this.  The  most  marked  changes 
in  period  I  obtained  with  iron  wires  of  "0312  inch  in  diameter. 
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I  nrivo  the  following  example.     The  lengths  of  the  oscilla- 
tions are  expressed  in  milli metres. 


Iron, 

1                       Copper. 

A. 

B. 

C. 

D. 

Length  of            Length  of 

oscillations  ou      oscillations  on 

iron  circuit.          time  circuit. 

Length  of 
oscillations  on 
copper  circuit. 

Lengtli  of 
oscillations  on 
time  circuit. 

3-7 
37 
37 
40 
3-3 
2-8 

608 
608 
5-90 
6-10 
5-16 
3-60 

3-50 
3-40 
3  30 
2-70 
3-40 
3-37 
2-63 

614 
6-00 
600 
5-26 
610 
6-36 
3-72 

When  the  ratios  of  A  to  B  and  of  C  to  D  are  compared,  it 
will  be  seen  that  the  time  of  electrical  oscillations  on  an  iron 
circuit  of  the  same  geometrical  form  as  a  copper  circuit  is 
longer  than  of  those  on  the  copper  circuit. 

The  rate  of  oscillation  was  not  far  from  that  which  I 
employed  in  my  investigation  on  the  damping  effect  of  iron 
\vires.  Since  the  inductance  appears  under  the  square  root 
in  the  formula  f  =  7r -v/LC,  the  changes  in  induction  due  to 
the  iron  indicated  by  the  above  table  may  amount  to  from 
five  to  ten  per  cent. 

Thus  my  results  confirm  those  of  Mr.  (;harles  E.  St.  John, 
who  has  shown  by  an  entirely  different  method  that  the  wave- 
lengths sent  out  by  a  Hertzian  vibrator  on  iron  wires  differ 
in  length  from  those  transmitted  on  copper  wires  of  the  same 
geometiical  form  as  the  iron  wiies.  His  results  are  of  even 
more  importance  in  the  theory  of  magnetism,  for  they  deal 
with  more  rapid  electrical  oscillations  than  those  which  I 
employed. 
Jefferson  Physical  Laboratory, 
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LIV.    On  the  Scattering  of  Light  Jiy  Metallic  Particles.     By 
EiciiAHD  TiiiiELFALL,  Professor  of  Physics  in  the  University 

of  Sydney,  N.S.W.* 

ri'^HE  problem  of  the  scattering  of  light  by  small  conducting 
jL  j)arlielcs  is  treated  by  Prof.  J.  J.  Thomson  in  his  very 
welcome  '  liecent  Researches  in  Electricity  and  Magnetism.' 
It  would  of  course  be  absurd  for  me  to  oifer  any  remarks 
on  the  formidable  analysis  by  means  of  which  Prof.  Thomson 
reaches  his  conclusions  ;  and  therefore  I  shall  limit  myself  to 
the  consideration  of  §§  367  and  378,  in  which  similar  con- 
clusions are  reached  by  different  methods. 

One  of  the  most  striking  results  is  as  follows  ('  Recent 
Researches/  p.  449)  : — "  When  non-polarized  light  falls  upon 
a  small  non-conducting  sphere,  the  scattered  light  will  be 
completely  polarized  at  any  point  in  a  plane  through  the 
centre  of  the  sphere  at  right  angles  to  the  direction  of  the 
incident  light.  When  the  light  is  scattered  by  a  conducting 
sphere,  the  points  at  which  the  light  is  completely  ])olarized 
are  on  the  surface  of  a  cone  whose  axis  is  the  direction  of 
propagation  of  the  incident  light  and  whose  semi-vertical 
angle  is  120  degrees.''' 

Jt  may  well  be  considered  questionable  whether  small 
metallic  particles  can  be  regarded  as  the  conducting  particles 
to  which  the  investigation  refers,  especially  if  we  bear  in  mind 
the  apjtarently  excessive  transparency  of  thin  metallic  films. 
However,  there  is  no  difficulty  in  observing  the  scattering 
from  fine  metallic  particles  ;  and  what  follows  deals  with 
some  experiments  I  have  made  on  the  subject.  To  save  time 
for  any  one  who  does  not  care  to  follow  the  detail  of  experi- 
mental work,  1  will  state  at  once  that  I  have  obser\'ed  no 
great  difference  in  the  effects  produced  by  particles  of  gold, 
copper,  iron,  silver,  and  gum  mastic.  The  position  of  the 
azimuth  of  maxiunnn  polarization  with  gold  particles  (which 
are  most  easily  observed)  does  not  differ  from  the  cor- 
responding position  when  mastic  is  employed  by  more  than  a 
degree  or  two,  if  at  all.  The  observations  with  metals  other 
than  gold  were  nothing  like  so  satisfactory  ;  but  so  far  as  they 
go  they  confirm  the  results  obtained  with  gold. 

As  long  ago  as  1888  I  examined  the  })roperties  of  a  gold 
"  sky.'^  In  order  that  the  gold  particles  might  be  suspended 
in  a  non-conducting  medium,  1  shook  up  some  terebene  with 
a  bit  of  solid  phosphorus  and  added  a  Aery  small  quantity  of 
a  solution  of  "old  chloride  in  ether :  in  the  course  of  a  few 
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hours,  or  Jays,  the  gold  was  thrown  down  as  usual  in  particles 
of  extreme  fineness.  For  the  present  purpose,  however,  tliere 
is  no  advantage  in  using  terebene,  since  any  solution  which  is 
transparent  must  be  reganled  as  non-conducting  for  voltages 
reversed  with  the  frecjuency  of  light-waves.  Accordingly 
the  gold  dej)osits  which  I  have  examined  have  been  formed 
in  water.  When  a  very  dilute  solution  of  the  double  chloride 
of  gold  and  sodium — say,  one  centigram  of  the  crystallized 
salt  per  litre— is  reduced  by  the  addition  of  a  solution  of 
phosphorus  in  some  organic  solvent,  the  solution  is  observed, 
after  a  time  varying  from  a  few  hours  to  several  days  or  even 
weeks,  to  become  strongly  coloured.  The  colour  varies  from 
a  clear  pink  with  dilute  solutions  to  an  opaque  purple  when 
the  solutions  are  strouij.  A  number  of  observations  on  these 
precipitates  and  on  their  removal  from  suspension  (for  they 
are  too  fine  to  subside  of  themselves)  by  moulds  growing  in 
the  liquids  have  been  published  by  Prof.Liversidge  (Australian 
Association  for  the  Advancement  of  Science,  Report,  185)0). 
I  have  to  thank  Prof.  Liversidge  for  allowino;  me  to  examine 
these  solutions. 

There  are  certain  preliminary  questions  which  must  be 
dealt  with.  In  the  first  place  the  precipitate  formed  is  really 
gold, 

(1)  Because  in  rather  strong  solutions  of  the  chloride  the 

precipitate  forms  a  film  on  the  surface  which  possesses 
the  lustre  of  gold  ; 

(2)  Because  when  the  solutions  are  strong  enough  to  give 

a  precipitate  coarse  enough  to  sink,  or  when  the  fine 
precipitates  are  carried  down  by  the  growth  of  mould, 
the  presence  of  metallic  gold  can  be  rendered  evident 
by  burnishing. 
I  have  no  formal  proof  that  the  precipitates  consist  of  gold 
only  ;    but  taking  into  consideration  the  number  of  expe- 
riments made    by   Prof.   Liversidge    and    the   great  variety 
of  reducing  solutions  used  by  him,  together  with  the  constancy 
of  the  phenomena  observed,  there  c^fi  be  no  doubt  that  the 
precipitate  is  practically  pure  gold.     Of  course,  when  the 
precipitates  are  large  enough  to  examine  there  is  no  doubt 
about  their  nature,  and  we  bave  no  chemical  reason  for  sup- 
posing that  the  reaction  will  change  in  character  by  the  mere 
influence  of  further  dilution  of  the  solutions. 

The  colour  of  the  solutions  is  certainly  to  be  attributed  to 
the  presence  of  the  precipitate  ;  for  when  the  precipitate 
is  removed  by  moulds  the  colour  disappears.  The  colour, 
therefore,  must  be  due  to  the  fine  particles  ;  but  without 
careful  examination  it  is  difficult  to  believe  that  the  whole 
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effect  is  duo  to  scaiterino;.  This,  however,  appears  to  be  most 
pioljiihly  the  case,  as  the  following  oxporinients  will  show  : — 

Three  ty})icjil  samples  prepared  by  Prof.  Liversidge  w(;re 
examined.  The  first  sample  had  been  made  up  about  two 
nionths  before  I  examined  it.  Tlu;  quantity  of  gold  was  so 
]arg(^  that  the  })re('ipitatc  had  partly  subsided  ;  and  the 
solution  was  so  dark  that  it  was  ])ractically  oj);u[ue  in  thick- 
ness(!S  of  more  than  a  few  centimetres.  The  absorption 
s])ectrum  was  observed  with  the  helj)  of  a  wedge-shajjed 
hottle.  The  absorption  was  chiefly  in  the  green  and  greenish 
blue.  At  about  the  limit  of  transparency  practically  all  the 
s]»ectrum  disapjieared  except  the  orange-red.  The  opacity 
was  such  that  no  satisfactory  observations  could  be  made  on 
tlie  scattered  light. 

The  second  sample  had  a  magnificent  pink  colour,  very  like 
a  dilute  solution  of  fluorescein,  but  of  course  without  the 
fluorescence  of  that  substance.  Tlie  colour  was  exceedingly 
brilliant,  and  having  only  had  experience  of  the  colour  pro- 
duced by  precipitates  of  gums  in  water,  for  a  long  time 
1  inuigined  that  some  coloured  substance  had  been  formed. 
This  specimen  was  described  by  Prof.  Liversidge  {loc.  cit. 
p.  40(i).  It  was  })repared  in  November  1889,  and  from  the 
description  of  its  colour  cannot  have  changed  appreciably 
since  that  date.  The  reducing  substance  was  phosphorus  in 
chloroform,  and  a  smell  of  chloroform  was  still  marked.  The 
solution  of  gold  chloride  was  of  about  the  strength  mentioned. 
The  absorption  spectrum  Mas  observed  in  a  tube  CD'S  centim. 
long.  The  absor})tion  was  not  nearly  so  sharp  as  in  the  case 
of,  say,  chlorophyll,  but  was  wonderfully  sharp  for  a  "  sky  " 
colour.  The  absorption  extended  from  the  yellow-green  to 
the  blue-green  ;  there  also  appeared  to  be  a  slight  absorption 
in  the  blue  ;  but  it  was  very  slight.  The  scattered  light  was 
easily  observed  in  this  case,  especially  when  a  Nicol  prism 
was  used  in  conjunction  with  the  spectroscope.  It  Mas  thus 
(h"scovered  that  the  scattered  light  was  practically  green,  and 
of  abo\it  the  proper  apparent  intensity.  A  line  was  draw  n  on 
a  board  so  as  to  indicate  a  direction  at  riglit  angles  to  the 
direction  of  the  incident  light  ;  and  another  line  was  drawn 
at  120  degrees  to  the  same  direction.  By  means  of  these 
lines  the  })Osition  for  maximum  polarization  could  be  suffi- 
ciently closely  observed.  There  can  be  no  question  as  to  the 
angle  being  much  closer  to  90°' — even  if  it  w'ere  not  exactly 
90°,  as  the  observation  seemed  to  show — than  to  120°.  I 
cannot  say  within  M'hat  limits  of  angle  the  position  was 
])erpendicular  to  the  direction  of  the  incident  light. 

The  third  sample  1  examined  had  a  full  purple  colour,  and 
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was  niado  at  tlio  same  tiino  as  the  one  last  described.  Tho 
solution  must  have  been  ot"  about  the  same  strenotli,  and  the 
reducing  aj:,"ent  was  phospliorus  dissolved  in  carbon  hisul]>hide. 
The  smell  of  that  reagent  luul  disappeared  and  been  replaeed 
by  that  of  sulphuretted  hydrogen.  Observations  similar  to 
the  last  -were  made  with  the  same  general  result,  except  that 
the  absorption  was  stronger  and  that  it  extended  rather 
further  towards  the  red  end  of  the  spectrum.  The  scattered 
light  was  again  seen  to  corres})ond  with  the  part  of  the 
spectrum  which  was  cut  out  in  the  last  observation.  Tho 
angle  of  maximum  polarization  occuj)ied  its  former  position. 

A  large  number  of  similar  experiments  were  made  from 
time  to  time,  but  they  all  gave  the  same  general  results. 

In  order  to  avoid  any  risk  of  contaminating  the  gold  with 
organic  matter  derived  from  the  solvent  used  for  the  phos- 
phorus, I  shook  up  a  bit  of  [)hospliorus  with  some  distilled 
water,  and  found  that  I  could  obtain  a  suthcient  reduction  of 
the  o;old  to  enable  me  to  be  stu-e  that  the  angle  of  maximum 
polarization  occupied  its  former  normal  position. 

1  also  set  up  solutions  of  different  strengths,  and  observed, 
them  from  day  to  day  as  the  process  of  reduction  went  on  ; 
but  I  never  observed  any  change  in  the  position  of  the 
maximum  angle. 

Most  of  the  observations  on  the  direction  of  the  ])Osition  of 
maximum  polarization  were  made  on  about  a  litre  of  the 
solution  contained  in  a  vessel  of  glass  with  plane  sides  ;  occa- 
sionally I  used  beakers,  which  did  just  as  well. 

The  source  of  light  was  an  arc  lamj),  and  when  the  particles 
were  only  few  and  far  between  lenses  were  employed  to 
condense  the  beam.  Some  experiments  were  also  made  with 
initially  polarized  light,  but  without  any  difference  being  in 
any  case  detected,  whether  a  gold  or  a  mastic  sky  was  used. 

Metals  other  tlian  Gold. 

1.  Copper. — A  solution  of  sulphate  of  copper  was  taken  and 
diluted  sufficiently  with  water  that  had  been  shaken  up  with 
phosphorus.  Of  course  check  experiments  w'ere  made  in  this 
case,  as  in  all  others,  to  insure  the  aljsence  of  particles  other 
than  those  desired.  In  many  cases  it  was  necessary  to  use 
platinum-distilled  water,  as  ordinary  once- distilled  water  con- 
tains too  many  motes.  A  very  faint  sky  was  obtained  with 
the  copper,  and  this  behaved  just  as  did  the  gold  sky.  I 
believe  that  the  sky  did  actually  consist  of  copper,  for  the 
solutions  were  both  free  from  motes  before  mixing,  or  rather 
they  gave  a  much  stronger  sky  when  mixed  than  when  separate. 

2.  Silver. — The  phosphorus-water  was  shaken  with  dilute 
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silver  nitrate.  In  this  case  I  did  not  succeed  in  satisfying 
myself  that  cldorides  were  sufficiently  eliuiinated.  The  sky, 
whatever  it  was  composed  of,  behaved  just  as  before. 

8.  Iron. — A  properly  reduced  solution  of  ferrous  ammonium 
suljdiate  was  obtained  and  mixed  with  phosphorus-water  as 
bf'fore.  The  solution  was  more  or  loss  preserved  from  oxida- 
tion by  covering-  it  with  a  hiyer  of  "  albolcne  "  oil.  I  am  not 
sure  tliat  an  appreciable  increase  of  the  sky  took  place  on  this 
occasion  by  the  action  of  the  phosphorus  :  what  sky  there  was 
behaved  as  before. 

The  above  experiments  were  repeated,  a  piece  of  phosphorus 
being  left  in  the  liquid  :  but  though  the  skies  became  rather 
stronger,  no  differences  could  be  detected.  These  experiments 
sufi^er  from  the  uncertainty  that  the  skies  might  have  been 
formed  by  particles  separated  direct  from  the  phosphorus. 

Assuming  that  Prof.  Thomson's  views  are  correct,  these 
experiments  must,  1  think,  be  taken  as  showing  that  at  all 
events  gold  in  particles  fine  enough  to  scatter  light  behaves 
as  an  insulator.  At  all  events,  the  ])henomena  are  consistent 
with  the  great  transparency  of  gold-leaf. 

No  difference  was  observed  between  the  scattering  of  ])lane 
waves,  and  the  scattering  from  a  pencil  of  rays  converging 
from  the  condenser  of  the  lantern. 

Returning  to  the  gold  solutions,  I  l"ave  no  hesitation  in 
saying  that  they  aftbrd  the  simjdest  and  most  beautiful 
illustration  of  the  colours  produced  by  fine  particles.  It 
is  worthy  of  note  that  the  colours  are  so  brilliant,  even  if  we 
allow  for  the  manner  in  which  the  colour  of  the  scattered 
light  depends  on  the  size  of  the  particles. 

The  a])parent  perfect  transparency  of  the  more  dilute 
solutions,  when  considered  in  connexion  with  the  comparative 
sharpness  of  the  absorption  spectrum,  must  indicate  a  uni- 
iorniity  in  the  dimensions  of  the  particles  which  is^  so  far  as  I 
know,  unique. 

Judging  from  the  appearance  of  the  spectrum  only,  espe- 
cially in  the  case  of  the  stronger  solutions — i.  e.,  those  that 
just  do  not  settle  by  themselves — I  think  that  perhaps  an 
excellent  light  for  photographic  purposes  might  be  obtained 
by  using  these  skies  as  light-filters. 

Supplementary  Kote. 

After  concluding  the  above  experiments  it  appeared  to  me 
that  the  only  metal  for  which  the  evidence  I  had  to  offer  was 
satisfactory  was  gold.  I  therefore  made  the  following  expe- 
riments with  the  object  of  observing  the  action  of  a  ''  sky  " 
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ot"  platinuin  particles.  Platinum  is  cei'tainly  one  of  the  most 
opaijuo,  if  not  the  most  opaque  metal  ordinarily  dealt  with  ; 
and  it  seemed  possible  that  very  fine  particles  of  platinum 
might  act  as  conductors  even  to  electric  disturbances  reversed 
with  the  frequenov  of  blue  light. 

A  sky  of  platinum  particles  was  easily  produced  as  follows: — 
A  litre  bottle  with  a  wide  neck  was  three  quarters  filled  with 
boiling  distilled  water,  the  water  having  boiled  for  an  hour 
before  being  poured  into  the  bottle.     The  rubber  bung  used 
to  close  the  bottle  was  ])ierced  by  three  holes — one  allowing 
the  introduction  of  a  thick  glass  tube  carrying  a  sealed-in 
electrode    and    passing    into    the    water  ;    another   carried  a 
second  electrode  of  platinum  reaching  down  to  within  about 
half  an  inch  of  the  water  surface  ;  the  third  carrietl   a  tube 
permitting  communication  to  be  made  between  the  inside  of 
the   bottle  and   the  water-pump.      On  placing  the  bung  in 
position  and  working  the  pump,  most  of  the  air  was  rapidly 
sucked  from  the  bottle,  the  water  began  to  boil,  and  after  a 
time  the  connexion  was  sealed-off^.     The  bung  and  tubes  were 
well  waxed,  and  the  bottle  was  left  to  cool  down.     Next  day 
it  was  found  that   the  water  "  hammered  "  in  a  satisfactory 
manner  when  the  bottle  was  shaken.     The  electrode,  owing 
to  several  causes,  was  now  about  1|  centim.  from  the  surface 
of  the  water.     An  induction-coil  worked  by  a  transformer  was 
then  caused  to  pass  a  current  between  the  water  surface  and 
the  free  electrode,  the  current  being  regulated  so  that  at  a 
frequency  of  about  60  ~  it  just  failed  to  produce  suflicient 
electrolysis  to  free  gas.     The  electrode  was  white  hot.     The 
bottle  was  placed  before  an  arc-lamp  and  studied  by  a  Xicol 
prism,  as  previously  described,  while  the  coil  was  actually  at 
work.     It  was  noted  that  before  the  discharge  began  the  water 
was  nearly  optically  clean,  and  looked  exactly  like  a  check- 
sample  of  the  boiled  distilled  water  which  had  been  preserved 
for  the  purpose  of  comparison.     After  about  half  an  hour's 
discharge  no  appreciable  in(;rease  in  the  scattered  light  could 
be   detected  ;    but    on    shaldng    the    bottle,    small    brightly- 
reflecting  metallic   scales  became  apparent.     The  discharge 
produces  considerable    motion   of  the  water-surface,  and  it 
had  been  erroneously  assumed  that  this  would  prevent  the 
formation  of  a  platinum  film  on  the  water  surface.     The  hint 
was  taken,  however,  and  the  bottle  was  shaken  by  hand  for 
about  two  hours  while  the  discharge  was  taking  place,  during 
the  whole  of  which  time  the  scattering  of  light  by  the  water 
particles  continually  increased,  and  was  finally  fairly  brilliant. 
At  no  time  did  the  direction  of  maximum  polarization  appear 
to  vary  from  the  perpendicular  to  the  direction  of  propagation 
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of  the  Vvj}\i.  The  ])l;itinniii  sky  behaved,  in  fact,  in  <a  quite 
iionnal  manner.  The  more  carefully  the  directions  of  the 
incident  and  observed  h'oht  were  adjusted  to  perpendicularity, 
the  more  complete  the  extinction  produced  by  rotating  the 
Kicol  appeared  to  be.  The  fine  particles  remaining  well  sus- 
pended for  a  considerable  time  (at  least  a  week),  several 
friends  were  good  enougli  to  examine  the  polarization  phe- 
nomena for  me,  and  all  the  observations  agreed  perfectly. 

Platinum  particles  therefore  scatter  light  like  ordinary  non- 
conducting particles  within  the  limits  of  accuracy  of  the 
observations. 

I  was  anxious  to  tiy  the  effect  of  a  sky  of  iron  particles, 
and  made  the  following  experiments  and  observations  on  this 
matter. 

The  apparatus  used  was  similar  to  that  described  in  the 
case  of  ])Iatinum,  except  that  "  pure  "  iron  electrodes  were 
formed  by  binding  the  iron  ware  sold  as  "  pure  for  chemical 
analysis  ""  round  the  sealed-in  ends  of  the  platinum  wires. 
Five  or  six  layers  of  fine  iron  wire  w^ere  bound  round  the 
platinum  wire,  and  connected  then  to  the  actual  electrodes — 
two  short  lengths  of  Swedish  charcoal-iron  carefully  cleaned. 
Sparks  were  taken  between  the  two  electrodes,  and  were 
practically  confined  in  their  effects  to  the  charcoal-iron.  As 
a  medium  for  catching  and  supporting  the  fine  iron-dust,  I 
first  tried  a  nearly  dry  sample  of  glycerine,  prepared  by 
heating  the  strongest  commercial  glycerine  in  the  presence  of 
strong  sulphuric  acid  under  reduced  pressure.  After  sparking 
for  some  hours  a  sky  was  formed,  but  the  heat  of  the  discharge 
had  been  sufficient  to  obviously  decompose  some  glycerine 
vapour,  and  consequently  the  sky  might  have  been  due 
to  iron,  oxide  of  iron,  or  carbon,  or  any  mixture  thereof.  I 
therefore  tried  to  find  some  more  suitable  substance  than 
glycerine.  I  wished  to  exclude  oxygen,  if  possible,  from  the 
medium  employed,  and  yet  have  a  substance  which  should 
have  only  a  small  vapour-tension.  After  a  good  many  trials 
I  settled  on  a  vaseline  oil  (?)  known  as  "  albocarbene  oil." 
The  vapour-tension  of  this  substance  was  at  least  2  centim. 
at  24°  0.  even  after  heating  and  exposing  in  a  vacimm  several 
times.  Under  the  circumstances  it  hardly  appeared  Morth 
while  to  attempt  to  take  u{)  the  oxygen  it  might  hold  by  the 
action  of  sodium,  especially  as  I  was  not  sure  of  the  complete 
action  of  the  sodium  ;  while  the  certainty  of  its  making  the 
oil  dirty  opened  up  the  probability  of  other  disadvantages. 
The  atmosphere  employed  was  hydrogen  disengaged  from 
zinc  and  hydrochloric  acid  in  presence  of  chromous  chloride  ; 
it  was  washed  by  solution  of  sodium  hydrate,  and  finally  dried 
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over  phosphorus  pentoxide.  The  pressure  was  ahout  two 
inches  of  mercury.  The  sparking  &c.  was  carried  out  as 
before,  antl  after  about  four  hours'  of  sf)arking  a  fairly  good 
sky  was  visible  in  spite  of  the  strong  fluorescence  of  the  oil. 
On  opening  the  bottle  a  decided  smell  of  hydrocyanic  acid  was 
noted  (nitrogen  was  known  to  be  present  in  small  quantities), 
and  there  were  traces  of  decomposition  on  the  sides  of  the 
bottle.  An  attempt  was  made  to  concentrate  the  particles  by 
standing  the  bottles  on  the  poles  of  a  Jamin  magnet,  but  no 
concentration  could  be  observed  after  twenty-four  hours. 
Considering  the  viscosity  of  the  oil,  this  was  not  regarded  as 
of  much  weight.  The  oil  was  then  poured  through  a  filter 
made  from  Schleicher  and  SchuU's  special  quality  jiaper  for 
stopping  tine  particles.  The  paper  was  washed  with  kerosene, 
gasolene,  alcohol,  and  water,  and  was  finally  digested  in  dilute 
hydrochloric  acid.  The  resultant  liquid,  on  evaporation, 
showed  the  presence  of  traces  of  iron  in  an  unmistakable 
manner.  The  filtered  oil  was  not  examined  as  to  its  scattering 
properties,  owing  to  an  accident. 

The  light  scattered  from  the  supposed  iron  sky  behaved  in 
a  perfectly  normal  manner,  i.  e.  like  all  substances  hitherto 
examined.  In  this  case  it  was  found  more  convenient  to  use 
a  beam  of  sunlight  than  the  light  from  the  arc-lamp  ;  obser- 
vations are  rendered  difficult  by  the  blue  fluorescence  of  the 
oil.  The  question  turns  entirely  on  the  point  as  to  whether 
the  scattering  was  produced  by  metallic  iron  or  by  its  oxide. 
That  the  scattering  was  produced  by  one  or  the  other  I  have 
no  doubt ;  for  after  filtering  the  oil  I  could  discern  a  faint 
darkening  of  the  filter-])aper  which  disappeared  by  treatment 
with  hydrochloric  acid,  and  so  disposes  of  the  sui)])Osition  that 
the  particles  were  carbon.  The  iron  afterwards  found  was 
from  the  deposit  and  not  originally  in  the  acid  or  reagents,  or 
in  the  filter-paper  (for  check-experiments  were  made).  Some 
dust  on  the  electrode  appeared  to  Ije  magnetic  when  tested 
by  a  magnetized  sewing-needle,  but  the  quantity  that  I 
could  collect  was  too  small  to  make  the  observation  conclusive. 
Of  course  if  I  had  been  in  a  position  to  secure  a  sample  of  a 
definite  hydrocarbon  of  small  vapour-tension,  the  matter  could 
easily  have  been  determined  ;  but  such  a  thing  does  not  exist, 
to  my  knowledge,  in  Australia. 

As  I  desired  further  evidence  1  repeated  the  whole  investi- 
gation up  to  the  sparking,  but  this  time  introduced  a  small 
plate  of  glass  between  the  oil  and  the  electrodes.  After 
sparking  as  before  for  three  hours  (using  the  coil-contact  and 
three  gallon  leyden  jars  \\\\\\  an  air-gap)  I  could  see  no 
mirror,  though  obviously  a  good  deal  of  oil-vapour  had  been 


454  Prof.  Threltiill  on  the  'Scattering 

decomposed.  (Professor  Wright,  of  Yale,  warned  me  in 
188f)  that  iron  mirrors  are  not  e:\sily  made.)  The  experi- 
ment was  perforce  interrupted  for  three  days,  and  on  turning 
on  the  coil  on  the  fourth  day  a  smart  explosion  resulted, 
bringing  the  observations  to  a  conclusion  by  scattering  every 
part  of  the  apparatus,  the  writer  having  a  rather  lucky  escape. 
The  eleclrodes  were  picked  up  and  found  to  be  perfectly  clean 
and  bright.  After  consideration  I  decided  not  to  pursue  the 
matter  further,  first  because  I  am  not  quite  sure  of  the 
importance  of  an  investigation  of  iron  in  the  present  state  of 
electromagnetic  theory,  and  secondly  because  the  investigation 
can  be  easily  made  by  anyone  who  has  a  suitable  hydrocarbon, 
whereas  I  can  only  hope  to  obtain  inconclusive  results  with 
the  oils  at  my  disposal. 

I  will  add  a  note  on  producing  oxygen-free  atmospheres. 
If  hydrogen  is  employed  the  difficulty  is  to  get  rid  of  oxygen 
from  the  water  and  acid  used  to  act  upon  the  zinc.  Several 
ways  of  absorbing  small  quantities  of  oxygen  are  known  and 
dealt  with  in  a  paper  by  me,  "  On  the  Preparation  of  Pure 
Nitrogen  and  Attempts  to  Condense  it,"  Phil,  Mag.  January 
1893. 

The  most  convenient  wnj  of  obtaining  large  quantities  of 
hydrogen  free  from  oxygen  is  to  half  fill  a  very  large  flask 
with  granulated  zinc  and  keep  this  covered  with  a  solution  of 
chromous  chloride — the  "  liquide  brute  "  of  Recoura.  H^dro- 
chloric  acid  can  be  added  fearlessly  by  means  of  an  ordinary 
safety  funnel ;  for  any  air  carried  down  is  instantly  deprived 
of  its  oxygen  by  the  blue  liquid.  If  the  flask  be  permanently 
sealed  to  a  potash  wash-bottle  and  drying-tubes,  a  means  of 
procuring  dry  hydrogen  with  traces  of  nitrogen  is  instantly 
and  continually  available.  The  blue  liquid  does  not  last  for 
ever,  however,  though  if  a  little  acid  be  added  from  time  to 
time  its  life  is  sufficiently  prolonged.  Following  Recoura  in 
the  paper  quoted,  I  recommended  that  the  potassium  dicliro- 
mate  should  be  finely  ground  in  the  chromous  chloride 
preparation.  I  now  find  that  if  it  is  dissolved  in  the  hydro- 
chloric acid  before  the  latter  is  added  to  the  zinc,  it  does  just 
as  well  and  saves  a  good  deal  of  trouble. 

To  sum  up  : — 

1.  The  scattered  light  from  gold  and  platinum  particles 
behaves  like  light  scattered  from  particles  of  gum  mastic  or 
milk  so  far  as  the  polarization  phenomena  are  concerned. 

2,  The  same  remark  applies  to  iron,  or  iron  oxide,  or 
carbide,  whichever  it  was  that  I  examined.  I  rather  think, 
on  the  whole,  that  the  sky  was  iron  simply. 
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Note  on  tlie  preceding  Paper  by  Prof.  J.  J.  Thomson. 

I  made,  about  two  years  ao;o,  some  rough  experiments  on 
the  polarization  of  light  scattered  by  small  particles  ot"  gold, 
the  results  of  which  were  in  agreement  with  those  of  Professor 
Threlfall.  I  reganled  these  experiments  as  confirming  tho 
results  of  Maxwell  antl  Wien,  that  the  resistance  of  metals  to 
the  very  rapidly  alternating  currents  which  constitute  light 
is  much  greater  than  to  steady  currents. 

It  is,  moreover,  difficult  to  make  these  experiments  so  as  to 
be  a  fair  test  of  the  theory,  as  it  is  only  when  the  size  of  the 
particles  is  within  narrow  limits  that  the  theory  would  bo 
applicable,  even  supposing  the  resistance  to  be  as  low  as  for 
steady  currents.  To  scatter  the  light  the  diameters  of  the 
particles  must  be  small  compared  with  the  wave-length  of 
light,  while  the  theory  given  in  my  '  Researches  on  Electricity 
and  Magnetism  '  requires  that  the  depth  to  which  the  currents 
produced  by  the  light  penetrate  the  particle  should  be  a  small 
fraction  of  the  radius  of  the  particle.  Now  at  a  depth  (/  below 
the  surface  of  the  sphere  the  intensity  of  the  induced  current 
varies  as  e~^'^,  where  k={27r/jbp/a}^,  where  fi  is  the  magnetic 
permeability,  cr  the  specific  resistance  of  the  metal,  and  27r/p 
the  time  of  oscillation  of  the  incident  electrical  vibration. 
Thus  the  currents  at  a  depth  l/k  below  the  surface  will  only 
be  1/e  of  their  value  at  the  surface  ;  we  may  therefore  take  l/k 
as  the  measure  of  the  thickness  of  the  film  filled  by  the  currents. 
For  gold  cr=:2100  for  steadv  currents.  /*=  1,  and  for  the  D  line 
/)  =  27r  X  5-097  x  lO^^;  thus'^l//(;  =  3-2  x  10-'.  The  wave-length 
of  the  D  line  is  5-89  x  10"^  about  170  times  l/k.  Thus,  for 
the  theory  to  be  applicable,  the  diameter  of  the  particles  must 
be  small  compared  with  \  and  large  compared  with  l/k.  As 
X  is  only  170  times  l/k  this  makes  the  range  for  the  dia- 
meter very  small.  A  more  satisfactory  test  of  the  theory 
could  be  made  with  longer  wave-lengths  and  larger  particles  ; 
for  the  thickness  to  which  the  currents  descend  varies  as  the 
square  root  of  the  wave-length,  so  that  the  ratio  of  the  wave- 
length to  the  thickness  of  the  current-film  increases  as  the 
wave-length  increases. 
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LV.    On  the  Self- Induction  and  on  the  Gravity -Potential  of  a 
Ring.     By  W.  M.  HlCKS^. 

THE  self-induction  of  a  finite  ring  has  been  considered  by 
Professor  Minchin  in  the  Mai'ch  number  of  the  Philo- 
sophical Magazine  on  the  assumption  that  it  is  the  flux 
through  a  diapliragm  composed  of  the  aperture  and  half  the 
surface  of  the  ring.  In  reading  this  paper  it  occurred  to  nie 
that  the  problem  could  more  naturally  be  attacked  by  means 
of  Toroidal  Functions.  In  considering  it  from  this  point  of 
view  I  was  led  to  a  conclusion  which  does  not  seem  to  have 
been  heretofore  noticed. 

The  expression  for  the  self-induction  of  a  thin  circular  ring 
as  given  by  Maxwell  is  7rR(4  log  8R/r— 8),  and  for  a  ring  of 
finite  size  as  given  by  Minchin  is  7rR(41og  8R//'  — 8)  +  terms 
involving  the  radius  (r)  of  the  transverse  section.  In  the 
finite  ring  the  curi*ent-density  varies  inversely  as  the  distance 
from  the  straight  f  axis.  In  Maxwell's  wire  the  distribution 
of  current  across  the  transverse  section  is  considered  uni- 
form, and  it  would  therefore  appear  that  his  formula  gives 
the  self-induction  so  far  as  it  is  independent  of  the  thick- 
ness, and  that  this  part  is  independent  of  the  distribution  of 
current-density  within  the  wire  itself.  As  a  matter  of  I'act, 
however,  the  distribution  of  current-density  has  a  deciding 
efl^ect  on  the  value  of  the  second  term,  and  this  however  small 
the  section  of  the  ring  may  be.  The  correct  value  of  the  self- 
induction,  neglecting  powers  of  r/R,  is  7rR(41og  8R/r  — 7). 
The  expression  7rR(4  log8R/r— 8)  gives  the  value  of  the  flux 
through  the  aperture  only,  which  to  this  degree  of  approxi- 
mation is  independent  of  the  law  of  current-density.  The 
ditiference  is  due  to  the  fact  that  although  the  section  across 
the  ring  may  be  exceedingly  small,  yet  the  forces  are  cor- 
respondingly large,  and  the  interaction  of  the  different  parts 
of  the  current  cannot  be  ne^'lected  even  when  the  rin<2; 
is  extremely  thin  and  of  large  aperture.  E.  g.  in  a  ring  of 
1  metre  radius  and  I  millim.  thick  the  usually  accepted 
formula  gives  a  value  3^  per  cent,  too  sjnall. 

In  the  present  paper  the  question  is  treated  by  the  method 
usually  employed  in  dealing  with  problems  of  electric  potential 
and  fluid  motion,  but  which,  so  far  as  I  know,  is  new  in  its 
application  to  electromagnetic  and  gravity  potentials.     The 

*  Communicated  by  the  Author. 

t  By  straight  axis  is  meant  the  line  through  the  centre  of  the  ring 
perpendicular  to  its  plane.  The  circular  axis  is  tlie  locus  of  the  centres 
of  the  transN  erse  sections  of  the  ring. 
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functions  wliieh  naturally  couio  in  are  Toroidal  Functions, 
the  properties  of  which  are  tleveloped  in  two  papers  in  the 
Transactions  of  the  Royal  Society*.  These  papers  are 
referred  to  in  the  jiresent  paojes  as  [T.  F.  i.]  and  [T.  F.  ii.]. 
The  special  problems  considered  are  : — 

(1)  The  force-fiux  function  and  self-induction  for  a  ring  in 

which  the  current-density  varies  inversely  as  the   dis- 
tance from  the  straight  axis.     This  is  the  case  of 
current  throufjli  a  yius.  consistino-  of  a  single  turn  of 

^  "  r>  o  o 

round  wire. 

(2)  The  same  quantities  when  the  cun-ent-density  is  con- 
stant. This  leads  to  the  case  of  a  uniformly  wound 
coil  of  circular  cross  section. 

(3)  The  method  is  then  exemplified  by  finding  the  gravity- 

potential  of  a  finite  ring — a  problem  which  has  been 
recently  very  fully  considei-ed  by  j\Ir.  Dyson  f. 

1.  The  force  is  symmetrical  round  the  straight  axis  of  the 
ring.  Take  this  axis  for  the  axis  of  z  and  the  origin  at  the 
centre  of  the  ring,  and  let  p,  z  denote  the  cylindrical  coordi- 
nates of  any  point.  Further,  let  R  denote  the  radius  of  the 
circular  axis,  r  that  of  a  cross  section,  and  a  that  of  the 
critical  circle  in  the  curvilinear  coordinates  used  in  toroidal 
functions — /.  e.  in  the  system  of  coaxal  circles  having  0^ 
for  common  radical  axis  and  having  one  circle  of  the 
system  coinciding  with  the  cross  section.  The  length  of  a  is 
equal  to  the  length  of  a  tangent  line  from  the  centre  to  the 
circle.  It  will  be  found  convenient  to  express  values  later 
in  terms  of  R  and  the  angle  subtended  at  the  centre  by  a 
cross  section  :  this  angle  will  be  denoted  by  a. 

The  flux  function  i/r  at  a  point  P  will  be  taken  as  denoting 


the  total  flux  up  through  a  circle,  radius  P  N  (see  figure). 
It  IS  the  same  as  that  through  a  diai)hragm  stretching  from  0 

*  Phil.  Trans.  1881,  Part  iii.  p.  609,  and  1884,  Part  i.  p.  101. 
t  Phil.  Trans.  1893,  A.  pp.  43  &  1041. 

Phil.  Mag.  S.  5.  Vol.  38.  No.  234.  Nov.  1894.  2  I 


458  Mr.  W.  M.  Hicks  on  the.  Self-induction 

and  bounded  by  tbis  circle.     Let  xo,  w'  denote  tbe  velocities 
at  P  parallel  to  NP  and  Oc.     Then 

— i</y3  =  flnx  uj)  tbroiigb  an  annnlus  whose  radii  are 
'^P  IW  and  PN+\Zp, 

=  27rp  dp  id, 

-^dz  =  flux  through  cylindrical  tyre  (breadth  dz) 
towards  N, 

=  —  ^Trp  dz  tc ; 
whence 

27rp  dz  '  ^Trp  dp 

2.  Consider  a  current  flowing  through  an  elementary  ring 
whose  cross  section  is  dp  dz  and  in  which  the  current-density 
is  a.     Then  the  circulation  taken  round  this 

=  47r  X  current  =  47ro-  dp  dz. 

But  the  circulation 

'div      div' 


whence 


or 


/die      dio' \  T     ,       .        7     , 

J_d^        d/   1     dylr\_ 

2irp  dz°-  "^  dp\27rp  dp  )~  ' 

d^ir       d^yjr       1  d^!r 

At  points  where  there  is  no  current  tbe  right-hand  side  is  of 
course  zero. 

3.  To  find  the  force-flux  we  shall  require  two  functions, 
one  {y^')  for  space  outside  the  ring,  and  the  other  (yjr)  for 
space  inside.  The  conditions  which  they  have  to  fulfil  are  as 
follows  : — ■ 

■x^r'  must  be  finite  at  all  points  outside  the  ring,  be  zero  at 
the  point  0,  and  satisf}'  the  equation 

d^f       d'^yjr'       ldf'_ 
dz^        dp^       p  dp 

Using  toroidal  functions,  these  conditions  are  satisfied  by 
y\r'=  -~—^ rSR„(A„cosny  +  AUinni'). 


and  on  (he  Gravitii-Potential  of  a  Ring.  459 

^  must  be  finit(>  at  all  [)oints  inside  the  ring,  and  must  satisfy 

These  conditions  are  satisfied  by 

where /is  anv  particular  solution  of  the  equation  (1). 

Further,  at  the  boundary  of  tlie  ring  -^  and  the  force  are 
continuous.     That  is,  when  11  =  11^^  then  for  all  values  of  v, 


ylr  =  ylr'     and     -~-  =  -^, 
an        an 


(2) 


where  ?ty  is  the  value  of  u  corresponding  to  the  boundary. 
These  conditions  will  serve  to  find  completely  yjr  and  -v^'  in 
all  cases. 

In  order  to  apply  these  last  conditions  it  will  be  necessary 
to  expand  /'in  a  series  of  cosines  and  sines  of  multi2)le  anoles. 
In  the  cases  here  considered  it  will  be  seen  later  that  the  sine 
terms  do  not  enter,  and  that  /is  of  the  form 

where  F„  is  a  function  of  u  only. 
The  conditions  (2)  now  give 

aL=o,   b'„=o. 

A„R„  =B„T„  +  F„, 
A„I{„  =B„T„  +F„; 

where  dashed  letters  denote  differentiation  with  respect  to  u, 
and  the  functions  are  now  to  be  regarded  as  functions  of  Uq 
only. 

From  these, 

A„(R'„T„  -  R;r'„) = t„fL  -  t!,f„, 

B„  ( R„T„ — T{  „T  „ )  =  R„F„ — R„Fn . 
Now 

R'„T„-R„T'„=  (m2- i)S2(p;.Q,_P„Q'„)     [T.  F.  ii.  2.] 
=  (^/2_iyg_  [T.  F.  i.  24.] 

2  1  2 
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•     .     (3) 


( 


Hence  _  4  .rp  p^  _^i  ^  ^^    •. 

This  is  tlie  general  solution  for  any  case  in  terms  ot"  F. 

4.  We  proceed  to  apply  the  foregoing  to  special  cases. 
Consider,  first,  the  case  of  a  current  flowing  in  a  uniform 
circular  ring  of  any  size.  The  parts  of  the  current  all  flow  in 
circles,  and  the  equipotential  surfaces  will  be  planes  through 
the  straight  axis.  The  lengths  of  conductor  which  a  current 
uses  between  two  such  surfaces  will  be  proportional  to  the 
arc  between — i.  e,  to  p.  Hence,  in  order  that  each  element 
of  current  may  produce  equal  fall  of  potential  between  the 
two  planes,  the  current-density  must  vary  inversely  as  p,  i.  e. 
a-=ih/p,  where  b  is  some  constant.  Let  I  denote  the  total 
current ;  then,  integrating  over  a  cross  section,  it  will  be 
found  that  I  =  27r&{R-i/(R2-r2)}. 

Now  ?*  =  B,sina,     a  =  Rcosa; (4) 

whence  I  =  27rbJl{l—  cos  a), 

I 


or  _  

27r/3R(l— cosa) 

Equation  (1)  now  becomes 

dz^        dp^       p  dp 

a  particular  solution  of  which  is 

/=_47r2^^2 

^-^^%a^0^^  [T.F.i.3]. 

This  has  to  be  expanded  in  a  series  of  the  form 

It  is  clear  that  there  are  no  terms  in  sin  nv.     Hence 
^     ""  Jo       (C-^)' 


(5) 


^'iT%a^  d  fcosMt?  — ■^(cosn  +  2t>  +  cos?i  — 2t))^^, 


Jo 


S      du},  v(C-c) 

^^"^^/iQn-iCQ.^.+  Q"-)^      [T.F.ii.l]; 
fc         d^i 
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therefore 

F„= ^Jiiipii  {(q:.-qU)-(qU2-qL)} 

=  87r^>a,V2{(n-l)Q„_,-(n  +  l)Q„+,}r 
also 

Fo=-87rAaV2Qi. 

It  is  now  only    necessary   to    substitute    these   values  in 
equations  (3).     Then 

TX-T',.F„  =  87r&aV2[-SQU(/i-l)Q'„_,-0i  +  l)QU.} 

+  0^'-l)SQ„{(n-l)Q„_,-(H  +  l)Q„+,}]; 
since 

T„=-SQ'„  and  T'„=-(;i^-l)SQ,.. 
Now 

(n*-i)Q.Q„-,-QLQ'„-. 

=  ^^Q„{4«CQ,  -  (2;i  +  1)Q„+ J-QUQUi-2'^SQ„)> 

since 

(2n+ l)Q„+.-4nCQ„+ (2n-l)Q„_.  =  0 

Q«+l— Qn-l  =  2wSQ„. 

Therefore 

(  n^—  T  j  QuQn-l  —  QnQn-I 

=  -^^^^^Q„Qn+.-Q'nQUi  +  nQ„{(2n  +  l)CQ„  +  2SQU 
=  {n(2.+  l)-i^^'}Q„Q„^,_Q'„Q'„^. 

=(^'-4)QnQn+i-Q'„Q'n+. ; 


} 


T„F'„-T'„F„=  -  IGTTtaV  2 1  (n^-  j)  Q„Q„+,  -  Q'„QU.  }  J 


therefore 

T  F' 
whence 

A„= — -H-^ — T— i  ('^^"~t)Q"Q"+i~Q'"Q»+)  r 

=  166a^v^2a„  (say) 
with  Ao=-86aV2(QoQi  +  4Q'oQ'i).     J 


462  Mr.  W.  M.  Hicks  on  the  Self-induction 

Tf  (ft2-|)Q„Q„+,-Q'„Q'„+,  be  written  X„,  it  can  be  sbown 

tli'^^  X„  =  X„_,  +  (2n-l)Q„Q._., 

wliicli  is  more  convoniont  for  calculation. 
So  also 

_(,,-2_l)SP„{(n-l)Q„_,-(M+l)Q„+.}]. 
As  in  the  former  case,  it  may  be  shown  that 

and  > 

B,.=  =^l^'{«(«-i)-("^-3>.Q..,  +  P;,QU.}  I 

=  lGha'^2/3„  (say)  | 

with  Bo=8/>aV2(PoQi  +  4P'oQ'i).  J 

Also,  if  the  expression  in  the  bracket  for  B„  be  denoted  by  Y„, 

Y„  =  Y,_.  +  2(n-l)7r+(2n-l)P„_,Q,. 

Thus  yjr  and  ^jr'  are  now  completely  determined.  It  must 
be  remembered  that  the  functions  P,  Q  in  fornuilaj  (6)  and 
(7)  are  the  values  at  the  surfoce  of  the  tore  Mq. 

5.  In  dealing  with  the  self-induction  of  such  a  ring  as  we 
are  now  considering,  it  is  necessary  to  particularize.  Its 
value  will  differ  for  alternating  currents  ot  different  periods. 
The  time-constant  for  a  constant  E.M.F.  ap])lied  to  the  ring- 
will  not  be  the  same  as  on  the  assumption  here  made  as  to 
distribution  of  current-density.  In  order  to  be  definite  we 
will  find  the  coefficient  for  the  energy  on  the  assumption  of 
steady  current — in  other  words,  the  value  of  L  in  the  expres- 
sion iLP.  This  will  veiy  approximately  give  the  self- 
iuduction  except  for  rapid  alternations.  The  energy  is 
given  by 

the  integral  being  taken  over  a  cross  section. 

Putting  in  the  value  of  '\Jr  and  transferring  to  curvilinear 
coordinates, 

E=- 2.3A- JJ  -  dp  d.  +  ^ ^.S JJ  -^.^^-^  -  ^  .  ^^-  du dv 
Now  I"  cos  nc  2  s/ 2     I 
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therefore 
E  =  -  I  -n^m^il  -  cos  aY[l  -f  2  cos  a)  +  2  v/  2a^SB„  (     ^  (Q'„)2cZ„. 

The  integral  inuy  be  evuluateJ  as  follows  : 

Q»+i  —  Qn-i  =  2h  SQ,j. 
Also  it  may  easily  be  proved  that 

Q»+i  +  Qn-i  =  2CQ„+SQ„ ; 
Therefore 

(QU.>-(Q!-.)'=2»S(2CQ„Q'„+SQ„^) 
therefore  '     du 

=  -2nCQ^, 
or,  say, 

-^)!+i  — -^n— 1=  — 2?iLQ„ ; 
therefore 

X„  =  2C{(u  +  l)Q::+,+  (n  +  3)Q^+3  +  ...}, 

an  infinite  and  rapidly  convergent  series. 

Substituting  this  and  the  value  of  h  from  (5), 

^  7rRI^-,      -,         ^  .   Rn/2        Fcosa     ^  B„X„ 

b  2        (1— cosa)^      TT^ti^b 

and  the  self-induction, 

tIv/i     .    ck  \         o -^      n  COS    a  ^   B„X.,i  .Qs, 

=  --^n  +  2cosa)^62nn.^^-^—^,%-;^.    .    (8) 

Now  P„  =  a„E'  +  A,F', 

Q„  =  «JF-E)  +  /S„F, 

where  E,  F  are  elliptic  integrals  to  modulus  k  ;  where 

1  —  cos  a 


k^  = 


1  +  cos  a' 


E',  F'  are  the  complementary  integrals. 

Also  a^,  )S,j  are  algebraical  expressions  in  k  whose  values 
are  given  up  to  n  =  b  in  [T.  F.  ii.  8].  Their  general  values 
are  also  given  in  a  j)aper  by  Mr.  Basset*.     Consequently  the 

*  "  On  Toroidal  Functions,"  Amer.  Journ.  Math.  xv.  p.  301. 
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flux  functions  (and  therefore  forces)  and  self-induction  of 
large  tores  of  any  size  may  be  calculated  to  any  desired 
degree  of  ayjproximation  directly  from  the  formulae  obtained. 
"When,  however,  the  rings  are  of  smaller  cross  section,  and  k 
small,  it  is  more  convenient  to  have  the  formula}  expressed 
directly  in  terms  of  k. 

(').  Putting  in  the  values  of  P,  Q  given  in  [T.  F.  ii.  9, 10], 
and  remembering  that  d/du= —kdldk,  it  will  be  found  that, 
L  denoting  logg4/^, 


IT 

IT  ~      35  ' 
and  that  the  self-induction 

ttR  ..      ^  X  .    4'^Rcos^a 


(H-2cos«)+,^-^'-;;(4L-6  +  (14L-18)fI 

^  ^       (1-f  COSa)-'  (,  ) 

when  a  is  very  small  this  is  7rE,(4L  — 7),  and  not  7rR(4L  — 8) 
as  usually  assumed. 

Taking  Professor  Minchin's  example,  R=lcm.,  r="lcm., 

sina=-l,      cosa=-995,       F=  10025, 

and    self-induction    =    33'36    C.G.S.    units.      The    formula 
47rR(L  — 2)   gives   29*9.      The    numerical    values    given    by 
Prof.  Minchin  appear  to   be  doubled,  as  if  he  had  used  the 
diameter  instead  of  the  radius. 
Similarly, 

a=-'rTn^(l  +  \k^  +  ^^^k^y 
Hence,  for  space  outside  the  ring, 
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81 


+  1^2/1  +  11  ^2\r^  cost; 


0 

82 
BttRI  \/2  cos2  a         I 


+  T^,A:^R2Cos2y+     .  .| 


{&c.} 


1+COSa  V/(C  — C) 

The  total  flux  through  the  apertiive  is  the  value  of  -v|r  at 
the  iuside  edge,  i.e.  at  <<  =  «o>   t'='7r. 
Then 

Substituting  for  the  R  it  will  be  found  that 
,  ,T  87rRcos2a        r^      ^     3,     1/-.      l\,o     3/„-r      SlN.g") 

which  for  very  small  rings  gives  the  self-induction 

=  47rR(L-2), 

the  value  usually  accepted  for  the  true  value. 

The  flux  as  taken  by  Prof.  Minchin   is  found  by  putting 

This  agrees  with  his  result  up  to  the  term  in  k. 
The  force  at  the  centre  of  the  ring  is 

1    d-^    du  A        1 

- —  -T^.-^     when  u  =  v  and  v^tt. 
zirp  du     dn 

This 
=  2^s(^'/  ["  2(C^c)  +  7(^^(^^'-iK^^" ""'""] 

=  32^»{^(Q,q.  +  4q;q;)  +  s,(-i)"(q:q;,^j-;7::4Q„q„^^)]. 
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When  small  this  becomes 


=  ^0-^*'-14 


7.  The  case  of  uniform  current-density  is  of  more  practical 
importaDce,  as  it  leads  to  the  case  of  a  uniformly-wound 
circular  coil  whose  cross  section  is  also  circular.  The  mathe- 
matical treatment,  however,  does  not  lead  to  such  a  complete 
solution  as  in  the  former  case. 

As  the  current-density  is  uniform,  cr  =  I/7rr^,  and  the  right- 
hand  side  of  equation  (1)  is  —  87rlp/r^. 

A  pai'ticular  integral  is 

8     1,  1'  STrla^S^ 


whence 

p  _      16Ia^S^  f'^   co&nv 
'~  372^  Jo  (C-c)!^^' 

Now 

Jo  (0-c)3 
whence  it  is  easy  to  show  that 


F  =- 


G4\/2IaVc.r^"     ..r^.\       1 


9? 


(sq;;-cq:), 


)>    .     .     .     (9) 


also  ^_     32  x/2la^/^^„  ,\ 

Substituting  in  Ix^F^^  — R'^^F^^,  and  remembering  that 
it  will  be  found  that 

-,73i(s-s)q:} 
_   ^wna^S'nC  2p;,q;,  i 

64^2Ia^.     ,      . 
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and 

So  also,  in  a  similar  manner,  1\,F',^  — T'^F,,  gives 

64  i/ 2 1  a"' 


with 


«„  (^'ly), 


-o=^{s(Q'^-QoQ;)-^'}' 

The  energy  is 

^jy  ^'^'- J«oJo  (^  -'')^ 

The  part  of  E  depending  on /is  found  by  an  easy  integra- 


tion to  be 


— q —  (  T  +  C'OSec''  a  1. 


The  part  depending  on  the  infinite  series  is 

'^-^^'^       "J.oJo    (C-c)l 
But  from  (9) 

3     ^du\^)' 
Therefore  the  above 

37r,-2    -  "J^o^-^aV-sr^'- 
Now, 


also 


2  8        2  \        4/  S 

2ji-s^-v^-4/7s^r"' 
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•••j:«^i:.(i)-=[ii-H-i)f]:-M'"-i)G 


+ 


and  that  the  self-induction 
87rll  /3 


where  the  functions  outside  the  integral  are  functions  of  ?«q. 
It  results  that 

E  = r. —    7  +  cosec^  a  )  - -^.j t-^t—  S/9„  \  -2^ 

M-lXf-f^-)). 

;rll/3  ,  2  N    ,    512Rcos^a„_     f ,  Q'2 

3     \4  y  yiTTSin^a      ^"  (.      s 

-('-D(f-i:f-)}- 

It  is  seen  that  the  question  is  not  completely  solved,  as  the 
integral  1      — — ^  du   has  not  been  evaluated,  as  in  the  pre- 

ceding  case.     Its  value  can,  however,  be  approximated  to 
when  k  is  small. 

If  it  be  denoted  by  X^^,  it  can  be  shown  that 

a  difference  equation,  which  if  solved  in  a  series  ascending 
from  Q„^j  would  give  X^^. 

If  we  call  the  self-induction  L,  the  energy  is  ^LP. 

If  there  are  N  turns  of  wire  with  a  current  /, 

I  =  m, 

and  energy       =  ^N*L/^, 

whence  the  self-induction  of  such  a  coil  is  N^L. 

8.  For  such  a  coil  the  values  of  the  flux  function  are : — 

Outside, 

,,       64v/2Rcos=^aNi         1         V       -D 
Y    =  cT'^ Tin T  ^"  '^n^\  *^0S  ^^'  5 
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Inside, 

87rReos=>«Ni         8=^ 

64-v/2Rcos=^aNi         1       ^^^ 
H ^-7^ — 7T7S rSo   i    cos  7JV, 

where  a,,,  ;8„  are  the  expressions  given  above. 

When  a  (or  k)  is  small,  the  values  can  be  expressed  in  a 
few  terms  of  a  series  of  powers  of  k  as  in  the  former  case. 
These  values  are  as  follows  : — 


'^~  128 


A-  2- 

When  A-  is  not  large,  the  integrals  in  the  expression  for 
the  self-induction  may  be  found  a|tproximately  in  a  series 
of  powers  of  k.  If  this  be  done,  after  some  rather  tedious 
calculations  the  value  is  found  to  be 


47rR 


L      6      c 


2  cos^  a  +  3  cos'^  a  +  4  cos*  a 


'6  (l  +  cosa)'* 

When  k  is  very  small  this  is  7rR(4L  — 7). 

The  value  of  >/r'  will  give  the  coefficient  of  mutual  induc- 
tion between  the  circular  coil  and  a  thin  circular  wire  with 
the  same  straight  axis  and  with  its  plane  parallel  lo  the  coil. 
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9.  The  same  method  of  attack  can  be  employed  in  deaUng 
witli  gravitation  potentials.     Here 

—  V^^  =  —  47ro-, 

where  o-  is  the  density  at  the  point  {x,  y,  z). 

If  /  be  a  particular  solution  of  this,  and  ^  denote  the 
general  solution  of  \/^<p  =  0,  then  at  all  points  within  the 
attracting  body  the  })otential  =f+(f)^,  and  at  all  points  out- 
side =  <^2-  Also  <^i  and  ^^  must  be  finite  and  continuous  in 
their  respective  regions,  and  at  the  surface  of  the  body  the 
(f>i  and  (f)2  and  their  first  difFerential  coefficients  are  continuous. 
These  conditions  suffice  to  determine  (f>i  and  (f)2. 

Take,  for  instance,  the  case  of  a  uniform  sphere.  Inside 
(7  is  constant,  and 

d^Y       2  dY 
a?"^        r  dr 

A  particul;ir  integral  is 

V  =  —  7>  TTcrr^  ; 

o 

whilst  the  general  solution  is 

V  =  A+^. 

r 

Hence: —       t     •  i  ,  2        „      a       B 

Inside,     (h  =  —  -  Tcar^  +  A  +  -   ; 
o  r 

Outside,  d)'  =  A'+5. 
r 

Inside,  <^  is  finite,  .'.   B=0. 

At  the  surface,  when  r~a^ 

4>-4>.     and       -jj.=   j;:^ 

Therefore  .       2        g         .        B'^ 

6  a    \  ^ 

—  ^  iraa    =  —  — 5        : 

whence  A'  =  A  — 27ro-a^, 


and 


B'=  i-TraaK 
6 

^  =  A—  Tj'Tor, 
(/)'  =  A  — 27ro-(r  +  .J 


3 


r 
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If  the  density  of  the  sphere  is  variable,  the  only  difficulty 
is  that  of  tinding  the  particular  integral  /.  As  an  example 
of  variable  density,  take  the  case  of  a  sphere  in  which  tlu^ 
density  varies  as  the  square  of  the  distance  from  a  diametral 
]ilane.     Here 

-V-</)=-47rcc-, 

/=  —  .-jTTt'z*  =  —  r.TTcr^  cos*  6, 

O  O 

and  the  general  solution  involves  zonal  harmonics  (P,i). 
Hence,  inside, 

(b'=-l  TTcr^  cos*  6+ SB  r"  P  , 

and  outside. 


Now, 


and 
Also 


0=S^P„. 

j.n  +  l 

8  -i  1 

The  surface  conditions  give  at  once 

A„  =  0=:B,,  for  all  n>4, 
Aj  =  A3=0  =  Bi=B3. 


J-  4  T»  -^0 

—  :rv  TTCa    +  \\        =    

15  a 

—  T7Y  TToa*  +  Bga^  =  -|     y  (p  =  4>'   when  r  =  a, 


21 


A, 


—  rr^  TTca^  +  B^a*  = 
105  a 


and 


i         ,  A 

lo  a 


16        , 
-  2l  '^'^ 


-^^W  +  4B,a^=   -5^: 


-^  ,  Ao     1    d<b      d(b'    , 

+  2  Boa    —   —  3 -f     }>  -jT  =  ^^yhen  r=a, 
«4  ^,.  (J,.  ' 


Sivniii 


4  a' 


105  r^ 


'^Z'"'  =  15  7  "*"  lis  ^  ^^  ' 
(^'/TTO  =  ^(5a*-/)+  ig(7aV-5r'')P2. 
10.  The  gravitation  potential  of  a  tore  has  been  recently 
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considered  by  Mr.  Dyson  *  by  means  of  special  functions  and 
inteoration.  It  niav  l)e  of  use  to  indicate  how  the  problem 
would  be  solved  by  toroidal  functions  and  the  differentiation 
method  illustrated  in  this  paper. 

Inside    the    tore    —  V^0=— ^tto"    with    a    constant.      A 
particular  solution  is 

f=  -irap' =  — 7ro-«2S2(C-<3)-2. 
Hence : — 
Outside,        4>  =   x/(C— c)5^A^^Pj^cosnr, 
Inside,  <t>'  =  -7ro-(7^S7(C-c)2+v/(C-c)SB„Q„co3nr. 

/  must  be  expanded  in  a  series  of  the  form 
/=  ^(C-(')SF„cosnr; 
whence 

TT  -nr  oQc.  r    cos  nv    , 

This  has  been  found  above  (9),  viz. 


Writing  P„  for  R^  and  Q„  for  T„  in  §  3,  we  find 

A„(PLQ,-P„Q'J  =  Q„F:^-Q'„Fj 
-POM  =  P  F'-P'F  J  * 


B.(PLQ,-P„Q'J 


)i      n 


^'"''  A,.  =  -(Q„F'-Q'„FJ, 

TT 

B   =  -(P  F'-P'F  ). 

TT 

Inserting  the  values  of  F„  and  F'^,,  we  get 
A    _    16v/2       ic^n    <i      Una     C2+1  ,      ^.,\: 

B,  =  i^^a^c  I  U-  ^\  ^+U-  ^)v  Q  -  c^^Jp  Q'  -p'„q;.  I 

n  3  )^  \^         4/ 2C       \         4/    "^"       OS      "^"     ^«^'.j- 

The  external  and  internal  potentials  are  thus  completely 
found. 

*  "  The  Potential  of  an  Anchor  Ring,"  Phil.  Trans.  1893,  pp.  43,1041. 
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LVI.  On  the  Energy  of  the  Amperian  Molecule.  By  K.V. 
Chattock,  Professor  of  Physics,  University  College,  Bristol, 
and  F.  B.  Fawcett,  Associate  of  University  College,  Bristol*. 

^r^HE  following  experimeuts  were  undertaken  for  tlie  pur- 
X.  pose  of  determining,  if  possible,  whether  the  molecular 
currents  of  Ampere  are  accompanied  by  motions  of  the  mole- 
cules themselves.  The}'  were  suggested  during  an  attempt 
by  one  of  usf  to  express  certain  [)hysical  properties  of  solids 
in  terms  of  the  ionic  charges  of  their  molecules. 

The  theory  [»ut  forward  by  Weber,  that  Amjjerian  molecules 
may  be  rotating  charged  carriers  of  electricity,  lends  itself  at 
first  sight  to  the  view  that  the  molecules  of  all  matter,  whether 
in  the  electrolytic  form  or  not,  carry  upon  them  the  charges 
they  possess  when  in  the  condition  of  ions.  It  is  only  neces- 
sary to  suppose  that  the  molecules  of  a  maguetic  substance 
rotate  with  these  charges  in  virtue  of  their  heat  motions,  to 
accoimt  for  the  permanence  of  their  magnetic  moments  at 
any  given  temperature. 

Upon  this  supposition,  if  a  bar  of  iron  is  saturated  in  a 
magnetic  field,  and  this  field  is  suddenly  strengthened,  the 
effect  upon  the  iron  will  be  two-fold.  There  will  be  a  sudden 
decrease  in  the  magnetic  moments  of  the  molecules  corre- 
sponding to  a  decrease  in  their  rates  of  rotation,  and  tlierefore 
to  a  cooling  of  the  iron  as  a  whole  ;  and  this  will  be  followed 
by  a  si  iw  return  to  their  original  condition  as  the  iron  receives 
heat  from  surrounding  objects. 

The  result  of  Ewing's  work  on  iron  subjected  to  intense 
fields  has  been  to  show  that  no  certain  alteration  in  the  value 
of  I  (the  magnetic  moment  per  cub.  centim.  of  the  iron) 
can  be  detected  after  saturation  within  the  wide  limits  of  field- 
strength  which  he  employed.  Upon  the  present  hypothesis 
there  should  be  no  permanent  alteration ;  and  even  the  tem- 
porary fall  of  I  on  the  first  application  of  the  field  would  be 
far  too  small  to  detect ;  its  value  being  about  5  x  10~^^1  when 
the  magnetizing  force  is  raised  to  40,000  after  saturation  (see 
below). 

But  though  the  alteration  of  I  is  inappreciable,  the  accom- 
panying fall  of  temperature  is  not;  and  we  therefore  decided 
to  look  for  it.  We  were,  moreover,  encouraged  to  make  the 
experiment  l)y  the  publication  of  an  interesting  paper  on  the 
subject  of  ionic  charges  and  their  consequences  by   Dr.  F. 

*  Communicated  by  the  Authors, 
t  Phil.  Mag.  Dec.  1892,  p.  480. 
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Ricliarz*,  in  which  ({>.  410)  the  author  suggests  rotating  ions 
as  the  cause  of  molecular  magnetism,  and  then  gives  quanti- 
tative support  to  his  view  hy  showing  that  the  saturation 
values  of  I  for  magnetic  metals  are  of  the  same  order  of 
magnitude  as  those  calculated  from  reasonable  assumptions 
as  to  the  period  of  rotation  of  the  molecules. 

Magnitude  of  the  Effect  sought. 

For  simplicity  of  calculation,  consider  the  molecules  to  have 
the  form  of  thin  rings  of  diameter  S  (  =  ^10~^),  rotating  about 
their  principal  axes,  carrying  charges  y  (  =  3x  10~-'^E.M.) 
and  numbering  n  (  =  10-^)  to  a  cubic  centimetre  of  iron. 

Let  the  magnetic  axes  of  these  rings  be  parallel  and  similarly 
directed ;  i.  e.  let  the  iron  be  saturated  and  of  magnetic  moment 
I  per  cub.  centim.  It  is  easy  to  see  that  if  V  stands  for  the 
linear  velocity  of  any  point  on  a  ring  along  its  circumference, 

V-I.A.!LS=iL  .         (i) 

n    ivo^     (J      no(j 

Suppose   now  that  the  field  b}^  which  the  molecules   are 

held  in  position  is  suddenly  increased  by  an  amount  H.     The 

number  of  lines  of  force  which  will  enter  each  ring  per  centim. 

_        .  ,  .      H    ttS^      H8         ,  ,, 

of  its  circumference   is   — c;-"r-=— r?  ^^^  tlie  momentum 

TTd     4         4  ' 

imparted  thereby  to  the  matter  of  the  ring  is  consequently 

—r~<J-     From  this  it  follows  that  if  v  is  the  change  produced 

by  this  process  in  the  original  velocity  (V)  of  a  ring  of  mass  m, 

^^Hgg 

4m ^ 

Now  the  ratio  ^  is  the  fraction  by  which  the  magnetism 

in  the  iron  decreases  when  H  is  increased.  If  we  put 
H  =  40,000  (Ewiug's  maximum  value  about)   and  1=1500, 

^  comes  out  to  be  5  x  10~^^,  as  stated  above. 

From  (i.)  and  (ii.)  it  is  also  easy  to  calculate  the  loss  of 
heat  in  the  iron  due  to  any  increase  of  H. 

_  Loss  of  kinetic  energy  of  the  |  =inmY^-inm{Y-vy, 
rings  m  ergs  per  cub.  centim.     /  =l,nYv-inmv^ ; 

and  since  v  is  negligible  compared  with  V,  the  second  term 
*    Wied.  Ann.  lii.  p.  SSo  (1894)> 
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Hence,  as  /*/«Vr  =  IH  from  (i.)  and  (ii.),  it  follows 


es )  _m 

•J"  J' 


(iii.) 


vanishes, 
that 

Loss  of  heat  in  calories 
per  cub.  centini. 

where  J  is  Joule's  equivalent.  For  an  increase  of  H  of  250 
at  saturation  this  would  mean  a  fall  of  temperature  of  about 
one  hundredth  of  a  degree  C. 

This  is  a  well-known  expression  for  magnetic-field  energy  ; 
and  though  obtained  in  this  somewhat  roundabout  manner, 
it  is  of  course  quite  independent  of  any  hypothesis  as  to  the 
source  of  the  eneri>v  beinii  in  the  motion  of  the  molecules  or 
elsewhere.  The  above  equations  simply  suggest  a  mechanical 
explanation,  in  the  case  of  magnetic  molecules,  for  the  fact 
that,  when  energy  is  put  into  surrounding  space  by  starting 
any  current  A  (say  the  source  of  H  in  the  above) ,  it  is  less 
when  A  is  alone  than  it  is  if  a  second  current  B  (the  mo- 
lecular current)  is  already  flowing  in  its  neighbourhood  ;  the 
difference  being  wholly  derived  from  the  source  of  B  (which, 
according  to  the  present  hypothesis,  is  the  kinetic  energy  of 
the  molecule)  provided  B  does  not  chamje  in  strength  during 
the  process.  If  it  does — in  other  words,  if  the  second  term 
in  the  above  expression  does  not  vanish — part  of  the  extra 
field-energy  is  derived  from  the  source  of  A,  and  calculation 
becomes  practically  impossible. 

Description  of  Apparatus. 

After  several  unsuccessful  attempts  to  obtain  reliable  values, 
the  arrangement  shown  in  fig.  1  was  adopted.     AA  are  the 


FIC.Z. 


upper  portions  of  the  coils  of  a  large  electromagnet.     BB  are 
small  auxiliary  coils  for  the  purpose  of  producing  an  alteration 

2K2 
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in  the  magnetizino-  force  experienced  by  the  iron  under  test ; 
tlie  latter  being  contained  in  a  zinc  box  C,  which  was  filled 
and  surrounded  with  cotton-wool  and  placed  between  the 
poles  DT). 

The  te.st-i)iece  consisted  of  a  bundle  of  fine  iron  wires 
lying  parallel  to  the  lines  of  force,  into  the  centre  of  which 
was  introduced  one  end  of  a  "line''  thermopile.  The  other 
end  of  the  pile  was  surrounded  by  a  coil  of  silk-covered 
copper  wire  all  in  one  length,  which  was  similar  in  size  and 
shape  to  the  iron  test-piece. 

The  actual  size  and  shape  of  the  mould  in  which  the  s(>parate 
plates  of  the  alloys  forming  the  }>ile  were  cast  is  shown  in 
fig.  2.  The  plates  were  about  i  millim.  thick,  and  were  com- 
posed alternately  of  the  alloys  *  32  parts  bismuth  -f  1  part 
antimony,  and  12  parts  bismuth  +  1  part  tin.  They  were 
placed  side  by  side  with  mica  to  separate  them,  and  were 
soldered  at  their  pointed  extremities,  which  were  then  covered 
with  goldbeater's-skin.  Fourteen  })airs  were  used  to  form 
the  pile. 

By  this  means  the  junctions  formed  a  blunt  knife-edge  and 
were  brought  well  into  the  centre  of  the  iron  wire ;  the  mass 
of  the  pile  being  at  the  same  time  kept  small  at  that  point, 
while  it  was  large  enough  outside  to  prevent  undue  resistance 
to  the  thermal  current. 

The  galvanometer,  connected  through  a  mercury  commu- 
tator with  the  pile,  was  at  a  distance  of  nearly  20  yards  from 
the  electromagnet,  and  its  circuit  was  provided  with  a  small 
variable  E.M.F.  to  counterbalance  accidental  thermal  currents. 
The  scale  was  read  by  a  telescope,  and  a  motion  of  a  tenth  of 
a  division  could  be  easily  detected. 

Results  of  the  Experiments. 

The  constant  saturating  field  between  DD  {[\^^.  1),  pro- 
duced by  exciting  the  main  coils  A,  w;is  first  measured  by 
the  earth-inductor  method  and  found  to  be  about  2800  C.G.S. ; 
and  a  separate  current  was  then  sent  through  the  coils  B  of 
such  a  strength  that  on  reversing  it  the  main  field  was  altered 
by  166  C.G.S.  units  (H  in  equation  iii.).  The  currents  re- 
quired to  produce  these  fields  were  also  measured,  so  that 
they  might  be  reproduced  for  the  experiment. 

After  passing  current  through  the  exciting  coils  for  a 
couple  of  hours  to  obtain  a  steady  temperaiure,  the  method  of 
experiment  was  as  follows  : — 

Galvanometer-readings  were  taken  every  20  seconds,  the 
current  in  B  being  at  the  same  time  reversed  every  5  minutes, 

*  Boys,  '  Cautor  Lectures,'  1889,  p.  18. 
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so  as  to  alternately  heat  and  cool  the  iron  if  the  effect  looked 
for  existed.  In  this  Avay  fifteen  readings  were  obtained 
between  every  pair  of  reversals.  It  was  found,  however,  that 
a  small  inductive  effect  on  the  galvanometer- circuit  occurred 
at  each  reversal,  and  lould  not  be  quite  got  rid  of.  The 
needle  always  kicked  from  O'O  to  1  and  oscillated.  On  the 
other  hand,  it  so  happened  that  the  period  of  oscillation  of  the 
needle  was  almost  exactly  60  seconds.  We  therefore  divided 
the  fifteen  readings  into  five  groups  of  three ;  and  taking  the 
mean  of  each  three  we  assumed  it  to  represent  the  average 
j)Osition  of  the  needle  during  one  minute.  Five  reliable 
readings  were  thus  obtained  at  intervals  of  0'5,  1"5,  2*5,  3"5, 
•I'O  minutes  after  each  reversal  of  the  B  current.  Nine  such 
reversals  formed  a  "  set."  At  the  end  of  a  set  the  connexions 
of  the  galvanometer  were  reversed,  to  eliminate  a  possible 
direct  magnetic  effect  on  the  needle  of  the  galvanometer,  and 
the  set  was  repeated.  Two  such  sets  thus  constituted  a  com- 
plete experiment. 

In  the  following  table  the  mean  values  of  the  differences 
between  the  readinos  in  the  strong  and  in  the  weak  field, 

n«  mil 

taken  at  0*5,  1-5,  2"5,  &c.  minutes  after  alteration  ot  the 
field,  are  given  for  the  fonr  sets  of  two  complete  experi- 
ments. The  final  mean  values  of  these  differences  are  thus 
each  dependent  on  108  separate  readings  of  the  galvanometer. 

Table  I. 


Time  in  rrinutes  after  al-  "I 
teration   of   field   between  [ 
the  Tallies  2717  and  2883.  J 

05 

-0  64 
-0-43 

-0-30 
-0-38 

1-5 

-0-47 
-0-24 

-0-33 
-0-18 

2-5 

-0-42 
-0-30 

-0-36 
-0-28 

35 

-0-38 
-0-10 

-Oil 
+0-07 

45 

-0-33 
-0-31 

-0-10 
-0-08 

-0-21 

Tj.     ,    T    1  Set  1     

Espt.  I.     g^^  .> 

„     ,    TT    (  Set  1  

E^P^-"-lSet2 

Final  mean  differences    

-0-44 

-0-31 

-0-34 

-015 

The  effect  of  commutating  the  galvanometer  upon  the  sign 
of  the  differences  has  been  allowed  for  in  the  talde  by  reversing 
the  signs  of  Set  2  in  each  experiment.  The  —  sign  to  every 
difference  excej)t  one  means  that,  except  in  that  case,  the 
cross-wires  stood  more  to  the  left  of  zero  when  the  pile  was 
in  the  strong  field  than  when  it  was  in  the  weak  one. 

To  determine  the  thermal  meaning  of  this  fact,  we  next 
sent  a  small  mcmentary  current  through  the  co])]icr-wire  coil 
mentioned  above  as  being  upon  the  other  end  of  the  })ile.  The 
galvanometer  was  connected  as  for  Set  1.     A  motion  of  the 
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cross-wires  to  the  right  resulted.  Hence,  if  the  differences 
observed  were  due  to  the  iron^  an  increase  of  the  magnetic 
field  nnist  have  warmed  it — just  the  reverse  of  ichat  theory 
regnired. 

The  volume  and  resistance  of  the  copper  in  the  coil  upon 
the  pile  were  known.  By  sending  the  proper  current  through 
the  coil  for  one  second,  it  was  possible  to  produce  in  the  copper 
the  number  (0'006)  of  calories  per  cub.  centim.  which  ought 
to  have  been  produced  in  the  iron  by  weakening  the  field, 

ITT 

viz.  -^.     The  result  was  a  deflexion  which  reached  a  maxi- 

mum  value  of  3' 8  at  the  end  of  about  75  seconds  after  the 
copper  had  been  warmed,  and  died  away  in  less  than  6  minutes. 
As  the  two  ends  of  the  pole  were  as  nearly  alike  as  possible, 
this  value  gave  a  rough  idea  of  the  deflexion  to  be  expected. 
The  observed  effect  of  0*44  was  thus  about  nine  times  too 
small  and  in  the  wrong  direction. 

These  results  were  obtained  at  the  end  of  the  Christmas 
vacation,  and  at  this  point  we  were  obliged  to  remove  our 
apparatus  for  the  term's  work. 

Two  possible  causes  for  the  effect  \\  e  had  observed  occurred 
to  us.  One,  that  tlu^  alteration  in  field-strength  had  altered 
the  resistance  of  the  pile,  and  therefore  of  the  current  passing 
through  it.  The  other,  that  the  iron  liad  not  been  quite 
saturated  throughout  its  length,  and  that  hysteresis  effects 
had  been  superposed  upon  the  one  we  were  looking  for.  We 
therefore  undertook  a  fresh  series  of  measurements  this 
summer  with  Ijetter  ap})liances.  The  galvanometer  was  ren- 
dered absolutely  dead-beat  with  a  large  mica  vane,  so  that 
each  reading  was  complete  in  itself.  The  distance  between  the 
pole-pieces  was  decreased  from  3*0  to  2'65  <  entim.,  l)y  wliich 
means  the  strength  of  the  main  field  was  increased  to  3200 
(AG.S.,  and  the  length  of  the  iron  test-piece  was  increased 
until  there  was  only  0-5  millim.  clearance  between  its  ends 
and  the  pole-faces,  instead  of  7  millim.  as  before. 

Direct  measurement  now  showed  that  the  iron  was 
thoroughly  saturated,  and  that  the  value  of  I  for  it  was  1640. 

A  fuither  improvement  consisted  in  the  fact  that  the  iron 
wire  was  itself  silk-covered  and  all  in  one  length,  so  that  the 
artificial  heating  for  calibration  couhl  be  ])erformed  upon  the 
s})ecimen  itself,  and  a  far  more  accurate  indication  obtained 
of  what  to  expect  from  the  variations  of  the  magnetic  field. 

Slight  movements  of  the  test-piece  on  altering  the  field 
were  now  found  to  give  rise  to  small  thermal  effects,  due 
doubtless  to  an  alteration  in  the  flow  of  heat  tVom  the  exciting 
coils  through   the   pole-pieces   inlo   tl.e   pile   brought   about 
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thereby.  The  pile  and  test-]>iece  ^Ye^c  therefore  together 
embeddeil  in  a  slab  of  paraffin  wax,  2" 55  centini.  thick, 
through  which  passed  two  brass  pins  2*65  centim.  long  and 
0'3  centini.  in  diameter,  which  were  melted  into  the  wax  on 
either  side  of  the  test-piece,  and  served  to  prevent  any  relative 
motion  between  it  and  the  pole-pieces. 

On  trying  this  soon  after  the  jiaraffin  had  set,  the  following 
readings  were  obtained  in  the  right  *  direction  ;  that  is  to  say, 
they  pointed  to  a  cooling  of  the  iron  when  the  field  was 
strengthened. 


t=  0 


15 


30 


45 


60 


30 


60    sees 


0  0    4-0-31     +0-83     +1-29    +126     +126     4-1-35     +137 

Here  t  stands  for  the  time  in  seconds  after  altering  the 
field  between  the  values  3310  and  3090  either  way  (H  =  220). 


The  readings  (which  correspond  to  the  '  final  mean  differ- 
ences "  of  Table  I.)  are  plotted jn  curve  («).     ('urve  (h)  in 

*  The  +  sign  is  used  in  what  follows  to  indicate  that  the  readings 
are  in  accordance  with  theory,  and  vice  versa. 
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the  same  diagram  represents  the  effect  of  heating  the  iron 

wire  by  means  of  a  current  flowing  through  it  for  one  second, 

,      .    ,                               .1.1         l()40x220      ,     . 
and  of  the  proper  strength  to  produce   ^j^ calories 

per  cub.  centim.  of  the  iron.  The  points  which  determine 
this  curve  arc  the  mean  values  of  several  consistent  ob- 
servations. 

The  following  day  the  readings  were  in  the  wrong  direc- 
tion (curves  h  and  c),  nothing  ha\ing  been  altered  in  the 
mean  time.  Thinking  that  the  alterations  in  the  field-strength 
might  still  be  capable  of  producing  some  relative  movement 
of  the  pile  and  the  strands  of  the  test-piece,  the  efiect  of 
which  had  been  altered  by  the  hardening  of  the  paraffin 
during  the  night,  we  caused  the  paraffin  to  penetrate  the 
interstices  of  the  iron  wire  by  means  of  the  air-pump,  and 
the  apparatus  was  then  placed  in  position  and  subjected  to  a 
field  of  about  8000  units  for  5  hours  while  it  cooled,  lieadings 
taken  next  day  were  still  negative,  and  to  about  the  same 
extent  as  before  (curves  d  and  c).  The  substitution  of  a 
solid  cylinder  of  iron  for  the  iron  wire  did  not  affect  matters. 
Relative  motion  of  test-piece  and  pile  seemed  therefore  to  be 
excluded. 

The  clearance  between  pole-faces  and  test-piece  was  next 
increased  from  0*5  to  3*5  millim.  without  altering  the  result ; 
from  which  we  inferred  that  the  values  obtained  could  not 
be  due  to  a  slight  yielding  of  the  paraffin  slab  wliei  the 
field  was  altered,  the  distance  from  slab  to  poles  being  too 
great  to  be  affected  thereby  in  this  case.  Neither  could 
they  be  due  to  a  direct  effect  of  the  field  upon  the  resistarce 
or  E.M.F.  of  the  pile,  for  we  found  that  they  were  incVpen- 
dent  of  the  dirc^ction  of  any  permanent  current  which  might 
be  flowing  through  the  pile  during  the  observations. 

It  only  remained  therefore  to  suppose  that  our  results  w^ere 
attributable  to  a  change  in  the  conductivity  for  heat  of  the 
system  ])ile-testpiece  ;  the  flow  of  heat  through  it  from  the 
exciting  current  being  alternately  checked  and  accelerated  as 
the  field  was  altered.  That  a  tlow  was  actually  occurring 
from  the  iron  into  the  pile  and  on  through  it  to  its  other  end, 
was  shown  by  the  direction  of  the  E.M.F.  required  in  the 
galvanometer  circuit  to  balance  the  permanent  eff'ect  of  the 
pile.  It  was  due  to  the  fiict  that  the  pile  was  too  long  to 
allow  of  its  being  wholly  between  the  poles  at  the  same  time 
that  the  test-piece  was  in  a  uniform  part  of  the  field. 

The  corre(;tness  of  this  view  was  proved  by  slio\\ing  that  the 
sign  of  the  eff'ect  changed  with  the  direction   in  which  the 
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heat  flowed  throiijili  the  pik\  By  passing  hot  or  cold  Avater 
through  lioles  in  rlie  pole-pieces  we  \vere  able  to  alter  the 
flow  at  will.     The  Ibllowint^  are  the  results  obtained  : — 


Table  II. 


Effect  observed. 

Seconds  after  altering  field 0 

5 

15 

30 

-0-87 
-0-50 
-0-2(» 
-0-l.'5 

+015 
+0-22 

-015 

Warm  water  passed   for  about 
20  minutes  and  then  stopped. 

After  5  minutes    

After  2.5  minutes 

00 
00 
00 

-0-33 
-012 
-014 
-018 

+001 
+004 

-Oil 

-0-73 
-0-42 
-0-25 

-nir, 

+015 
+  0-11 

-0-20 

After  45  minutes 

00 

0-0 
0-0 

lee-cold  water  passed   tlirough 

next  day  and  kept  flowing  ... 

20  minutes  later  

Water  stopped. 
20  aiinutes  later  

00 

These  numbers  are  each  the  mean  of  ten  determinations, 
and  .show  clearly  the  alteration  of  sign  from  —  to  +  as  the 
flow  of  heat  changed  from  the  iron-pile  to  the  pile-iron  direc- 
tion. They  accord  with  the  sign  of  a  set  of  readings  we  took, 
in  which  the  end  of  the  pile  remote  from  the  iron  w^as  warmed 
by  a  tube  carrying  a  stream  of  tepid  water  (curve  f) ;  and 
they  also  explain  the  change  of  sign  which  occurred  while 
the  paraffin  slab  was  cooling  (p.  479). 

Having  thus  traced  our  first  results  to  the  unsyrametrical 
arrangement  of  the  pile,  the  obvious  cour.-^e  was  to  put  it  in 
such  a  position  that  the  flow  of  heat  through  it  was  avoided 
altogether,  and  to  repeat  our  original  readings.  This  we  tried 
to  do,  but  without  success.  It  was  easy  to  reduce  the  flow  to  a 
very  small  amount,  but  quite  impo.ssible  to  keep  it  so  for  more 
than  a  few  minutes  at  a  time.  We  venture  to  think,  however, 
that  the  curves  obtained  are  sufficient  to  prove  the  absence  of 
the  molecular  effect  sought  for.  A  comparison  of  the  curve 
for  artificial  heating  with  the  others  .sliov.s  that  the  peak, 
which  is  so  marked  a  feature  in  the  former,  is  not  found  in 
the  latter.  It  is  true  that  if  only  the  normal  curves  h,  c,d,e 
are  considered,  it  might  be  urged  that  the  peak  is  perhaj)S 
absent  because  it  is  neuti-alized  by  an  equal  and  opposite  peak 
in  the  effect  which  gives  the  readings  their  negative  sign. 
But  if  this  were  so,  it  should  be  doubly  present  in  the  curves 
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a  and  /",  wlierc  the  two  peaks  would  Le  in  the  same  direction. 
Tliat  this  is  not  the  case  seems  to  ns  to  render  it  practically 
certain  that  it  does  not  exist  at  all*.  In  other  words,  that 
if  the  molceiiJar  cvrrenfs  are  dve  to  a  s'pinnivcj  motion  of  ionic 
charges,  this  motion  is  not  inseparably  connected  icith  a  spinning 
of  the  molecules  tltemselves. 


LVII.    A    Neio    Metliod    of  Magnetizing    and    Astaticizing 
Gcdvanometer-Needles.     B;/  F.  L.  0.  WADSWORTHf. 

[Plate  XIII.] 

AGEEAT  deal  of  attention  has  been  devoted  by  many 
eminent  physicists  to  the  improvement  of  the  galvano- 
meter, and  it  has  in  consequence  been  brought  to  perhajis 
as  high  a  degree  of  delicacy  and  excellence  as  any  of  onr 
standard  physical  instruments.  It  is  vain  to  hope  for  any 
great  advance  in  sensitiveness  in  existing  types,  but  there  will 
always  be  a  steady  improvement  in  details  and  methods  of 
construction. 

One  of  the  first  essentials  in  securing  a  maximum  degree 
of  sensitiveness  in  a  galvanometer  of  the  Thomson  type  is  to 
secure  the  maxinmm  intensity  of  magnetization  in  the  mag- 
netic system.  The  maximum  attainable  will  depend  on  three 
factors  : — first,  on  the  form  of  the  individual  magnets  and 
their  arrangement  with  reference  to  each  other ;  second,  on 
the  quality  of  the  steel  used  in  making  the  magnets,  and  the 
method  of  hardeni}ig  and  tempering  the  same  ;  and  third,  on 
the  method  of  magnetization.  I  have  found  that  the  intensity 
of  magnetization,  and  hence  the  sensitiveness  of  the  galvano- 
meter, depends  on  this  last  factor  to  a  greater  degree  than  has 
usually  been  supposed,  and  that  by  using  the  method  which 
will  presently  be  described  the  sensitiveness  of  a  given  gal- 
vanometer may  be  doubled  and  in  some  cases  more  than 
quadrupled.  This  i-esults  not  so  much  from  an  improvement 
in  the  magnetizing  ])rocess  per  se  as  from  the  method  of 
application. 

The  usual  method  of  making  the  astatic  system  of  the 
Thomson  galvanometer  is  to  build  up  each  member  of  the 
system  from  a  number  of  individual  bar-magnets,  each  of 
which  is  hardened  and  magnetized  as  strongly  as  possible 
between  the  poles  of  a  })owerful  electromagnet,  either  during 

*  The  only  way  out  of  this  conclusion  is  to  suppose  that  the  peak  has 
been  neutralized  by  some  effect  which  we  have  overlooked,  and  which 
does  not  change  its  sign  with  the  direction  of  the  heat-flow.  But  this  is 
unlikely. 

t  Communicated  by  the  Author, 
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the  process  of  hardcnint;  and  tempering  or  snhseqnently*. 
During  the  ])roeess  of  building  up,  the  individual  magnets 
are  sulijetted  to  various  demagnetizing  intluenee?;,  the  most 
serious  of  uhioh  are  the  jars  and  blo^vs  received  in  the  ])ro- 
cess  of  mounting,  and  the  proximity  of  other  magnets  during 
the  process  of  astaticizing.  The  lesultant  strength  of  each 
member  of  the  finished  system  is  therefore  considerably  less 
than  it  would  be  if  the  individual  magnets  Avere  magnetized 
to  their  saturation-point.  Frof.  Threlfallf  avoided  this  diffi- 
culty by  magnetizing  each  member  of  the  system  in  situ, 
using  for  this  purpose  two  separate  electromagnets,  one  for 
each  member. 

It  was  this  which  first  suggested  to  me  the  present  method, 
which  dilfers  from  the  preceding  in  that  but  one  electro- 
magnet is  used  for  simultaneously  magnetizing  both  members 
of  the  system.  The  tidvantage  of  this  is  that  both  mendjers, 
when  being  magnetized,  form  part  of  one  and  the  same 
magnetic  circuitj  and  hence,  barring  magnetic  leakage  (which 
may  be  reduced  to  a  mininmm  by  proper  design  of  circuit), 
are  necessarily  in  fields  of  precisely  the  same  strength  for  all 
magnetizing  forces — one  essential  condition  for  securing 
astaticism,  or  in  preserving  it  when  once  established  and 
remagnetization  is  desirable.  When  se})arate  edectromagnets 
are  used  for  each  member,  it  is  necessary  in  order  to  secure 
this  condition  that  the  field  of  each  be  of  exactly  the  same 
strength,  an  end  which  requires  for  its  accomplishment 
the  taking  of  unusual  ])recautions  (described  in  the  paper 
referred  to)  in  the  selection  of  material,  the  winding  of  the 
coils,  &c.  The  single  electromagnet  device  is  therefore  con- 
siderably simpler  to  construct  and  more  convenient  to  use. 


Ti 


g 


Fig.  1  is  an  elevation  of  the  electromagnet  in  the  form  in 

*  Simultaneous  magnetization  and  hardening  does  not  seem  to  possess  any 
advantages  over  the  ordinaiT  method,     See  IIolz,  Wied.  An7i.  vii.  (1879). 

t  "Measuiemeiit  of  Hifrli  Kepistance,"  Phil.  Map-,  vol.  xxviii.  p.  452 
(1889;.  '^  ^ 
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which  it  was  first  used.  It  consists  simply  of  two  pieces  of 
round  iron  ^  inch  diameter,  each  bent  into  the  shape  of  a  very 
shallow  U,  with  logs  about  1  inch  long  and  back  or  yoke 
2^  inches  long  (this  being  the  distance  between  the  centres 
ot  the  two  members  of  the  astatic  system),  wound  with  about 
350  turns  of  No.  18  magnet-wire.  With  a  current  of 
5  amperes  in  the  magnetizing  coils,  and  a  separation  between 
the  poles  of  the  two  halves  of  3  millim.,  the  density  in  the 
iron  cores  amounts  to  about  5000  C.G.S. 

The  system  to  be  magnetized  is  laid  on  its  back  on  the  edge 
of  a  narrow  strip  of  wood  A  mounted  on  a  board  B  (figs.  1  &  2, 
Plate  XIII.).  This  strip  is  a  very  little  wider  than  the  length 
of  the  needles  of  the  system,  and  of  such  a  height  that  the  top 
edge  is  just  below  the  centre  of  the  poles  of  the  electromagnet, 
the  two  yokes  of  which  rest  on  the  supporting  base.  Thin 
strips  of  glass  or  mica  are  cemented  on  each  side  of  the 
centi'al  strip  opposite  the  poles  of  the  magnet,  to  prevent  the 
latter  from  touching  the  needles.  The  coils  of  the  two  yokes 
are  so  connected  that  the  whole  forms  a  single  magnetic 
circuit  with  the  two  air-ga])S  m,  n,  in  each  of  which  lies  one 
of  the  members  of  the  magnetic  system,  so  that  when  the 
current  is  turned  on  by  means  of  a  key,  K,  they  are  strongly 
and  equally  magnetized  in  opposite  directions,  as  requiretl. 
In  order  to  secure  the  maxiunun  permanent  magnetization, 
the  strength  of  the  field  should  be  suddenly  increased  to  a 
maximum  and  then  gradually  decreased,  several  times  in 
succession,  either  by  varying  the  strength  of  the  current  in 
the  coils  by  means  of  a  rheostat,  or,  better,  by  varying  the 
distance  betwean  the  two  poles^,  tapping  the  support  with  a 
light  hammer  or  block  of  wood  when  the  maoneiic  induction 
is  at  a  maximum,  in  order  to  assist  in  "  setting  "  the  mole- 
cular structure.  The  magnetization  being  finished,  the  system 
is  lifted  carefully  from  its  support,  hung  by  means  of  its 
attached  fibre  in  a  glass  tube  large  enouo-h  to  allow  it  to 
swing  freely,  and  tested  for  astaticisin. 

*  In  no  case  should  the  iiiagnetiziug  current  be  broken  suddenly  when 
the  poles  are  close  to  the  needles,  or  the  strength  of  the  latter  may  be 
very  considerably  weakened,  if  not  destroyed,  by  tlie  sudden  recoil  of 
the  field.  See  Anerbach,  Wied.  A/i/i.  xiv.  (1881),  and  Froinme,  Wied. 
Ann.  V.  (1878)  :  — "  Auerbach  lays  down  as  a  general  principle  that 
when  the  variation  of  the  magnetizing  force  is  slow  and  continuous  the 
velocity  of  the  transition  does  not  iniluence  the  final  magnetization;  but 
sudden  transition  causes  the  fiual  magnetization  to  be  less  or  greater  than 
that  obtained  by  gradual  transition,  according  as  the  passage  is  from  a 
greater  to  a  less  or  from  a  less  to  a  greater  force."  \Encyc.  Brit.  art. 
"  Magnetism,"  p.  260.) 

In  this  connexion  see  also  paper  by  Lord  E-ayleigh,  Phil.  Mag.  [4] 
vols,  xxxviii.  &  xxxix.  (1869,  1870). 


Magnetizing  and  Astaticizing  Galvano^neter-Needles.      485 

Usually,  owing  to  difficulties  of  construction,  ono  member 
will  be  slightly  heavier  and  hence  magn(>tic;.lly  stronger,  and 
the  magnetic  j»la'ies  will  be  slightly  inclined  to  each  other  ; 
the  anioui  t  and  direction  of  which  inclination  can  be  ascer- 
tained by  noting  the  setting  of  the  system  with  reference  to 
the  magnetic  meridian. 

The  planes  of  the  mend)ers  should  first  be  brought  to 
l)arallelism  by  a  slight  twisti'.ig  of  one  of  then  on  its  su[)])ort. 
A  good  way  to  do  this  is  to  take  two  bar-magnets,  N,  S 
(fig.  2),  and  bring  first  one  and  then  the  other  u})  against 
the  side  of  the  glass  tube,  as  in  fig.  2. 
opposite    the    magnetically   stronger  Fig.  '2. 

of  the  two  members,  which  will   be      .  ><^^^^ 

drawn  against  the  wall  of  the  glass  ;  'w^  ^m.  • 
tube  toward  the  magnet  first  brought  ^  W 

up,  say  N.  If  a  right-handed  Lsvist  is  '|p:~^- j^vX  Twr,^^^^ 
needed  to  bri.ig  the  two  planes  to  pa-  ^S^^~-- — -^\^\ 
rallelism,  the  two  magnets   are  held 

as  shown,  in  front  of  the  axis  of  the  tube  ;  if  a  left-handed 
one,  behind  the  axis,  as  indicated  by  the  dotted  lines.  Then 
tlie  magnet  N  is  quickly  removed  and  the  member  is  drawn 
toward  >S  against  the  inclined  wall  of  the  tube,  giving  it  a 
blow  which  tends  to  twist  it  clockwise  on  the  axis  of  sus[)en- 
sion  and  at  the  same  time  to  slightly  weaken  it.  Repeating 
this  oj)eration  a  few  times  will  soon  suffice  to  bring  about  the 
required  degree  of  parallelism  unless  the  cement  which 
attaches  the  member  to  the  staff  be  too  hard  and  dry,  in 
which  case  a  slight  heating  of  the  surrounuing  tube  with  a 
hot  block  of  copper  or  a  Bunsen-flame  will  be  necessary  to 
render  the  cement  slightly  plastic. 

Parallelism  having  been  secured  (which  is  determined  bv 
the  plane  of  the  system  lying  in  the  magnetic  meridian),  the 
relative  magnetic  strengths  of  the  two  members  are  tested  by 
determining  the  time  of  viljration.  Generally,  if  the  system 
has  been  made  \\\)  with  a  proper  degree  of  care,  the  strengths 
of  the  two  members  will  be  so  nearly  equal  that  it  will  only 
require  a  very  weak  directing  magnet  placed  some  distance 
above  or  below  the  S3^steia  to  secure  almost  perfect  astaticism. 

But  if  it  is  desirable  to  secure  this  without  the  use  of  such 
a  magnet,  it  will  be  necessary  to  add  to  the  weaker  of  the 
two  systems  a  minute  fragment  of  steel  (a  very  short  piece 
broken  oft"  from  one  o2  the  finest  watch  hair-springs  answers 
well),  and  then  to  remagnetize  the  whole  as  be^re,  taking 
care  of  course  to  magnetize  in  the  same  direction.  The  whole 
operation  requires  at  the  most  but  a  few  hours'  work  by  an 
experienced  manipulator,  and  the  success  of  this  method  may 
be  judged  by  the  results  which  have  been  obtained  by  its  use. 
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Tlio  first  galvanometer  ex])orimented  upon  was  a  fine 
Thomson  instrument,  whoso  coils  were  wound  by  While,  and 
whoso  needle  system  was  made  by  Very*.  The  magnetic 
system  was  built  up  of  hollow  cylindrical  magnets,  rolled  up 
out  of  the  thinnest  she(!t-steel,  heated  red-hot  in  fused  ferro- 
cyanidc  of  potassium,  and  hardened  in  mercury  in  a  powerful 
magnetic  field.  The  system  was  then  astaticized  by  the  usual 
method  of  stroking  with  a  weak  bar-magnet.  Every  care 
was  taken  to  secure  the  maximum  intensity  of  magnetization. 
The  constant  of  the  galvanometer  in  its  most  sensitive  state 
was  C  =  l-5xl0-9t. 

The  best  value  of  the  constant  of  the  Alleii'lienv  i>alvano- 
meter  already  referred  to  was  C  =  1'3  x  10  "9.  On  October  2o 
the  magnetic  system  was  removed  and  remagnetized,  and 
reastaticized  by  the  method  described  above.  No  other 
change  was  made.  The  new  constant  after  magnetization 
was  0  =  8  X  10"'",  an  increase  in  delicacy  of  nearly  100  per 
cent. 

The  second  galvanometer  to  whose  magnetic  system  this 
method  of  treatment  was  a{jplied  was  one  constructed  by 
Queen  and  Oo.  especially  for  the  Observatory.  The  mag- 
netic system  had  very  nearly  the  same  dimensions  as  the  one 
already  described,  but  the  individual  magnets  were  solid. 
The  method  of  hardening  and  magnetizing  was  not  described 
by  the  makers.  The  constant  for  this  galvanometer  as  re- 
ceived from  them  was  : — 

C  =  l'6x  10~^  for  coils  in  series,  R  =  309  ohms, 

0  =  5'5  x  10~9  for  coils  in  parallel,  R=19*2  ohms. 

The  needle  was  removed  and  remagnetized  by  the  new 
method  and  the  constant  redetermined.  The  new  constant 
was : — 

0  =  lx  10"'"  for  coils  in  series, 

0  =  3*4  x  10~"  for  coils  in  parallel. 

Part  of  the  immense  improvement  here  is  due  to  a  more 
accurate  centering  of  the  coils,  to  the  magnetic  system,  and 
to  a  reduction  of  the  excessive  damping  ;  yet  with  a  most 

*  This  iustriuuent  was  a  duplicate  of  the  celebrated  Thomsoa  galvano- 
meter, with  Very  hollow  magnets,  used  by  Laugley  at  Allegheny  in  his 
bolometric  work ;  and  which  was  considered  at  that  time  to  be  the  most 
sensitive  (for  its  resistance)  in  existence.  See  paper  by  S.  P.  Langiey, 
"On  hitherto  unrecognized  Wave-lengths,"  Phil.  Mag.  [5]  xxii.  p.  141) 
(1886). 

t  C  =  current  in  amperes  which  produces  a  deflexion  of  1  millim.  on 
a  scale  at  the  distance  of  1  metre,  when  the  time  of  a  single  swing  is 
ten  seconds. 
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liberal  allowance  for  the  influence  of  tliese  cluinues,  the  sensi- 
tiveness was  increased  fully  ten  times  hy  the  reinagnetizatiou. 

This  would  seem  to  indicate  either  that  the  first  magneti- 
zation had  been  very  inefficient,  or  that  the  needle  in  transit 
from  Philadelphia  to  Washington  had  been  accidentally  sub- 
jected to  some  very  strong  demagnetizing  influence.  It 
serves  to  show,  however,  the  importance  and  necessity  of 
some  such  ready  and  efficient  means  of  remagnetizing  the 
systems  of  galvanometers  in  which  a  high  degree  of  sensi- 
tiveness and  not  absolute  constancy  is  required.  Steel  mag- 
netized to  the  degree  of  intensity  here  attained  will  of  course 
gradually  lose  a  part  of  its  magnetism,  but  not  more  (in  my 
experience)  than  10  or  20  j>er  cent,  in  many  months,  if  care- 
fully handled.  This  small  loss  is  not  of  importance  compared 
with  the  gain  in  sensitiveness  secured,  as  the  original  strength 
may  at  any  time  be  quickly  and  easily  restored  or  even  slightly 
increased*  by  remagnetization. 

The  advantage  of  the  method  which  specially  commends  it 
to  general  laboratory  use  is  the  simplicity  of  the  apparatus 
required.  The  whole  arrangement  may  be  made  in  any  labora- 
tory in  a  single  afternoon.  The  same  electromagnets  may  be 
used  for  systems  of  varying  dimensions  by  adding  adjustable 
pole-pieces.  But  if  many  systems  are  to  be  treated,  a  more 
convenient  although  more  elaborate  arrangement,  like  that 
shown  in  Plate  XIII.  figs.  3  &  4,  will  be  desirable.  In  this 
the  magnetic  system  is  held  lightly  between  two  long  jaws 
of  co}»per  a,  ((,  adjustable  in  width  by  means  of  the  screw  h. 
An  adjustable  fork  or  table  c,  which  may  be  replaced  hj  a 
clamp  if  desired,  serves  to  carry  the  fibre  support. 

The  two  halves  of  the  electromagnet,  which  may  be  wound 
as  before,  or  with  four  coils  as  here  shown,  are  carried  on 
arms  d,  e,  pivoted  at  /,  so  that  they  may  be  easily  swung 
apart  or  brought  together,  the  motion  being  made  sym- 
metrical with  respect  to  the  jaws  <«,  a  by  means  of  the 
links  and  sliding  block.  The  lower  set  of  poles  are  adjust- 
able on  the  yokes  for  systems  of  different  lengths,  and  the 
whole  is  mounted  on  an  L-shaped  base,  which  may  be  placed 
so  that  the  needle  is  either  vertical  as  shown  in  the  figure,  or 
horizontal. 

This  method  has  also  been  applied  with  much  success  to 
the  initial  magnetization  of  some  new  systems  for  the  same 
galvanometer  already  described,  and  for  the  new  very  sensi- 
tive one  which  is  described  in  a  subsequent  paper.    A  further 

*  Up  to  a  certain  point  repeated  magnetization  increases  the  perma- 
nent magnetism.  See  experiments  of  Frankenheim,  I'ogg.  Ann.  cxxiii. 
(1864) ;  and  Fromme,  Pogg.  Ann.  vii.  (1875),  Wied.  Ann.  iv.  (1878). 
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advantage  which  this  method  possesses  over  the  usual  one  in 
tlio  case  of  a  new  system  is  that,  in  making  it  uj),  we  have 
only  unmcuiiietized  needles  to  handle  ;  an  advantage  which 
those  who  have  had  much  to  do  with  this  kind  of  work  can 
readily  appreciate. 

Asti'o-Pliysical  Observatory, 
Washington,  U.C,  February  1893. 


LVIII.    On  the  Efects   of  Magnetic   Fields   on    the    Electric 
Conductivity  of  Bismuth.    By  James  B.  Henderson,  B.Sc* 

[Plates  XV.  &  XVI.] 

^I"^HAT  magnetic  fields  have  an  effect  on  the  electric  con- 
-L  duclivity  of  metals  whs  noticed  llrst  in  the  year  1856  by 
William  Thomson f  (Lord  Kelvin),  who  was  led  to  suspect  it 
from  the  effects  which  he  had  discovered  magnetization  to  have 
on  the  thermoelectric  properties  of  metals.  He  experimented 
on  iron  and  nickel,  and  found  in  both  an  increase  of  resist- 
ance along  the  lines  of  force,  and  a  diminution  perpendicular 
to  them. 

Bismuth  was  first  experimented  on  by  TomlinsonJ,  who 
found  an  increase  of  resistance  dtie  to  longitudinal  magneti- 
zation of  Bi  wire,  and  he  found  a  similar  increase  in  Fe,  Ni, 
Co,  and  steel  wires.  Later  investigations  in  this  subject  have 
been  made  by  Uighi§,  Hurion||,  LeducH,  Ettingsliausen  and 
Nernst*'^,  Ettingshatisenft,  GoldhammerU,  Lennard  and 
Howard  §§,  and  Lennard  ||  ||  ;  but  the  last  of  these  is  the  one 
wliich  has  the  most  important  l:)earing  on  the  present  in- 
vestigation. 

In  this  Lennard  used  spirals  of  Bi  wire,  in  all  fifteen 
sjjirals  being  tested,  whose  wires  varied  from  ()'2  to  0*4 
millim.  in  diameter,  and  from  50  to  150  centim.  in  length, 
the  respective  resistances  varying  from  6  to  25  Siemens 
units.  The  resistance  was  determined  by  the  Wheatstone- 
bridge  direct-current  m(>tliod,  and  also  by  the  method  using 

*  Communicated  by  tlie  Autlior. 

t  Math,  and  Phys.  Papers,  ii.  p.  oO". 

X  Phil.  Trans.  1883. 

§  Jouni.  de  Physik.  iii.  p.  3oo  (1884). 

II    Compt.  Rend,  xcviii.  p.  1257  (1884). 

%  Compt.  Bend,  xcviii.  p.  073  (1884). 
**    Wien.  Ber.  xciv.  part  ii.  p.  560  (1886). 
t+   Wien.  Ber.  xcv.  p.  714  (1887). 
XX  Wied.  Ann.  xxxi.  p.  360  (1887)  ;  xxxvi.  p.  804. 
§§  Electro  -technische  Zeitsehrift,  ix.  p.  341. 
nil  Wied.  Ann.  xxxix.  p.  019  (1890). 
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altornatino-  current  and  tolepbono,  and  a  rcnmrkablc  ditfcrcnce 
wa>  t'ound  in  the  resistances  obtained  by  tlie  different  methods. 
Two  kinds  of  Bi  were  used,  one  chemically  pure  and  the 
other  containincT  traces  of  Fe  and  Zn,  but  differences  Avere 
not  more  than  those  due  to  observational  errors.  Deviations 
from  the  mean  values  amounted  to  1  per  cent.  The  tem- 
perature varied  from  10°  to  25°  C,  and  once  was  0°  C. 

The  present  investigation  was  instituted  to  determine  de- 
tinitely  the  relation  between  the  magnetic  field  and  the 
resistance  of  Bi  wire  going  to  much  higher  field-intensities 
than  had  ever  been  experimented  with,  and  also  to  determine 
the  influence  of  temperature  on  that  relation  if  any  was 
found.  The  investigation  was  started  purely  from  the  scien- 
tific standpoint,  but  the  importance  of  it  to  the  practical 
application  of  Bi  wire  as  a  field-tester  was  not  lost  sight  of. 

Owing  to  the  pi;rity  with  which  Bi  wire  is  now  prepared 
for  instruments  for  magnetic-field  testing,  and  the  convenient 
form  for  experimenting  which  these  field-testers  offer,  it  was 
dete -'mined  to  use  them  in  this  investigation.  Two  such  were 
employed,  the  spiral  of  one  having  a  diameter  of  about 
18  milUm.  and  a  resistance  of  24  ohms,  and  that  of  the  other 
a  diameter  of  (3  millim.  and  a  resistance  of  about  1)  ohms.  The 
form  of  the  instrument  is  shown  in  fig.  1. 

Fi?.  1. 


The  magnetic  fields  were  obtained  by  means  of  a  Ruhm- 
korff  electromagnet,  and  the  very  highest  field-intensities 
from  the  large  ring-electromagnet  lately  designed  by  H.  du 
Bois*  for  the  production  of  very  strong  fields  for  experi- 
mental purposes.  With  the  large  spiral  the  ordinary  dome- 
shaped  pole-pieces  belonging  to  the  Ruhmkorff  magnet  were 
used,  the  holes  in  them  l)eing  first  blocked  up  with  pieces  of 
soft  iron  to  render  the  field  as  uniform  as  possible.  For  the 
small  spiral  special  pole-pieces  were  prepared,  which  were 
designed  to  fit  the  ring-electromagnet,  but  by  using  a  pair 
of  flat  poles  "VN"ith  them  they  also  fitted  the  Ruhmkortf 
magnet-  They  had  an  angle  of  G0°,  and  their  faces,  wdiich  were 
7  millim.  in  diameter,  were  held  at  a  distance  of  I'o  millim. 
apart  by  means  of  a  brass  casting  to  which  both  pole-pieces 
were  rigidly  attached.  This  casting  consisted  of  two  thick 
rings  held  rigidly  parallel  and  coaxial  by  means  of  two  stout 

♦  Magnetische  Kreise,  p.  277;  Wied.  Ann.  li.  (1894);  Phil.  Mag.  May 
1894. 

Phil.  Mag.  S.  5.  Vol.  38.  No.  234.  Nov.  1894.        2  L 
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distance-pieces,  and  to  each  ring  one  of  tlie  polo-pieces  was 
soldered,  the  inner  surfaces  of  tlu;  rings  being  conical  to 
receive  them  (see  fig.  4).  The  distance-pieces  were  not  at 
opposite  ends  of  a  diameter  of  the  rings,  but  one  was  dis- 
placed a  few  degrees  round  the  circumference  of  the  ring  to 
allow  of  the  introduction  of  the  spiral  and  tlu;  ballistic  coil, 
which  turned  about  the  same  horizontal  axis  and  in  the  same 
vertical  plane  (see  fig.  2). 

Vis.  2. 


The  ballistic  method  was  used  to  measure  the  field,  the 
galvanometer  being  of  the  form  designed  by  du  Bois  and 
Rubens*,  used  with  the  four  20-ohm  coils  in  parallel.  It  was 
standardized  by  means  of  the  induced  current  produced  in  a 
fine  coil  placed  at  the  centre  of  a  long  straight  solenoid  of 
thick  wire,  when  a  current  through  the  latter  was  made  or 
broken  f.  The  constants  of  both  coils  being  kuown  and 
the   current  in  the  solenoid  measured,  the  induced  current 

*  Wied.  Afin.  xlviii.  p.  234  (1893). 

t  For  particulars  of  apparatus  see  Lehmann,  Wied.  Atin.  xlviii.  (1893  ). 
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was  easily  calculated  and  the  constant  of  the  galvanometer 
ohtained  tVoin  it. 

The  ballistic  roil  for  the  large  spiral  consisted  of  one  turn 
of  wire  mounted  on  one  of  the  mica  j)lates  between  which  the 
Bi  sjiiral  was  cemented,  and  embraced  the  whole  area  of  the 
spiral,  which  area  was  determined  by  accurate  measurement. 
Tiie  ballistic  coil  for  the  small  spiral  consisted  of  four  turns  of 
very  fine  copper  wire  wound  side  by  side  on  a  small  wooden 
cylinder  about  6  millim.  in  diameter  and  rather  less  than 
1'5  millim.  long,  so  that  with  the  thin  ends  to  keep  the  wire 
in  position  the  whole  coil  could  pass  between  the  poles.  From 
the  exact  dimensions  of  the  wooden  cylinder  and  of  the  wire 
the  constant  of  the  coil  was  calculated. 

These  two  ballistic  coils  were  compared  in  a  uniform  field 
between  large  flat  pole-pieces,  and  the  ratio  of  their  constants, 
experimentally  determined,  agreed  within  one  half  per  cent. 
with  the  calculated  value. 

The  resistance  of  the  spirals  was  measured  always  by  the 
Wheatstone-bridcre  with  direct  currents  and  o;alvanometer. 

At  first  no  arrangement  was  made  and  no  precautions 
taken  to  keep  the  temperature  constant,  as  other  experimenters 
had  found  no  influence  due  to  it ;  but  after  some  results  had 
been  obtained,  it  was  seen  that  these  varied  among  them- 
selves beyond  the  limits  of  observational  error  wherever  the 
temperature  had  varied,  and  so  a  method  of  keeping  it  con- 
stant became  necessary. 

For  each  spiral  a  watertight  copper  case  was  made,  that 
for  the  large  spiral  having  the  dimensions  95  X  26  x  5  millim. 
and  for  the  small  one  9o  X  9  x  1  millim.,  and  these  were  fitted 
over  their  respective  spirals  but  so  as  not  to  touch  the  copper 
rods  which  served  as  terminals  to  them.  For  each  spiral  a 
water-bath  was  made,  that  for  the  large  one  consisting  of  a 
cylindrical  copper  box  with  a  horizontal  section  resembling  a 
lenmiscate  in  form,  the  thin  })art  in  the  centre  going  between 
the  poles.  Fig.  3  shows  a  plan  of  the  box  between  the  poles. 
Since  it  was  necessary  to  remove  the  spiral  quickly  from 
between  the  poles  to  measure  the  field,  the  ballistic  coil  being 
fastened  to  it,  and  still  to  keep  th(^  temperature  constant,  the 
Sj)iral  was  fixed  in  the  narrow  part  of  the  box  and  the  box 
mounted  on  vertical  guides,  so  that  by  means  of  a  cord  ])assing 
over  a  pulley  the  whole  bath  with  the  contained  sj)iral  and 
ballistic  coil  could  be  suddenly  raised  clear  of  the  magnet.  In 
each  side  of  the  bath  a  stirrer  was  placed.  With  this  aj)paratus 
experiments  were  made  with  ice,  and  with  water  the  tem- 
perature of  the  room  in  the  bath,  but  none  could  be  made 
with  hot  water,  as  the  si)iral  could  not  be  heated  above  30°  C, 

2  L  2 
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about  which  temperature  the  cement  between  the  mica  plates 
melted  ;  but  in  the  sinr.ll  spiral   this  cement  was  changed  for 

Fig.  3. 


shellac,  and  it  could  therefore  be  heated  to  80°  C.     On  this 
account,  therefore,  as  also  on  account  of  the  higher  fields  in 
which  it  could  be  placed,  the  results  oljtained  from  the  small 
spiral  are  more  interesting  and  im])ortant. 
In  the  case  of  the  water-bath  for  the  small  spiral  (see  fig.  4) 

Fig.  4. 


the  pole-pieces  themselves  were  made  to  form  part  of  the 
vessel.  The  two  brass  rings  to  which  the  poles  were  soldered 
were  connected  outside  by  a  cylindrical  brass  tube  of  large 
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diameter,  which  was  jnished  over  them  ami  soldered  to  hoth, 
thus  formino-  a  closed  cylindrical  vessel  with  the  pole-pieces 
as  ends.  A  slit  made  at  the  top  for  about  one  (quarter  of  the 
circumference  served  to  admit  the  small  spiral  or  the  ballistic 
coil,  and  two  extra  holes  in  it  with  brass  tubes  fitted  in  them 
served  as  inlet  and  outlet  for  a  flow  of  water.  In  this  way 
it  was  possible  to  have  a  constant  flow  of  water  over  the  poles 
and  spiral. 

The  temperature  of  the  spiral  was  measured  by  means  of  a 
thermoelectric  junction  placed  beside  it  inside  the  copper 
case  ;  and  the  same  galvanometer  was  used  to  measure  the 
temperature  and  field,  it  being  never  required  for  both 
purposes  sinmltaneously. 

Experiments  were  first  of  all  made  with  the  large  spiral, 
using  either  ice  or  water  of  the  temperature  of  the  air  in  the 
bath,  and  the  two  series  given  belo>v  in  Table  I.  for  0°  and 
l'^°r.  are  chosen  from  a  number  done  in  this  way. 

Table  I. 


0°  c. 

18°  C. 

Magnetic 
Field. 
1     C.G.S. 

Resistance. 
Ohms. 

Percentage- 
Increase  of 
Resistance. ; 

0-0        1 

Magnetic 
Field. 
C.G.S. 

Resistance. 
Ohms. 

Percentage-; 
Increase  of 
Resistance. 

0 

22-43 

0 

240 

0 

970 

1       22-8 

1-7 

770 

24-23 

0-8 

1:^20 

2302 

2-7 

960 

24-38 

1-5 

1700 

23-49 

4-7 

1740 

24-85 

3-4 

2800 

!      24-8.5 

10-8       ! 

2860 

25-96 

8-2 

4120 

:       26-74 

19-2       i 

4160 

27-55 

14-8 

7110 

31-41 

40-0 

7190 

31-36 

30-7 

fi34U 

30-13 

34-4       \ 

6260 

30-22 

25-9 

6830 

30-81 

37-4 

6880 

30-95 

29-0 

1       7350 

31-67 

41-3       , 

7270 

31-56 

31-5 

'      7970 

32.5.5 

45-1 

7930 

32-40 

35-0 

8700 

33-79 

50-7        1 

8740 

33-53 

39-7 

9690 

3.5-33 

57-5        , 

9650 

34-85 

452 

i     10910 

37-37 

66-7 

10950 

36-72 

63-0 

13070 

40-43 

80-3 

12750 

38-95 

02-3 

Series  a 

.  0°  and  18° 

0.  with  larg 

e  spiral. 

In  all  the  experiments  with  this  spiral  the  constancy  of 
the  temperature  was  tested  by  taking  the  resistance  of  the 
spiral  when  raised  clear  of  the  poles  each  time  the  field  was 
measured  ;  and  the  temperature  could  be  got  very  exactly 
from  the  temperature-coefficient  curve.  Throughout  a  series 
the  temperature  never  varied  more  than  one  degree,  and  for 
the  greater  part  of  the  series  it  was  constauu.     PI.  XV.  fig.  5 
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represents  the  above  series  in  grapliic  form,  where  the  ordinates 
represent  resistances  and  the  abscissas  field-intensity. 

It  will  be  seen  that  the  curves  take  a  form  somewhat 
reseinljlintran  liyperbola  with  its  axis  parallel  to  the  resistance 
coordinate  ;  and  tliat  tlie  rate  of  increase  of  the  resistance,  or 
tlie  inclination  of  the  curve  to  the  horizontal,  diminishes  as 
the  temperature  increases,  so  that  each  curve  cuts  all  the 
others  but  not  in  the  same  point,  as  will  be  made  clearer  in 
considering-  the  results  from  the  small  spiral.  The  third 
colunms  in  the  foregoino-  table  give  the  jjercentage  increase 
of  resistance,  and  these  are  shown  in  graj)hic  i'orin  in  PL  XV. 
fig.  6.  Here  the  curves  all  j)ass  through  the  origin  and  liave 
a  similar  form  to  those  described  above,  the  inclination  to  the 
horizontal  being  less  as  the  temperature  increases. 

With  the  large  spiral,  tests  were  made  for  hysteresis  of 
resistance  by  taking  two  series  at  the  same  tem|)orature,  one 
with  ascending  values  of  the  field-intensity  and  the  other  with 
descending  ;  but  the  results  obtained  agreed  within  the  limits 
of  observational  error,  and  so,  if  hysteresis  does  exist,  it  must 
be  of  a  small  order  of  magnitude. 

Tests  were  also  made  for  time-lag  of  resistance  by  finding 
the  resistance  in  zero-field,  then,  after  being  placed  in  a  mag- 
netic field,  again  in  zero ;  but  no  difference  could  be  noticed 
after  times  comparable  with  several  seconds.  That  there  is 
such  time-lag  after  very  short  intervals  of  time  ap|)ears  in 
Lennard^s  results  with  the  alternating  current  and  telephone, 
which  show  that  the  resistance  found  in  this  way  is  a  function 
of  the  ])eriod  of  alternation  ;  and  it  is  also  shown  by  some 
experiments  lately  made  by  Rubens  in  Berlin  to  determine 
if  vibrating  spirals  of  Bi  wire  in  magnetic  fields  could 
be  used  for  microphonic  purposes  ;  but  his  results  proved  the 
negative. 

In  the  foregoing  results  the  highest  field  obtained  with  the 
large  spiral  has  been  13,000  C.Gr.S.,  that  is,  over  an  area  of 
about  2G8  square  millim.,  and  was  obtained  with  the  pole- 
pieces  9  millim.  apart,  with  a  ctu'rent  of  30  amperes.  In  the 
investigation  the  current  was  obtained  either  from  six  accu- 
mulators, or  from  the  Berlin  supply-mains  at  a  ])otential  of 
108  volts.  With  the  fine  pole-pieces  fields  of  28,000  were 
obtained  with  about  10  amperes  from  the  accumulators,  and 
33,000  with  about  30  amperes  from  the  mains  ;  and  with  the 
same  ])ole-pieces  in  H.  du  Bois's  ring-magnet  and  a  current 
of  45  am])eres,  a  field  of  39,000  was  obtained. 

Thus  there  was  a  full  range  up  to  39,000  CG  S.  available, 
and  the  following  table  gives  the  resistance  of  the  small  spiral 
at  18°  C.  in  the  full  ranoe  of  field-intensities. 
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Table  II. 


Magnetic  Field. 
C.G.S. 

Resistance. 
Ohms. 

Resistance  with 
that  in  zcrp-field 

Percentage-Increase 
of  Resistance  for 
eoiu))arison  witli 

as  unity. 

Tahle  1. 

0 

8-.')7 

1-0 

0 

hKM 

lU-54 

1-227 

22-7 

()310 

10-74 

1-253 

25-3 

(5830 

1104 

1-290 

29-0 

77!>0 

11-47 

1-341 

34-1 

888(.) 

12-OG 

l-4(t7 

407 

10410 

12  83 

1-496 

49  6 

12.")00 

13 'J7 

l-6;iO 

63-0 

15710 

15(;0 

1-830 

20450 

IS -57 

2160 

23480 

20-02 

2-333 

2()S20 

21-50 

2-508 

27450 

21-7<i 

2-.540 

278-20 

2207 

2-5(i8 

28370 

2237 

2-609 

211270 

22-G5 

2-643 

300'J0 

23-20 

2-704 

31270 

23-77 

2-772 

32730 

24-40 

2-846 

32820 

24-32 

2-837 

33^300 

24-78 

2-893 

35800 

-6-29 

3-070 

36(500 

27  03 

3-l(i0 

38900 

28-56 

3-334 

Series  at  18°  C. 

with  small  spiral. 

To  enable  a  comparison  to  be  made  with  the  series  for  the 
large  spiral  at  lb°  C.  the  ])ereentage  increase  in  fields  up  to 
13,()00  is  al.so  given,  and  these  values  are  plotted  along  with 
those  for  the  large  one  in  fig.  G,  the  crosses  denoting  the 
points  got  from  the  small  s})iral.  The  diagram  show.s  that 
the  two  spirals  agree  at  this  temperature. 

PI.  XV.  fig.  7  represents  the  series  given  in  Table  II.  in 
gra])hic  form.  It  will  be  seen  that  the  resistance  is  more  than 
trii)led  in  the  highest  field  at  18°  ;  and  for  a  lower  temperature 
it  would  have  a  still  higher  value,  and,  I'ice  versa,  for  a  higher 
temperature,  a  lower. 

The  four  highest  fields  in  the  above  series  were  obtained  by 
means  of  the  ring-magnet,  and  as  the  apparatus  was  arranged 
specially  to  suit  the  Kuhmkorfi",  the  same  exactitude  does  not 
aj)ply  to  these  readings  as  to  the  others.  The  magnet  had  a 
very  large  iufiuence  on  the  galvanometer,  which  was  elimi- 
nated by  repeating  each  experiment  with  the  current  reversed 
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in  the  magnet  and  taking  the  mean  ;  and  on  the  whole  these 
four  points  can  liave  a  possible  error  of  about  2  per  cent. 

To  determine  the  influence  of  temperature  on  the  resist- 
ance in  the  magnetic  field  two  methods  were  made  use  of. 
First,  the  temperature  was  kept  constant,  or  as  constant 
as  possible,  and  tlie  resistance  taken  in  different  fields  ;  and 
second,  the  field  was  kept  constant  and  the  temperature 
varied,  or  the  temperature-resistance  curves  in  different  fields 
determined.  The  latter  method  proved  much  more  successful 
than  the  former,  as  it  was  nmch  easier  to  keep  the  field  con- 
stant than  the  temperature,  and  the  particulars  and  results  of 
the  latter  method  only  will  be  given. 

For  the  fields  the  current  from  the  accumulators  alone  was 
used,  and  by  taking  currents  up  to  about  7  amperes  constant 
fields  up  to  23,000  C.Gr.S.  were  obtained. 

In  the  experiments  a  flow  of  water  at  0"  C.  was  sent  over 
the  poles  and  spiral,  and  the  resistance  taken  at  the  lowest 
temperature  reached,  which  was  when  the  galvanometer 
became  steady,  and  usually  represented  al)Out  9°  C.  The 
flow  of  water  was  then  stopped  and  the  temperature  of  the 
])ath  slowly  raised  by  a  small  flame  to  80°  C,  the  temperature 
and  resistance  of  the  spiral  l)eing  read  off  at  intervals.  The 
constancy  of  the  field  throughout  the  expeiiment  was  noticed 
by  observing  no  change  of  current  through  the  magnet,  as 
shown  by  an  am]^ere-meter. 

In  this  way  temperature-resistance  series  were  obtained 
for  the  fields  as  given  in  Table  III.,  varying  from  zci'o  to 
23,000,  in  all  nine  different  series,  which  are  represented 
graphically  in  PI.  XVI.  fig.  8. 

From  the  diagram  it  will  be  seen  that  the  inclination  of 
these  curves  to  the  horizontal  diminishes  as  the  field  increases, 
being  positive  at  first,  then  zevo,  and  then  negative  ;  but  at 
the  same  time  it  is  also  evident  that  with  increasing  field  the 
curves  deviate  more  and  more  from  the  straight  line  form,  to 
which  the  curve  in  zero-field  or  the  ordinary  temperature- 
coefficient  curve  approximates  ;  so  that  those  curves  which 
have  a  horizontal  part  within  the  temperature  limits  of  these 
experiments  are  only  horizontal  for  a  small  distance,  which 
represents  a  minimum  value  of  the  resistance.  ISuch  mini- 
mum values  occur  at  higher  and  higher  ten^peratures  as  the 
field  increases.  Thus,  for  example,  the  curve  for  a  field  of 
9600  has  its  minimum  value  about  35°,  that  for  11,500  about 
50°,  and  the  one  for  14,300  is  horizontal  at  85°.  Thus, 
reasoning  from  analogy,  it  would  seem  that  all  the  curves 
have  a  minimum  vahie,  the  higher  the  field  the  hioher  beinn; 
the  temperature  at  which  the  mininunn  occurs,  and  vice  versa. 

PI.  XVI.  fig.  9  represents  five  curves  for  the  temperatures 
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Zero  Field. 

4900  C.G.S. 

5800  C.G.S. 

Temppra- 

1 
Re.sistance. 

Tempera- 

Resistance. 

Tempera- 

Resistance. 

turti  C. 

Ohms. 

ture  C. 

Ohuis. 

ture  G. 

Olims. 

o 
0 

802 

o 

5-7 

9-91 

§-2 

10-45 

H6 

8-22 

8-3 

9-94      i 

32-2 

10-70 

7-0 

8-23 

lG-1 

1003      1 

42-6 

10-89 

12-3 

8-40 

271 

1022 

57-8 

11-17 

IGO 

8-51 

371 

10-40 

67-8 

11-3(5 

21-7 

8-69 

41-3 

10-49 

74-0 

11-54 

28-8 

8-91 

45-7 

10-58 

800 

11-64 

3G-2 

91G 

50-5 

10()8 

44-3 

9-43 

54-1 

10-77 

54-0 

9-7G 

58-1 

10-86 

61-9 

1004 

621 

10-96 

'J20 

111(9 

GG-7 
70-7 
74-7 

1105 
11-14 
11-26 

1 

7200  C.G.S. 

9600  C.G.S. 

11,500  C.G.S. 

Tempera- 

Resistance. 

Tempera- 

Resistance. 

Tempera- 

Resistance. 

ture  C. 

Ohms. 

ture  C. 

Ohms. 

ture  C. 

Ohms. 

o 
7-6 

11-22 

o 
10 

1253 

o 

9-2 

13-63 

28-2 

11-27 

23-4 

12-4 

23-8 

13-34 

m-2 

11-36 

— 

12-35 

33-4 

13-25 

44-2 

11-45 

59 

12-49 

— 

1315 

51-8 

11-55 

69 

12-59 

73-6 

13-25 

58-2 

11-64 

77-2 

12-68 

82-6 

]:>34 

64  0 

11-74 

G9-2 

11-83 

74-8 

11-92 

79-8 

12-02 

1 

14,300  C.G.S. 

18,500  C.G.S. 

22,700  C.G.S. 

Tempera- 

Resistance. 

Tempera- 

Resistance. 

Tempera- 

Resistance. 

ture  C. 

Ohms. 

ture  C. 

Ohms. 

ture  C. 

Ohms. 

o 

94 

15-22 

o 
9-6 

17-58 

0 

10-8 

19-93 

12-4 

1513 

lG-2 

17-21 

22-6 

1900 

17-2 

14-94 

21-0 

16-92 

26-4 

18-72 

20-2 

14-85 

250 

16-73 

29-4 

18-.13 

23-2 

14-75 

290 

16-55 

34-6 

18-27 

27-2 

14-66 

34-4 

16-37 

4,3-4 

17-80 

3G-4 

14-47 

392 

16-18 

52-6 

17-40 

48-4 

14-28 

i      45-8 

1598 

61-6 

17-12 

GO-4 

14-2 

!      49-G 

15-88 

68-0 

16-93 

7.1-84 

1416 

53-6 

15-79 

77-0 

16-74 

i      .58-2       '      15-70 

81-4 

1664 

i:^(\ 

15G1 

70-8 

l.-r51 

80-0 

15-42 
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10°, 30°, 50°,  05°,  and  80°,  deduced  iVoni  tlie  above  temperatiire- 
rosistanoe  curves  represented  in  fi^".  8,  and  ionning  cross  curves 
to  them. 

The  three  variables — resistance,  field-intensity,  and  teni])e- 
ratui-e — could  thus  be  made  the  three  coordinates,  and  a 
smooth  regular  surface  obtained  giving  the  value  of  any  one 
of  the  variables  if  the  other  two  are  known.  PL  XVI.  fig.  8 
represents  sections  of  this  surface  perpendicular  to  the  field 
coordinate,  fig.  9,  sections  perpendicular  to  that  of  temj)era- 
ture  ;  and  in  fig.  10  are  represented  sections  jierpendicular  to 
the  resistance-coordinate,  or  equi-resistance  lines  of  the  sur- 
face. It  is  evident  that  fig.  9  represents  a  family  of  curves 
with  a  variable  })arameter,  namely  the  temperature,  and  the 
envelope  of  this  family  is  interesting.  It  rejjresents  the 
jtrojcction  on  the  field-resistance  plane  of  tlu^  locus  of  the 
ininimum  points  consid(;red  in  fig.  8,  or  gives  the  connexion 
between  the  field  and  resistance  for  which  a  minimum  value 
of  the  latter  takes  place  ;  or,  to  put  it  still  another  way,  at 
these  values  of  the  resistance  and  field  the  former  is  inde- 
})endent  of  small  increases  or  decreases  of  temperature.  Thus 
for  each  field  there  is  a  ceriain  temperature  at  which  increases 
or  decreases  of  tem{)eratur(^  of  one  or  two  degrees  have  no 
effect  on  the  resistance.  The  projection  of  this  locus  on  the 
field-temperature  plane  Avould  be  represented  in  fig.  10  by  a 
curve  through  all  the  points  where  the  tangents  are  parallel 
to  the  temperature  coordinate — that  is,  the  points  where  the 
field  is  a  maximum. 

A  \'(i\\  words  have  still  to  be  added  on  the  practical  appli- 
cation of  Bi  wire  to  the  measurement  of  magnetic  fields. 

We  have  seen  that  the  phenomenon  of  alteration  of  resist- 
ance of  Bi  wire  in  magnetic  fields  is  greatly  influenced  by 
temperature,  and  therefore  for  anything  like  exact  determi- 
nations the  temperature  must  be  known.  A  suitable  combi- 
}iation  of  thermometer  with  the  spiral  would  therefore  remove 
ditficulties,  and  this  can  be  most  conveniently  arranged  by 
winding  a  spiral  of  copper  or  platinum  side  by  side  with  the 
Bi  spiral,  and  from  its  resistance  deternu'ning  the  tem])erature. 

In  closing,  I  desire  to  express  my  great  indebtedness  to 
the  late  Prof.  Knndt  and  Drs.  du  Bois  and  Rubens  for 
the  help  which  they  have  given  me  by  putting  ]irivate 
apparatus  at  my  disposal,  and  for  the  advice  which  I  have 
received  from  them  from  time  to  time. 

I'hvsicul  Institute,  Berlin  University, 
Jiilj  20,  1894. 
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The  OuiUiHS  of  QtiaU'rnioiis.     Bij  Lieut.-Coloiiel  H.  AV^.  L.  HiME. 
(Loiiginaus,  Green,  and  Co.    18U4.) 

TT  is  becoming  more  and  more  clearly  recognized  that  a  vector 
-■-  algebra  is  tbe  proi)er  mathematical  method  for  treating  physical 
problems;  and  it  may  confidently  be  said  that  in  llamilton's 
Qnaternious  we  find  such  a  vector  analysis  of  a  most  powerful 
and  flexible  character.  O'Brien,  a  contemporary  of  llauiilto'i, 
constructed  a  vector  analysis  similar  in  many  respects  to  Hamil- 
ton's, but  lacking  the  solidarity  and  flexibility  whieli  apparently 
the  quaternion  alone  can  give.  Eecent  attempts  to  folloiv  where 
O'Brien  led  have  served  but  to  bring  out  in  stronger  light  the 
transcendent  superiority  of  the  Hamiltoiuan  system.  This  is  said 
advisedly ;  for  the  recent  vector  analyses  which  have  been  j)re- 
seuted  to  the  world  are  all  unconscious  ])lagiarisms  of  O'Brien's. 

But  there  is  another  class  of  mathematicians  who  object  to  the 
quaternion  because  it  does  not  seem  to  flt  in  with  the  general  drift 
of  modern  analysis.  It  is  undeniable  that,  on  the  purely  mathe- 
matical side,  there  has  been  little  systematic  advance  in  quater- 
nions since  Hamilton's  own  time.  But  is  not  this  due  rather  to 
the  timidity  of  man  than  to  any  inherent  weakness  in  the  system  ? 
In  the  later  chapters  of  Tait's  treatise,  which  abound  in  original 
and  striking  applications,  there  are  hints  and  suggestions  that 
might  easily  be  developed  into  memoirs  and  even  treatises  by  the 
purely  analytical  mind.  The  truth  is  that  many  a  seemingly  simple 
quaternion  expression  or  equation,  when  translated  into  ordinary 
analvrical  symbols,  assumes  a  form  that  moeks  at  the  bravest 
analvst ;  and  certain  quaternion  equations,  suthciently  interpret- 
able,  have  never  yet  been  express(>d  in  Cartesian  coordinates. 

If  we  except  Hamilton's,  Tait's,  and  McAulay's  papers  and 
treatises,  most  of  the  literature  of  the  subjec-t  has  been  a  restate- 
ment of  known  results.  Lieut.-Colonel  Hime's  book  confessedl}' 
belongs  to  this  class.  It  is  intended  for  the  student.  A  know- 
ledge of  geometry  and  algebra  such  as  may  easily  be  obtained  in  a 
secondary  school  is  sufficient  to  enable  the  learner  to  read  intelli- 
gently nearly  the  whole  of  the  book.  The  processes  of  ditferen- 
tiation  are  discussed  in  a  short  chapter;  but  they  are  not  used  to 
any  marked  extent  in  the  geometrical  illustrations  given  further 
on.  Within  the  limits  assigned,  Colonel  Hime  has  given  us  a 
book  which  cannot  fail  to  be  of  service  in  popularising  the  study 
of  quaternions.  Its  value  would  have  b^en  enhanced  had  it 
contained  at  the  end  of  every  chapter  a  selection  of  exercises  for 
tbe  student's  private  work.  As  the  author  himself  points  out 
in  the  closing  paragraph,  it  is  not  in  simple  geometrical  appli- 
cations that  the  pi^culiar  power  of  quaternions  is  displayed.  It 
is  certain,  however,  that  no  candid  mind  can  read  the  sections 
devoted  to  spherical   geometry  and  trigonometry  without    being 
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struck  with  tlio  extraordinary  simplicity  of  the  quaternion  mode  of 
attack.  Once  the  quaternion  in  its  true  geometrical  significance 
is  understood,  wo  need  never  refer — except  in  wondei-ing  awe — to 
a  treatise  on  spliericiil  trigonomciry. 

With  so  much  that  is  worthy  of  praise  in  Colonel  Hime's  book, 
we  gladly  refrain  from  criticism  of  minor  details,  ^hich  are 
often  a  mere  question  of  taste.  But  it  is  otherwise  with  a  few 
really  serious  faults,  which  seem  eminently  fitted  to  perplex  the 
student.  Such  a  fault  is  the  uhole  of  paragraph  11.  Whatever 
it  is,  it  is  not  quaternions ;  indeed  it  is  inconsistent  with  nearly 
all  the  other  paragraphs  of  the  book".  As  a  quaternion  equation, 
equation  (8) 

is  simply  nonsense.  Having  already  taught  us  that  i,j,  h  are 
coperpendicular  unit  vectors  or  right  versors  (the  identification  of 
which  is  one  of  the  bursts  of  genius  in  Hamilton's  calculus),  what 
reason  has  the  author  for  declaring  that  l=j=&.c.'i  "  Equation  (8),'' 
we  are  told,  "  asserts  that  all  unit-vectors  in  the  first  power  are 
equal,  as  versors,  in  respect  to  angle."  In  short,  versors  are  to  be 
equated  when  their  angles  are  equal.  I^For  consistency's  sake, 
Colonel  Hime  should  use  the  equation  Uq=  Ur  as  meaning  ovlji 
Lq=  Lr.  Further  on  we  are  told  that  "the  symbol  V — 1 
represents  them  \i,  j,  A-]  onJi/  in  their  character  of  indeterminate 
right  versors."  But  i,  j,  I-  have  already  been  defined  in  anything 
but  an  indeterminate  manner.  This  arbitrary  robbing  a  symbol 
of  its  most  characteristic  feature,  so  that  it  no  longer  is  what  it 
was  defined  to  be,  is  contrary  to  the  whole  genius  of — Common 
Sense.     "What  would  the  Cartesian  analyst  say  to  the  equation 

which  is  certainly  less  irrational  than  equation  (S). 

Again,  at  the  foot  of  page  7G  we  meet  w  ith  the  equation 

which  is  asserted  to  mean  that  2  bisects  the  angle  between  (o  and 
y.  Then  we  read  : — "  This  equation  may  be  written  h'^z=y(], 
where  t  is  called  the  Mean  Proportional  between  /3  and  y."  ]Sow 
we  are  told  in  previous  sections  that  r",  the  square  of  a  vector, 
is  a  scalar;  and  that  y/5,  the  product  of  two  different  vectors, 
is  a  quaternion.  The  legitimate  conclusion  is  that  a  scalar  is 
equal  to  a  quaternion!  The  equation  3"  =  y/3  really  means  that  /3 
and  y  avQ  parallel  vectors,  to  whose  tensors  the  tensor  of  S  is  the 
geometric  mean.  If  it  meau  ought  else  it  cannot  be  a  quaternion 
equation.  But,  anyhow,  it  has  no  business  here.  The  true 
transformation  of  the  equation  first  given  is  cp~'  =  yo~i,  a  totally 
different  thing. 

AVe  hope  "that  the  author  will  in  future  editions  delete  the 
second  form  of  this  equation  entirely,  recast  the  whole  of  para- 
graph 11,  and  root  out   the  altogether  obnoxious  equation  (8). 
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The  book  will  then  be  a  very  serviceable  introduction  to  (]iiateruions, 
although  we  should  like  to  see  a  more  logical,  and  thorough  laving 
down  of  the  foundations  of  the  calculus.  Especially  does  the 
whole  question  of  vector  and  versor  require  careful  presentation, 
else  will  the  triple  dynasty  of  autiquaterniouic  vector  analysts 
let  loose  their  invective,  their  scorn,  and  their  specious  pleadings. 
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May  9th,  1804.— Dr.  Henry  Woodward,  F.E.S.,  President, 
in  the  C'uair. 

The  following  communications  were  I'ead : — 
T^HE  following  communications  were  read  : — 
■*-      1.  '  Carrock  Fell:  a  Study  in  the  Variation  of  Igneous  Hock 
masses. — Part  I.    The  Gabbro.'     By  Ai 'red  Harkcr,   Esq.,   M.A., 
F.G.S. 

The  paper  opers  with  an  accourt  of  the  general  relations  of  the 
intrus've  rock-masses  of  the  dist'rict,  and  proceeds  to  deal  more 
particularly  with  the  gabbro,  which  forms  the  earliest  intrusion. 

A  pea-ological  desciption  of  the  Carrock  Fell  gabbro  is  followed 
by  a  study  of  the  variations  O'^erved  in  diiferent  parts  of  the  mass. 
The  rock  becomes  progressive!}'  more  basic  from  the  centre  to  the 
margin,  passing  from  a  qvartz-gabbro  with  as  much  as  59  j  per  cent. 
of  sUica  to  an  ultrabasic  type  with  as  little  as  32|.  The  latter  in 
extreme  cases  contains  nearly  25  per  cent,  of  iron-ores,  partly 
titaniferous.  This  is  compared  with  the  igneous  iron-ores  described 
by  Vogt  in  Scandinavia,  &c.,  and  the  probable  physical  cause  of  the 
remarkable  variation  in  the  gabbro  is  discussed. 

Other  modifications  of  the  gabbro  are  briefly  noticed,  due  on  the 
one  hand  to  metamorphism  of  the  rock  by  a  somewlat  btc; 
intrusion  of  granophyre,  on  the  other  hand  to  the  gabbro-magma 
having  enclosed  considerable  masses  of  the  basic  lavas  of  the 
district,  which  are  themselves  highly  metamorphosed. 

2.  '  The  Geology  of  Monte  Chaberton.'  By  A.  M.  Davies,  Esq., 
B.Sc,  F.G.S.,  and  J.  W.  Gregory,  D.Sc,  F.G.S. 

The  importance  of  the  Chaberton  district,  as  affording  a  key  to 
the  general  geology  of  the  Cottians,  is  explained,  and  the  opinions  of 
previous  observers  referred  to.  The  mountain  Avas  examined  from 
three  sides — that  of  the  Grand  Vallon ;  the  approach  from  ^[ont 
Genevre  by  the  Col  de  Chaberton  ;  and  that  of  the  Clos  des  Morts 
Valley.     The  following  are  the  conclusions  arrived  at  : — 

(1)  The  well-known  Chaberton  serpentine  is  intrusive  into  the 
calc-schists,  and  yields  fragments  to  the  cunjneules  of  the  Trias  :  it 
is  therefore  a  pre-Triassic  intrusion. 

(2)  There  are  on  the  mountain  other  fairly  basic  schistose  rock 
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((|uar(z-cliloritc-Pchists)    which    cut    tlie   Trias,    and  arc  tlicrefore 
2>ost-Triaiis'ic. 

(3)  The  coiitortod  beds  iu  the  Clos  des  Morts  Valley  are  fossilife- 
rous  limestones,  and  it  is  from  them  ihat  the  fallen  blocks  previously 
recorded  were  derived.  The  only  recognizable  fossil  is  Calamo- 
phi/lHa  fenesirata,  lleuss,  a  characteristic  coral  of  the  Gosau  Eeds. 
In  spite,  therefore,  of  the  doubts  of  Kilian  and  Dicner,  the  opinion 
expressed  by  Neiimayr  as  to  the  existence  of  Cretaceous  rocks  in 
tliis  part  of  the  Alps  is  confirmed. 

(4)  Tlie  earth-movements  of  the  mountain  are  described:  they 
include  ordiiuiry  folds,  inversions,  faults,  and  an  important  thrust- 
])lane. 

(5)  It  is  suggested  that  in  addition  to  the  two  series  of  intrusive 
rocks  above-mentioned  as  pre-  and  post-Triassic,  a  third  series  of  late 
Cretiiceous  or  Tertiarj' date  maybe  representtd  in  the  MontGenevre 
and  llocciavro  masses. 

3.  '  Cone  in  Cone  ;  its  Structure,  Varieties,  etc'  I^y  W.  S.  Gresle}-, 
Esq.,  F.G.S. 

The  author  describes  eone-in-cone  structure  occurring  in  the 
Portage  Shales  of  Pennsylvania,  and  gives  details  concerning  the 
nature  of  the  structure  as  seen  in  these  shali'S.  He  criticises  the 
explanation  of  Mr.  J.  Young  as  to  the  origin  of  the  structure,  and 
concurs  in  a  great  measure  with  the  views  of  those  who  have 
suggested  that  the  formation  was  due  to  pressure  acting  on  con- 
cretions. 

May  23rd. —  Dr.  Henry  Woodward,  F.It.S.,  President, 
in  the  Chair. 

The  following  communications  were  read  : — 

1.  'On  the  Stratigraphy  and  Physiography  of  the  Libyan  Desert 
of  Egypt.'     By  Captain  H.  G.  Lyons,  11. E.,  E.G.S. 

The  Nubian  Sandstone,  wherever  seen,  rests  iinconformably  on 
the  old  rocks  called  by  Sir  J.  \V.  Dawson  Archaean,  and  the 
author  finds  no  case  of  alteration  of  sandstone  by  these  rocks, 
tliou<;h  in  one  case  it  is  altered  by  an  intrusive  dolerite. 

The  author  considers  the  Kubian  Sandstone  to  be  an  estuarine 
deposit  which  was  formed  on  an  area  afterwards  gradually  invaded 
by  the  Cretaceous  sea.  He  considers  the  whole  of  the  sandstone  in 
the  region  which  he  has  examined  to  be  of  Cretaceous  age. 

He  describes  a  series  of  anticlinals,  one  set  running  W.X.W.- 
E.S.E.,  and  the  other  N.  by  E.  and  S.  by  W.  Many  springs  of  the 
oases  seem  to  occur  along  these  anticlinals,  owing  to  the  beds  which 
contain  the  water  being  brought  nearer  to  the  surface.  Historical 
evidence  is  discussed  which  points  to  the  Nile  having  reached  a 
higher  level  in  Nubia  than  it  does  at  present,  and  it  is  suggested 
that  variations  in  the  level  of  the  river  were  caused  by  earth- 
movement  opposing  obstructions  to  the  river's  flow. 

The  sandstone  of  Jebel  Ahmar  near  Cairo  is  described,  and  its 
occurrence  over  a  wide  area  west  of  Cairo  is  recorded.  The  author 
considers  its  age  to  be  later  Miocene.     He  believes  that,  with  the 


Beds 


jS^oti's  on  tlie  Geoloffi)  of  South  Africa.  503 

exception  of  some  erosion  after  tlie  deposition  of  the  Eocene  beds, 
the  greatest  erosion,  including  the  cutting-out  of  the  Nile  Va]k>v, 
took  place  in  Miocene  times,  while  a  certain  amount,  bringing  tho 
area  to  its  present  condition,  was  done  in  Quaternary  times.  This 
agrees  with  the  observations  of  the  French  geologists  in  Algeria. 
Tho  origin  of  the  silieitication  of  the  fossil  trees  of  the  sandstone- 
deposits  is  discussed,  and  the  action  of  water  containing  sodium 
carbonate  suggested  as  a  cause, 

2.  '  Notes  on  the  Geology  of  South  Africa.'  Ey  D.  Draper,  Esq., 
F.G.S. 

The  district  here  considered  includes  Natal,  Zululand,  Swaziland, 
the  S.E.  part  of  the  Transvaal,  and  the  Eastern  part  of  the  Orange 
Free  State  and  of  Basutoland.  Physically  it  comprehends: — 1.  The 
Drakensberg  llange ;  divided  into — «,  Mountain  portion  ;  h.  Hill- 
covered  2)lateau  ;  c,  Highveld  plateau:  2.  The  terrace  along  its  foot: 
3.  The  coast-belt.  Their  main  fe:\tures  and  characteristics  are 
described.     The  geological  formations  are  : — 

[     1.  Volcanic  Beds. 

-  T'  I     2.  Cave  Sandstone. 

I   ^n'^'-]    3.  Red  Beds. 

Karoo  ^  y    ^_  Molteno  Beds. 

{5.  Beaufort  Beds. 

6.  Ecca  Beds. 

7.  Dwyka  (Ecca)  Conglomerate. 

(  [Bokkeveld  Beds,  wanting.  | 

I     8.  Gats  Eand  (Zuurberg)  Quartzite. 

Palaeozoic.  -^     0.  Dolomitic  Limestone. 

I  10.  Table-mountain  Sandstone. 

[^11.  Malmesbury  Schists. 

12.  Gneiss  and  Granite. 

No.  1.  Briefly  noticed.  2.  This  caps  the  hills  of  the  plateau 
(1,  h) ;  and  has  yielded  fossil  fishes  (described  by  Mr.  A.  S.  Wood- 
ward, F.G.S.)  in  the  Orange  Free  State.  3.  These  are  exposed  in 
the  0.  F.  S.,  at  Harrismith,  about  100  feet  thick,  and  containing  a 
bone-breccia  from  which  reptilian  remains  were  described  by  Prof. 
Owen  in  185-1.  Northwards  the  lled-beds  change  to  a  dark  grit; 
and  siliceous  tree-stumps  occur  in  the  upper  part.  4.  These  are 
the  well-known  coal-bearing  beds  of  the  Highveld  ])lateau  (1,  c) 
and  Natal,  including  the  terrace  (2)  north  of  the  Tugcla  River,  and 
Zululand.  The  lower  500  feet  of  these  beds  in  Natal  carry  coal 
better  than  that  of  the  Highveld,  but  have  been  let  down  to  a  lower 
level  (about  2000  feet).  In  Natal  they  thicken  northwards.  On 
the  coast-line  in  Natal  and  Zululand  portions  are  at  a  still  lower 
level  and  dip  seaward  at  20°.  Anthracite  occurs  at  St.  Lucia  Bay. 
5.  These  form  hill-side  crags  along  the  edge  of  the  terrace  (2) ;  and 
die  away  northwards  near  the  Pongolo  River.  6.  Tho  'Pietermaritz- 
burg  Shales '  of  Dr,  Sutherland  also  die  out  northwards  near  that 
river.  7.  The  '  (jllacial  Conglomerate  '  of  Dr.  Sutherland  ;  exposed 
in  high  crags  in  the  deeper  gorges  of  the  terrace  (2)  ;  stratified  and 
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ripplc-markcfl  ;  horizontal  inland,  but  near  tlic  coast  dipping  sea- 
ward with  the  ovcrlyinp:  beds.  A  patch,  niucli  rippled  and  contain- 
ing few  pel)blcs  or  l)onldcrs,  lies  horizontal  in  the  coast-belt  (3)  of 
Zululand  and  Swaziland  at  least  1000  foot  lower  than  the  main 
bodj'  seen  along  the  terrace  (2).  No.  7  stretches  from  St.  Johns 
lliver,  througli  Pondoland  and  Natal  to  Zululand,  thins  out  and 
disappears  near  the  I'ongolo.  Iri;rusive  and  tiat  diorites  were 
noticed  in  it.  A  definite  list  of  tho  strata  of  this  conglomerate, 
w^ero  it  is  138  feet  thick  in  Zululand,  is  given ;  and  the  author 
doeo  not  regard  it  as  of  glacial  origin.  No.  9  is  treated  of  in  the 
next  paper. 

3.  '  On  the  Occurrence  of  Dolomite  in  South  Africa.'  By  D. 
Draper,  Esq.,  E.G.S. 

A  peculiar  calcareo-siliceous  rock,  near  Lydenburg,  described  by 
Messrs.  Penning  ard  Crutwcll  as  '  Chalcedolite,'  and  a  similar 
rock  mentioned  by  Mr.  Penning,  F.G.S.,  as  overlying  the  '  Black- 
reef  Series  '  of  the  Megaliesbcrg  formation,  are  recognized  as  a  dolo- 
mite. Mr.  C  Alford,  E.G.S.,  has  described  a  '  calcareous  (luartzite,' 
as  passing  into  dolomite  and  ultimately  into  chert,  and  known 
as  the  '  Elephant-rock  '  in  Transvaal,  sometimes  cavernous  with 
undergi^ound  waters.  Erom  his  own  experience  Mr.  Draper  has 
recognized  the  '  Elephaiit-rock  '  in  the  Potschefstroorr,  Lichtenburg, 
^lalmani,  and  Lydenburg  districts  as  a  real  dolomite,  with  inter- 
strati  tied  siliceous  bands,  weothering  into  a  brown  earth  like  man- 
gar  esc  oxide,  and  saperiicial  siliceous  debris.  It  has  its  place 
between  the  Table-mountain  Sandstone  and  the  quartzite  of  the 
Gats  Eand  (  =  Zuurberg  Quartzite  of  the  Cape).  It  has  auriferous 
veins  in  Malmani  and  Lydenburg.  Dr.  Schrenck  has  noticed  a 
similar  dark-blue  dolomitic  limestone  in  Great  Namaqualand.  The 
deep  water-holes  in  it  in  Malmani  are  comparable  with  those  found 
by  E.  Galtou  in  West  Central  Africa.  The  great  caves  in  Mashona- 
land  may  belong  to  it.  The  extensive  tufaccous  deposits  iu  Griqua- 
laud-West,  the  Transvaal,  and  Orange  Eree  State  were  probably 
derived  from  this  extensive  dolomite. 

4.  '  Contributions  to  the  Geology  of  British  East  Africa.'  By 
J.  W.  Gregory,  D.Sc,  F.G.S. 

The  author  describes  moraines,  striae,  glacial  lake-basins,  perched 
blocks,  and  roe/ifs  moutonness  below  the  present  limits  of  the  glaciers 
of  ^fount  Kenya,  which  he  maintains  ind'cate  the  existence  of  a 
'  calotte '  or  ice-cap  extending  at  least  5400  feet  farther  down  the 
mountain  than  the  termination  of  tlie  present  glaciers,  and  possibly 
farther,  for  iu  the  belt  of  forest  detailed  observations  could  not  be 
made. 

He  agrees  that  tliis  more  extensive  glaciation  was  produced  by  a 
greater  elevation  of  Mount  Kenya,  and  that  any  theory  of  universal 
glaciation  is  unnecessary,  a. id  indeed  opposed  by  many  facts  in 
African  geology. 

He  discusses  the  probable  inlluence  of  this  former  glaciation  on 
the  meteorological  conditions  of  the  surrounding  area  ard  the  dis- 
tribution of  its  flora  and  fauna. 
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LXI.  On  tlie  Rate  of  Oxidation  of  Phosphorus,  Sulpliur,  and 
Aldehyde.  By  Thomas  Ewan,  B.Sc,  Ph.D.,  late  1851 
Exhibition  Scholar  in  Chemistry  at  the  Owens  College*. 

Introduction. 

ACCORDING  to  our  present  knowledge  the  velocity  with 
which  a  chemical  change  takes  place  is  dependent  on 
the  concentrations  of  the  substances  taking  part  in  the  change, 
and  the  connexion  between  the  two  is  of  such  a  nature  that 
a  greater  concentration  corresponds  to  a  greater  velocity. 

Under  these  circumstances  it  is  of  great  interest  that  in  a 
number  of  instances  oxygen  gas  appears  to  act  chemically 
more  vigorously,  that  is  with  greater  velocity,  when  it  is 
dilute  than  when  it  is  more  concentrated. 

The  first  mention  of  this  behaviour,  so  far  as  I  know,  was 
made  by  Fourcroy  f.  He  says  that  at  the  ordinary  tempe- 
rature and  pressure  pure  oxygen  is  without  action  on  phos- 
phorus, although  ordinary  air  acts  vigorously.  In  1798  van 
Marura  J  found  that  a  piece  of  phosphorus  glowed  much 
more  brightly  in  rarefied  than  in  ordinary  air,  and  that  it 
even  took  fire  at  very  low  pressures  if  surrounded  by  a  little 
cotton-wool.  These  observations  were  confirmed  and  extended 
by  subsequent  observers. 

*  Communicated  by  the  Author. 
f  Menioires  de  I' Academic  des  Sciences,  1788. 

J  Verhandelinyen  uityeyeeven  door  Teyler's  Tweede  Genootschcq),  10 
(1798). 
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According  to  Thorpe  and  Tuttoii*  phosphorous  oxide,  P^Og, 
shows  i)henoinenu  in  presence  of  oxygen  gas  which  possess 
the  strongest  rescnibhince  to  those  exhibited  by  phosphorus 
itself.  They  suggest  that  the  more  rapid  reaction  at  lower 
pressures  is  due  to  the  increased  volatility  of  the  phosphorous 
oxide. 

Joubertf  noticed  similar  beha\aour  with  sulphur  and 
arsenic. 

Friedel  and  Ladenburgf  found  that  a  mixture  of  silicon 
hydride,  SiH4,  and  oxygen  inflames  spontaneously  on  de- 
creasing its  pressure,  and  Houton  de  Labillardiere§  had 
previously  made  a  similar  observation  with  })hosphino  (PH3). 

Van  de  Stadt  (|  mentions  that  nickel  carbonyl,  Ni(C0)4, 
appears  also  to  behave  similarly.  Reicher  and  JorissenTI 
found,  however,  that  it  is  still  s})ontaneously  inflammable  in 
oxygen  under  a  pressure  of  lo  atmospheres. 

Engelmann  **  found  that  certain  Bacteria  show  a  preference 
for  a  certain  definite  concentration  of  dissolved  oxygen. 
Greater  or  smaller  concentrations  seem  to  be  less  favourable 
to  their  existence. 

Labillardiere's  observation  with  phosphine  was  repeated  by 
van^tHoft'tt,  who  found  tha't  at  ordinary  temperatures  the 
spontaneous  inflammation  of  the  mixture  took  place  when 
tlie  partial  pressure  of  the  oxygen  was  about  -j\,  atmosphere. 
The  gases  were  preserved  over  a  saturated  solution  of  calcium 
chloride.  When  the  partial  ])ressure  of  the  oxygen  was 
higher  or  lower  than  ~^q  atmosi)here,  only  a  slow  combination 
took  place. 

H.  J.  van  de  Stadt  Jt  in  l^Oo  investigated  the  subject 
more  fully  in  order  to  find  how  the  velocity  of  the  slow 
combustion  which  precedes  the  explosion  changes  with  the 
concentration.  He  found  that  the  reaction  proceeded  slowly 
and  with  a  nearly  constant  velocity,  which  showed  no  notice- 
able acceleration  until  the  explosion-pressure  was  reached, 
when  the  explosion  took  place,  sometimes  at  once,  sometimes 
on  standing. 

This  reaction  was  therefore  not  a  very  suita])le  one  for  the 

*  Journ.  Chem.  Soc.  1890,  p.  569. 

t   Theses  presentees  h  la  Fucidte  des  Sciences  de  Paris,  1874. 

X  Ann.  Ch.  Phys.  [4]  xxiii.  p.  430  (1871). 

§  Ann.  Ch.  Phys.  vi  p.  304  (1817). 

II   Zcit.  Phys.  Chem.  1803,  xii.  p.  3l>>. 

^  Maandblad  roor  Ntttuurtcetejischajjjjen,  No.  1  (1894). 
**  Botitnische  Zrifiiny,  1882,  p.  320. 
tf  FAudes  de  Diinuinique  Clmniqiw,  p.  60  (1884). 
\\  Zeit.  Phys.  ('hem.  1893,  xii.  p.  322. 
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study  of  the  connexion  between  the  velocity  of  the  cliaufijo 
and  the  concentration  of  the  oxygen.  For  this  reason,  and 
at  the  suggestion  of  Professor  van't  Hoff,  I  took  up  the  stuily 
of  the  velocity  of  the  reaction  between  phosphorus  and  oxygen. 

Rate  of  Oxidation  of  Phosphorus  in  Moist  Oxygen. 

(a)  Behaviour  in  Air. 

Some  measurements  have  already  been  recorded  by  Ikeda*. 
He  found  that  at  19°  the  oxidation  of  phosphorus  in  moist 
air  takes  place  with  a  velocity  which  is  nearly  proportional 
to  the  concentration  of  the  oxygen.  At  the  lower  pressures 
the  reaction  went  a  little  faster  than  is  required  by  exact 
proportionality. 

My  first  experiments  were  made  in  the  same  way  as  those 
of  Ikeda.  The  apparatus  consisted  of  a  bottle  of  1^  to  2  litres 
capacity  ^^•ith  two  necks,  into  one  of  which  a  test-tube  was 
fitted  by  means  of  a  cork,  while  the  other  communicated  with 
a  manometer.  The  test-tube  reached  to  about  the  middle  of 
the  bottle,  and  its  lower,  closed,  end  was  surrounded  by  a 
cylinder  of  phosphorus  which  was  kept  cool  by  a  current  of 
water,  of  the  same  temperature  as  the  water-bath,  which 
flowed  through  the  test-tube.  The  whole  apparatus  stood  in 
a  large  water-bath  the  temperature  of  which  was  kept  con- 
stant. The  experiments  were  made  as  follows  : — The  bottle, 
containing  a  little  water  and  air,  was  placed  in  the  thermostat, 
connected  with  the  manometer,  and  allowed  to  stand  until  it 
had  assumed  the  temperature  of  the  bath.  The  phosphorus 
cylinder  was  then  quickly  placed  in  position  and  the  pressure 
read  off.  Subsequent  readings  of  the  pressure  made  at  con- 
venient intervals  furnished  the  data  from  which  the  velocity 
of  the  reaction  was  calculated.  The  concentration  of  the 
oxygen  is  proportional  to  its  partial  pressure  so  long  as  the 
volume  remains  constant  (which  was  the  case  in  the  method 
just  described),  and  the  decrease  of  pressure  per  minute  is 
proportional  to  the  quantity  of  oxygen  which  undergoes 
change  per  minute — that  is,  to  the  velocity  of  the  reaction. 

The  phosphorus  was  so  little  acted  on  during  an  experiment 
that  its  surface  remained  practically  undiminished. 

The  numbers  obtained  in  two  experiments  made  in  this 
way  are  given  in  the  following  Table  (I.).  They  agree  with 
those  obtained  by  Ikeda  in  showing  that  the  velocity  of  the 
reaction  (in  moist  air)  diminishes  a  little  more  slowly  than 
the  partial  pressure  of  the  oxygen.  This  is  seen  in  the 
increase  in  the  values  of  K'  (column  4).     These  numbers  are 

*  Journ.  Coll.  Science,  Imperial  University,  Japan,  vi.  p.  43  (180o). 
2  M  2 
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calculated  on  the  assumption  that  the  rate  of  the  reaction  is 
proportional  to  the  partial  pressure  of  the  oxygen.     Or 


dp 


dt  ^ 


(1) 


On  integration  this  becomes 

—  log  p  =  K.'t  +  const. 

We  have  p=po,  when  ^  =  0,  p^)  being  the  pressure  of  the 
oxygen  at  the  beginning  of  the  experiment. 
We  have,  therefore, 

const.  =  —  log  py, 
and 


K'=-log^-" 
t     ^  p 


(la) 


Table  I. — Phosphorus  and  Moist  Air. 


Temperature  =  20°- 2  to  20°-4. 

Pressure  of  aqueous  vapour 

.    =17-8  milhrn. 

5' 

phosphorus-vapour  =  0"  1 13 

j> 

Time,  in 
minutes, 

Total 

Partial 

from  the 

beginning. 

t. 

pressure. 
P. 

pressure  of 
Oxygen 

K'. 

K. 

0 

773-1 

157  8 

25 

750G 

135-3 

•00267 

42-0 

60 

729-7 

1140 

•00282 

43-1 

75 

714-3 

99-0 

•00271 

.   40-1 

10() 

G97-4 

82-1 

•C0284 

42-3 

130 

682-2 

66-9 

•00286 

42-1 

Temperature  =20°*5 

to  20°- G8. 

Pressi 

ire  of  aqueous  vapour 

.    =17-9 

millim. 

J5 

phosphorus-vapoi 

Lir    =0-113 

55 

0 

764-6 

156-0 

25 

749-5 

140  9 

-00177 

27-2 

50 

732-9 

124-3 

-00197 

28-2 

70 

723-2 

114  6 

-00191 

29-0 

100 

7071 

98-5 

-00200 

29-8 

130 

693-5 

84-9 

-0u203 

300 

171 

677-4 

68-8 

•00208 

30-3 

201 

667-4 

58-8 

•00211 

30^4 

246 

653-2 

446 

•00221 

31-4 

The    vap()ur-i»res.<ure    of   phosphorus   was    determined   by 
Joubert,  h<c.  cit. 
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Influence  of  the  Rate  of  Evaporation. 

The  fact  that  K'  increases  as  the  pressure  falls  shows  that 
the  reaction  takes  place  somewhat  taster  at  lower  pressures 
than  one  would  ex[)ect  if  its  velocity  were  directly  propor- 
tional to  the  pressure.  This  may  be  due  to  the  fact  that 
substances  evaporate  more  rapidly  into  a  o;aseous  atmosphere 
when  its  pressure  is  small  than  when  it  is  larger.  There  can 
l)e  little  doubt  that  the  reaction  takes  ]ilace  between  jihos- 
phorus-vapour  antl  oxygen  ;  and,  furthermore,  if  it  is  allow- 
able to  take  the  phosphorescent  light  as  an  indication  of  the 
locality  of  the  reaction,  it  takes  place  close  to  the  surface  of 
the  phosphorus  so  long  as  the  pressure  of  the  oxygen  is  not 
very  small*.  There  are  thus  grounds  for  supposing  that  the 
phosphorus-vapour  is  oxidized  as  fast  as  it  is  evolved  from 
the  surface  of  the  phosphorus,  and  therefore  that  the  velocity 
with  which  the  reaction  goes  forward  will  be  directly  pro- 
portional to  the  rate  of  evaporation  of  the  phosphorus.  By 
making  this  assumption,  as  wo  shall  see,  it  is  at  any  rate 
{tossible  to  give  a  coherent  and  fairly  satisfactory  account  of 
reactions  the  courses  of  which  would  otherwise  appear  to  be 
totally  exceptional. 

According  to  Stefan  f,  when  all  the  other  conditions  remain 
constant,  the  rate  of  evaporation  of  a  liquid  into  a  gas  is 
connected  with  the  pressure  of  the  latter  by  the  following 
formula  : — 

1  P 

where  ^ 

V  z=  the  rate  of  evaporation, 
P=  total  pressure  of  the  gas  and  vapour, 
p' =  the  vapour-pressure  of  the  liquid, 
and  c  =  some  constant. 

Introducing  this  correction  for  the  changeable  velocity  of 
evaporation  into  equation  (1),  we  obtain 

-f  =  Ky..logp^, (2) 

(//         ^       ®  r—p 

In  order  to  integrate  this  e([uation  we  may  write  p  =  P— a, 
where  a  is  the  partial  ];ressure  of  the  nitrogen  and  aqueous 
vapour  in  the  mixture  of  gases,  and  therefore  constant. 
Alter  making  this  substitution  and  expanding  the  logarithm, 

*  Tlie  luminous  phenomena  accompanying  the  oxidation  of  phosphorus 
have  been  carefully  described  by  v.  Marutn,  /of.  cit.  ;  .Toubert,  y'hhes, 
1874;  Fischer,  /.  pra/d.  C'/icni.' xxxv.  p.  043(184^>);  Schriltter,  .SVfz- 
unc/sber.  Wiev.  A /aid.  ix.  p.  414  (1852),  and  otliers. 

t  Sitzunr/shir.  K.  Akad.  d.  M'iss.  H'irti,  Ixviii.  1878,  p.  -'585. 
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the  equation  may  be  brought  into  the  form 

-  ^^'^^  -  YZTa  [^7      2       12  P      24    V        ^^'A 

This  can  bo  easily  integrated  between  the  limits  Po  and  P, 
and  gives  : — 

+  &-T^*^ (^'"' 

For  pliosphoms  at  ordinary  temperatures,  p'  is  so  small 
compared  with  a  that  the  equation  may.  without  appreciable 
terror,  be  written 

The  values  of  K  in  the  fifth  column  of  Table  I.  have  been 
calculated  by  means  of  this  equation.  The  numbers  are  more 
nearly  constant  than  those  obtained  by  means  of  the  uncor- 
rected equation  (I). 

It  appears,  therefore,  from  these  experiments  that  the 
velocity  of  the  reaction  is  proportional  to  the  pressure  of  the 
oxygen.  This  cannot  be  true  at  all  pressures,  however,  for 
when  the  pressure  of  the  oxygen  is  greater  than  a  certain 
limit  the  velocity  of  the  reaction  becomes  zero. 

(b)   Pho&pliorus  in  Moist  Oxygen.     Behaviour  at  Higher 
Pressures. 

A  further  series  of  measurements  was  therefore  made  in 
which  the  whole  range  of  pressures  at  which  the  reaction 
takes  place  was  studied. 

For  this  purpose  a  somewhat  difFei'cnt  form  of  apparatus 
was  used.  After  various  trials  that  shown  in  fig.  1  was  found 
to  be  most  convenient.  The  glass  vessel  EPA  (50-70  cubic 
centim.  capacity)  was  conected  by  means  of  a  capillary  tube 
(^  millim.  diameter)  with  the  tap  B  and  with  the  mano- 
meter D.  The  joint  at  C  was  usually  made  by  means  of  a 
ground-glass  joint  luted  with  mercury ;  occasionally  a  thick 
indiarubber  tube  was  used.  The  manometer  was  arranged 
so  that  the  mercury  always  stood  at  the  same  height  in 
the  limb  D,  the  volume  of  the  apjiaratus  therefore  remained 
constant.  A  inercury- gauge  was  mostly  used,  but  some  of  the 
experiments  at  lower  pressures  were  made  with  a  manometer 
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in  which  tho  mercury  was  replaced  by  broiuuaphthalene. 
This  allowed  of  a  more  accurate  readiug  ol"  the  pressure,  and 
the  vapour  of  the  bronmaphthalene  did  not  appear  to  inter- 
fere in  any  way  with  the  course  of  the  reaction.  The  ])hos- 
phoru?  was  purified  by  melting  it  under  a  uilute  solution 
of  potassium  bichromate  and  sulphuric  acid,  and  carefully 
washing  it. 


A  piece  of  this  phosphorus  was  brought  into  the  apparatus 
through  E,  melted  at  P,  distributed  in  as  thin  a  layer  as 
possible  over  the  upper  surface  of  the  bulb,  and  allowed  to 
solidify  in  that  position.  This  was  generally  done  in  an 
atmosphere  of  carbon  dioxide,  sometimes  in  vacuo.  By  this 
means  as  large  a  surface  of  the  phosphorus  as  possible  is 
exposed  to  the  cooling  action  of  the  water  in  the  bath  in 
which  the  apparatus  is  plunged.  The  product  of  the  oxida- 
tion also  tends  to  fall  and  not  to  collect  on  the  surface  of  tho 
phosphorus.  A  little  water  was  placed  in  the  apparatus  at  A, 
and  E  sealed  up  before  the  blowpipe. 

After  placing  the  apparatus  in  position  in  the  water-bath, 
it  was  evacuated  as  com{)letely  as  possible  and  oxygen  allowed 
to  enter.  This  operation  was  repeated  several  times.  A 
precaution  which  is  of  importance  is  to  keep  the  phosphorus 
cold  ;  otherwise,  on  allowing  the  oxygen  to  flow  into  the 
vacuous  apparatus,  it  is  very  apt  to  take  fire.  This  is 
especially  the  case  when  the  oxygen  is  dry  and  the  pressure 
is  very  low  ;  with  oxygen  which  had  been  dried  by  passing 
over  phosphorous  pentoxide  I  have  even  seen  tho  spontaneous 
inflammation  occur  at  0°  C.  The  i)ressure  was  probably  less 
than  that  due  to  1  raillim.  of  mercury. 
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No  attempt  was  made  to  measure  the  absolute  velocity  of 
the  reaction,  as  this  would  have  involved  the  accurate  mea- 
surement of  the  area  of  the  surface  of  the  phosphorus.  The 
constants  obtained  are  therefore  different  in  each  experiment, 
The  temperature  varied  irregularly  between  the  limits  given. 

Table  II. — Phosphorus  and  Oxygen. 
(Saturated  with  aqueous  vapour.) 


Temperature  =  9°-l  to  9°-2. 

Pressure  of  aqueous  vapour  .      =  8*6  millim. 
„           phosphorus-vapour  =  004G  millim. 

„          nitrogen    .     .     .     =  3*4  millim. 

Time  in  minutes 

Total  pressure  in 

Partial  pressure 

K. 

from  beginning 

mm.  of  mercury. 

of  Oxygen. 

Calculated  from 

=  t. 

P. 

P- 

equation  2h. 

0 

94-3 

82-3 

83 

43-7 

31-7 

16-2 

96 

38-4 

26-4 

15-7 

124-5 

27-1 

15-1 

15-3 

152 

21-2 

9-2 

14-2 

ley 

18-0 

60 

13-9 

195 

14-7 

2-7 

13-4 

236 

13-1 

11 

12-2 

Temperature  =  20°-2  to  20°-7 

Pressure  of  aqueous  vapour  .      =  17'()  to  18*2  millim. 

„          phosphorus-vapour  =    O'llG  millim. 

t. 

P. 

Pressure  of 
Kitrogen. 

7^- 

K. 

0 

750-7 

37-5 

095-G 

22 

750-7 

J, 

695-6 

00 

60 

749-6 

,, 

694-5 

0-06 

80 

745-8 

,j 

690-7 

0-18 

171 

736-5 

" 

681-3 

0-77 

0 

736-5 

680-6 

255 

671-0 

.. 

615-3 

2-39 

0 

601-6 

33-4 

549-9 

57 

542-7 

.-. 

4910 

9-79 

0 

487-7 

30-1 

439-4 

30 

457-2 

» 

408-9 

9-86 

0 

397-8 

26-2 

353-4 

25 

372-3 

» 

327-9 

9-95 

The  pressure  was  artificially  reduced  from  time  to  time  by  pumping  out 

part  of  the  gas.     Old  apparatus  used  in  this  experiment  and  in  the  next. 
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Table  II. — Phosphorus  and  Oxygen  {continued). 


Temperature  =  20°-43  to  20°-64. 

Pressure  c 

f  aqueous  vapour  .     =  17"9  millim. 

j> 

phosphorus-vapour  =  O'llG  millim. 

1            t. 

P. 

V- 

K. 

0 

801-8 

783-9 

79 

801-8 

783-9 

0 

740-7 

722-8 

52 

741-9 

724  0 

0 

689-0 

6711 

43 

6&4-2 

666-3 

0-99 

0 

6159 

5980 

37-5 

581-8 

563-9 

8-08 

0 

491-5 

473-6 

24 

463-3 

445-4 

10-52 

0 

340-2 

322-3 

22-5 

312-2 

294-3 

11-34 

Temperature  =  20°- 18  to  20°-24. 

Pressure  of  aqueous  vapour  .      =  17-6  millim. 

jj 

phosphorus-vapour  =  O'lll  millim. 

t. 

P. 

P- 

K. 

0 

484-1 

457-4 

17 

420-8 

394-1 

35-6 

0 

252-5 

2-25-8 

36-5 

146-7 

1200 

30-2 

0 

107-7 

81-0 

15 

65-7 

39-0 

364 

40 

32-3 

5-6 

26-3 

60 

26-7 

00 

26-6 

1 

Cemperature  =  20^-54  to  20°-6. 

Pressure 

of  aqueous  vapour  .      =  18*0  millim. 

5J 

phosphorus-vapour  =    0-116  millim. 

)) 

nitrogen    .     .     .      =     6"6  millim. 

t. 

P. 

V- 

K. 

0 

264-0 

239-4 

21 

20<J-2 

175-6 

29-3 

40 

150-5 

1-25  9 

27-9 

50 

124-0 

99-4 

27-9 

f)4 

900 

65-4 

27-S 

84 

.50-0 

25-4 

27-8 

104 

30-8 

6-2 

27-0 

12i 

25-3 

0-7 

26-8 

514  Dr.  T.  Ewan  07i  the  Rate  of  Oxidation 

Table  II. — Phosphorus  and  Oxygen  {continued). 


Temperature  =  29°-59  to  2U°-79. 
Pressure  of  a([ueous  vapour  .      =  31  niilliin. 
„          pliosphorus-vapour  =  0'25  milliin. 
,,          nitrogen    .     .     .      =  8  millim. 

t 

P. 

P- 

K. 

0 

4-5 
9-5 
14-5 
19-5 
24-5 
30-5 
34-5 
39-5 
45-5 
49-0 
54-0 

230-0 

204-4 

170-0 

138-9 

114-4 

91-3 

73-7 

65-6 

57-5 

52-7 

50-2 

47-3 

191-0 

165-4 

1310 

99-7 

75-2 

52-3 

34-7 

26-() 

18-3 

13-5 

11-0 

8-0 

27-7 
31-4 
32-0 
31-1 
30-9 
29-1 
28-0 
26-6 
24-6 
23-6 
22-6 

Temperature  =  29°-15  to  29°-3. 

Pressure  of  aqueous  vapour  .      =  30"  1  mm.        mercur}-. 

,,          phosphorus- vapour  =    0*205  mm.        „ 

„          nitrogen    .     .      .      =    3*02  mm.          „ 

Bromnaphtbalene  manometer  used.     Sp.  gr.  of  the  bromnaphthalene  was 

1-5108  at  ordinary  temperature. 

t. 

P  in  mm.  of 
bromnapthalene. 

p  in  mm.  of 
mercury. 

K. 

0 

5 
13 
17 
23 
29-5 
37 
47 
56 
93 

1210-0 
954-5 
626-5 
521-0 
444-5 
391-0 
357  0 
316-5 
300-5 
3000 

101-0 

72-6 

33-9 

24-5 

15-9 

10-0 

6-2 

1-7 

0-1 

0 

39-1 
38-3 
35-6 
23-5 
220 
193 
19-9 
21-3 

Temperature  =  29°' 6  to  29°-8. 
Pressure  of  aqueous  vapour    .   =281  mm.  bromnaphthalene. 
„          phosphorus-vapour  =  2*43  nun.               „ 
„          nitrogen  .     .     .      =52*2  mm.               „ 
Bromnaphtbalene  manometer  used. 

t. 

P  in  mm.  of 

bromnaphthalene. 

p  in  mm.  of 
mercury. 

K. 

0 

4-5 
8-5 
12-5 
18-5 
27-0 
460 
1060 

1375-0 
1212-5 
1049-5 
887-0 
684-0 
597-0 
532-5 
476-5 

115-7 
97-7 
79-6 
61-5 
38  9 
29-3 
22-1 
15-9 

20-0 
21-8 
22-9 
23-4 
18-8 
12-4 
6-0 
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Table  II. — Phosphoinis  and  Oxygen  (continued). 


Temperature  = 

30°-18  to  30°-31. 

Press  n  re  of 

aqueous  vapour 

=  288*9  mm.  bromnai)hth. 

?' 

phosphorus-vapour    =  2'3G  nun 

. 

jj 

nitrogen     .     . 

=  260-7  mm.           „ 

P 

P 

t. 

in  millims.  of 
biomnajjhthalene. 

in  millims.  of 
mercury. 

K. 

j 

0 

1334-5 

87-2 

4 

12400 

76-7 

17-5 

6 

1197  0 

70-9 

17-2 

9 

11260 

64-0 

17-9 

11 

10810 

59-0 

18-0 

13 

1037-0 

54-2 

18-3 

17 

958-0 

45-4 

18-3 

21 

8830 

37-0 

18-6 

28-5 

774-5 

25-0 

18-5 

32-5 

750-5 

22-3 

17-4 

37-5 

7210 

19-0 

16-4 

58-5 

(•>550 

11-7 

13-9 

105-5 

559-0 

1-0 

12-9 

Determinations  of  the  limiting  pressure,  above  which  no 
reaction  takes  place,  were  only  made  at  20°.  In  one  experi- 
ment at  20°*2  (see  Table  II.)  the  reaction  just  began  when 
the  pressure  of  the  oxygen  was  696  millim.  In  another  at 
20°'5  it  began  at  671  millim.,  but  not  at  723  millim.  We 
may  therefore  say  that  at  a  temperature  of  20°-21°  phos- 
phorus will  just  begin  to  oxidize  in  wet  oxygen  when  its 
pressure  is  about  700  millim. 

Joubert^  gives  two  series  of  experiments  on  the  pressure 
at  which  phosphorus  just  begins  to  be  luminous  in  oxygen. 
At  20°-2,  one  series  gave  787  millim.,  the  other  666  millim. 
The  pressure  at  which  oxidation  just  begins  appears,  there- 
fore, to  be  identical  with  that  at  which  the  phosphorescence 
ju.st  becomes  visible. 

The  curves  in  fig.  2  show  the  connexion  between  the  pres- 
sure and  the  velocity  of  the  reaction  between  phosphorus  and 
wet  oxygen.  The  experiments  at  20°  being  the  most  com- 
plete have  been  used  in  drawing  them.  The  values  of  the 
velocities  of  reaction  have  been  obtained  by  dividing  the 
successive  decrements  of  the  pressure  by  the  corresponding 
increments  of  the  time. 

Tliese  values  of  —-  are  taken  as  ordinates,  and  the  mean 
*  Loc.  cit. 
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values  of  the;   partial  pressure  of  oxycren   in  each  interval  as 
abscissa).     The   actual   nuinlxn-s,  which  are   easily  calculated 


Rate  of  Reaction. 


from  those  given  in  Table  II.,  are  not  included  in  that  Table? 
in   order  to  avoid  unnecessary  complication.     A  glance   at 
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curve  I.  (fio-.  2)  will  show  that  the  velocity  of  the  reaction 
beginnino;  with  the  value  0  at  700  niilliin.  increases  at  first 
very  rapidly  as  the  pressure  falls,  then  varies  between  narrow 
limits  over  a  considerable  range  of  pressure  (viz.,  from  500- 
100  millim.),  and  finally  decreases  again  rapidly.     Curve  II. 

(fig.  2)  is  obtained  by  dividing  the  values  of  -^  from  which 

curve    I.    is    constructed    by   the    corresponding   values    of 

p 
log  -p J,  the  rate  of  evaporation  of  the  phosphorus.     That 

is,  it  represents  the  rate  at  which  the  reaction  would  go 
forward  if  the  rate  of  evaporation  of  the  phosphorus  were 
constant.  The  numbers  so  obtained  (represented  in  the  figure 
by  circles)  evidently  lie  on  a  straight  line  passing  through 
the  origin.  That  is,  the  corrected  velocities  are  proportional 
to  the  partial  pressures  of  the  oxygen.  This,  however,  is 
only  true  up  to  a  pressure  of  about  520  millim.  At  higher 
pi'essures  the  curve  changes  its  direction,  and  the  velocity 
very  quickly  decreases  to  0. 

A  more  accurate  way  of  testing  the  truth  of  this  relation- 
ship is  to  be  found  in  the  calculation  of  the  values  of  the 
constant  K  in  equation  2  h.  On  looking  over  the  numbers 
given  in  Table  II.,  it  will  be  seen  that  the  values  of  K  (at 
20°)  are  approximately  constant  at  pressures  smaller  than 
550  millim.  The  numbers  sometimes  increase,  sometimes 
decrease  ;  the  variations  may  therefore  be  ascribed  to  experi- 
mental error. 

The  same  is  true  for  the  experiments  made  at  30°,  for 
pressures  between  200  and  25  millim.  (no  measurements 
were  made  at  pressures  greater  than  200  millim.).  Below 
25  millim.,  however,  there  is  always  a  marked  decrease 
in  the  values  of  K,  and  traces  of  a  similar  behaviour  are 
to  be  found  in  the  experiments  at  20°,  and  also  in  the 
one  experiment  at  9°.  This  diminution  in  the  velocity  of 
the  reaction  at  low  pressures  may  possibly  have  been  due 
to  the  steam  and  nitrogen  with  which  the  oxygen  was  mixed 
hindering  the  interdiffusion  of  the  oxygen  and  phosphorus- 
vaj)0ur. 

We  may  conclude,  therefore,  that  wet  oxygen  at  ordinary 
temperatures  acts  on  phosphorus  with  a  velocity  which  may 
be  represented  by  the  equation 


dt 
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Above  a  certain  limiting  pressure  (which  probably  varies 
with  the  temperature)  this  ceases  to  be  true,  the  reaction 
taking  j)lace  very  much  more  slowly. 

Phosphorus  and  Dry  Oxygen. 

Turning  now  to  the  action  of  dried  oxygen  on  phosphorus 
quite  a  different  result  is  obtained. 

The  experiments  were  made  b}'  the  method  and  with  the 
apparatus  already  described.  The  water  in  the  glass  vessel 
at  A  (fig.  1)  was  merely  replaced  by  phosphorus  pentoxide. 
In  the  first  experiment  the  oxygen  was  allowed  to  remain  in 
contact  with  the  phosphorus  pentoxide  for  a  week,  in  the 
second,  for  two  days.  The  numbers  obtained  are  given  in 
the  followinu-  Table. 


Table  III. — Phosphorus  and  Dry  Oxygen. 


Temperature  =  20°-87  to  21°-26. 

Pressure  of  phosphorus-vapour  = 

0-12  mill 

m. 

Time  in 

minutes 

Total 

Partial 

Partial 

from  the 

beginning. 

t. 

pressure. 
P. 

pressure  of 

Nitrogen. 

(a). 

pressure  of 

Oxygen. 

P- 

K, 

K. 

0 

433-6 

56-6 

377  0 

70 

4333 

0 

2319 

30-3 

201-6 

lo 

231-9 

201-6 

66 

231-6 

201-2 

110 

230-5 

200-2 

1-23 

0 

1220 

160 

106-0 

20 

117-2 

101-2 

23-4 

2-31 

120 

8(;-2 

70-2 

27-6 

2-96 

142 

78-9 

629 

27-7 

3-02 

161 

71-1 

65-1 

28-2 

3-18 

181-6 

62-2 

46-2 

290 

3-31 

192 

671 

41-1 

29-3 

3-46 

204 

60-4 

34-4 

300 

3-63 

218 

3(5-7 

20-7 

32-5 

4-29 

227 

349 

18-9 

31-7 

4-21 

2.'5(; 

20  0 

100 

33-0 

4-73 

253-5 

21-7 

5-7 

31-9 

4-83 
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Table  III. — Phosphorus  tvnd  Dry  Oxygen  {continued). 


Temperature  =  20°-4  to  20 

°-65. 

Pressure  of  phosphorus-vapour  =1*035 

mm.  broinnaphth.  1 

P. 

a. 

P- 

t. 

lu  uiillitn. 
of  brom- 

In  millim. 
of  broni- 

In  millim. 
of  mercury. 

K, 

K. 

uapbtlialene. 

naphthalene. 

0 

1412-8 

59-4 

150-4 

18 

1395-8 

148-5 

35-1 

35 

1381-5 

.. 

146-9 

32-8 

0 

1082-5 

46-7 

115-1 

31 

1036-0 

,, 

109-9 

45-7 

45 

1012-7 

» 

107-3 

48-9 

0 

608  0 

28-0 

64-4 

10 

5890 

,, 

62-3 

460 

1-93 

19 

5660 

jj 

59-8 

52-9 

2-23 

21-5 

561-0 

59-2 

52-2 

221 

35 

531-5 

j^ 

55-9 

51-6 

222 

48-5 

498-5 

52-3 

52-4 

2-29 

(>7 

451-5 

47-1 

53-2 

2-38 

106 

347  0 

^j 

35-4 

53-4 

2-53 

116 

313-0 

31-7 

54-2 

2-62 

127-5 

270-0 

- 

26-9 

551 

2-74 

The  reaction  now  first  began  at  a  much  lower  pressure  than 
formerly.  Under  a  pressure  of  oxygen  of  377  millim.  it  did 
not  begin  ;  it  just  began  when  the  pressure  was  reduced  to 
202  millim.     Curve  I.  (fig.  3)  shows  the  connexion  between 

Fiji-.  ^>. — riinspliorus  and  Dry  Oxygen. 


the  pressure  of  the  oxygen  and  the  velocity  with  which  it 
acts  on  the  phosjdiorus.  The  curve  is  constructed  from  the 
figures  given  in  Table  III.  in  the  same  way  as  before.     Setting 
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out  from  the  pressure  of  200  millim.,  at  which  the  velocity  of 
the  reaction  is  0,  it  a])])ears  to  increase  continuously  as  the 
pressuH!  falls,  and  not  to  roach  a  maximum  value  as  is  the 
case  when  the  gas  is  moist.  Curve  II,  (fig.  3)  is  obtained  by 
dividing  the  values  of  the  rate  of  reaction  from  which  curve  I. 
is  drawn  by  the  corresponding  values  of  the  rate  of  evapora- 
tion of  the  phosphorus,  and  plotting  the  numbers  so  obtained 
against  the  pressures.  The  numbers  are  so  irregular  that  it 
is  not  easy  to  make  out  the  true  nature  of  the  curve.  The 
values  of  the  ordinates  of  the  part  of  the  curve  between  0  and 
70  millim.,  however,  ap])ear  to  be  proportional  to  the  square 
roots  of  the  corresponding  values  of  the  pressure. 
We  have,  accordingly, 

-|  =  K,^Mogp|^„      ....     (3) 

which  is  the  same  equation  as  has  already  been  found  to  hold 
good  for  phosphorus  and  moist  oxygen,  except  that  the  velo- 
city of  the  reaction  is  put  proportional  to  the  square  root  of 
the  partial  pressure  of  the  oxygen  instead  of  to  the  pressure 
itself. 

This  equation  may  be  integrated  by  expanding  the  logarithm 
in  the  same  way  as  before  :  this  gives,  neglecting  small 
terms, 

-K,t=  ^,  (P-a)?+  (|^  -l)(P-a)^  +  const. 

The  V'alue  of  the  constant  is  obtained  from  the  condition 
that  P  =  Pq,  when  t  =  0  ;  Pq  being  the  total  pressure  at  the 
beginning  of  the  experiment.  Introducing  the  value  of  the 
constant,  we  obtain 

^^^'=3^^(^''-"^'-^^~^^'^+(F~0t^^«-^)'-^P-^)-^-(-5' 

It  is  by  means  of  this  expression  that  the  values  of  Kj  given 
in  Table  III.  have  been  calculated.  The  numbers  show  that 
Kj  is  approximate!}^  constant  from  a  pressure  of  GO-70  millim. 
downwards  ;  at  higher  pressures  it  diminishes.  The  irregu- 
larity of  the  numbers  is  probably  due,  in  part  at  any  rate,  to 
the  deposition  of  a  coating  of  oxide  on  the  surface  of  the 
phosphorus.  We  may  therefore  say  that  the  rate  of  eva- 
poration of  the  phosphorus  being  supposed  constant,  it  is 
acted  on  by  dry  oxygen  with  a  velocity  which  is  proportional 
to  the  square  root  of  its  pressure.  This  is  only  true  (at  20°) 
up  to  a  pressure  of  some  (30-70  millim. ;  above  this  pressure 
the  velocity  decreases.     It  is  of  interest  that  the  greatest 
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velocity  of  the  reaction  occurs  in  this  case  at  very  nearly  the 
same  pressure  as  that  which  van't  Hoff  found  to  be  most 
favourable  to  the  reaction  between  plios|»hine  and  oxygen. 

In  Table  III.  the  values  of  K  calculated  from  eijuation  [2  h) 
(in  which  the  rate  of  reaction  is  put  proportional  to  the  [)res- 
sure)  are  also  given.  Thev  are  much  less  constant  than  the 
values  of  K^, 

Sulphur  and  Oxygen. 

The  course  of  this  reaction  is  more  regular  than  that  of  the 
last,  because  the  products  of  oxidation  being  volatile  the  surface 
of  the  sulphur  remains  unchanged. 

The  first  experiments  were  made  by  a  method  similar  to 
that  which  was  used  with  phosphorus,  the  volume  being  kept 
constant  and  the  pressure  allowed  to  change.  The  essential 
part  of  the  apparatus  is  shown  in  fig.  4.     It  consisted  of  a 

'  Fig.  4. 


tube  with  two  bulbs  blown  upon  it,  B,  S,  and  of  00-70  cubic 
centim.  capacity.  At  S,  1-2  grams  of  pure  sulphur,  at  B, 
5-6  grams  of  soda-lime  were  placed,  and  the  end  C  sealed  up 
before  the  blowpipe.  The  capillary-tube  D  connected  the 
apparatus  with  a  manometer,  and  with  the  tap  E,  by  means 
of  which  it  was  filled  with  oxygen.  The  whole  was  heated 
Phil.  May.  S.  b.  Vol.  38.  IS'o.  235.  Dec.  I«y4.       2  N 


522  Dr.  T.  Ewan  on  the  Rate  of  Oxidation 

to  a  temperature  of  about  160°  in  the  vapour  of  boiling  tur- 
pentine. The  following  Table  contains  the  results  of  an 
experiment  made  by  this  method. 

Table  IV. — Sulphur  and  Oxygen. 

Temperature  =  156°. 
Vapour-pressure  of  sulphur  =  11*5  millim.* 
Pressure  of  nitrooen  .     .      =    8*1  millim. 


Time  iu  minutes 
from  beginning. 

Total  pressure. 

Partial  pressure 
of  Oxygen 

K,. 

t. 

=p. 

0 

132-5 

114-0 

18 

121-0 

102-5 

74 

41 

107-2 

88-7 

64 

58 

93-4 

74-9 

65 

75 

79-9 

61-4 

63 

84 

710 

53-1 

65 

97 

58  7 

40-2 

65 

107 

47-6 

29-1 

65 

119 

30-0 

11-5 

65 

128 

200 

1-5 

63 

Kj  was  calculated  from  the  equation  obtained  by  the  inte- 
gration of  equation  3.  Owing  to  the  magnitude  of  p', 
equation  (3  a)  is  insufficiently  accurate,  and  two  further 
terms  of  the  expansion  of  the  logarithm  have  to  be  included. 
The  equation  thus  obtained  is  :  — 

-K,=  |,(P-a)H(^-l-. 


P 


24:  aY 


y^-af 


L 


6  V 


-tan 


F-a 


24  a= 
+  const. 


/ 


M3 


P-axi 


The  integration-constant  is  determined  as  before.  With 
the  exception  of  the  first  number,  the  values  of  Kj  are  very 
satisfactorily  constant ;  equation  (3)  therefore  applies  also  to 
this  reaction. 


*  Ou  further  heating  pressure  remained  constant  at  18-5  millim. ;  after 
cooling  pressure  =  5-4  millim,  at  12°.  From  which  pressure  of  the  sul- 
phur-vapour =  10-4  millim.     Another  experiment  gave  12"G  millim. 
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It  was  found  that  more  satisfactory  results  could  be  ob- 
tained by  using  a  different  method,  in  which  the  pressure  was 
kept  constant  and  the  diminution  of  volume  measured.  This 
method  has  the  advantage  that  it  allows  several  measure- 
ments of  the  velocity  to  be  made  at  each  pressure  ;  by  this 
means  accidental  variations  can  be  eliminated.  It  was  noticed, 
for  example,  almost  invariably  that  at  the  beginning  of  an 
experiment  (the  i)ressure  being  constant)  the  rate  at  which 
the  volume  diminished  was  not  constant.  The  reaction  com- 
menced too  fast,  and  only  reached  a  constant  velocity  after 
some  time.  This  doubtless  accounts  for  the  abnormally 
large  value  of  Kj  at  the  beginning  of  the  experiment  in 
Table  IV. 

The  apparatus  finally  adopted  is  shown  in  fig.  5. 

Fig.  5. 


The  tube  S  containing  the  sulphur  and  oxygen  remains 
unchanged.  It  was  attached  to  a  graduated  tube  A,  con- 
taining mercury,  the  height  of  which  could  be  changed  by 
means  of  the  reservoir  B.  C  is  a  three-way  tap ;  D  a 
sensitive  gauge  containing  bromnaphthalene,  it  serves  to  show 
when  the  pressure  in  the  part  of  the  apparatus  to  its  left  is 
equal  to  that  in  the  reservoir  F.  The  tap  E  serves  to  put  the 
parts  of  the  apparatus  to  the  right  and  to  the  left  of  D  in 
communication  with  each  other  when  necessary.  The  reservoir 
F,  which  serves  to  keep  the  pressure  constant,  is  in  com- 
munication with  the  manometer  G  and  with  an  air-puni}). 

2N2 


524  Dr.  T.  Ewan  on  the  Rate  of  Oxidation 

The  part  of  the  apparatus  to  the  left  of  D  having  been  filled 
with  oxygen  at  a  somewhat  greater  pressure  than  exists  in  F, 
the  tap  E  is  opened  for  a  moment  to  equalize  the  pressure  on 
both  sides  of  D,  and  the  position  of  the  mercury  in  A  read 
off.  By  raising  B  the  pressure  of  the  oxygen  can  always  be 
kept  equal  to  the  constant  pressure  in  F.  The  diminution  of 
volume  per  minute,  when  reduced  to  standard  pressure,  is 
then  proportional  to  the  velocity  of  the  reaction.  When  the 
velocity  has  become  constant,  the  pressure  in  F  is  reduced, 
the  tap  E  opened  to  equalize  the  pressure  again,  and  further 
readings  made  at  the  new  pressure. 

The  following  Table  contains  the  numbers  obtained  by  this 
method. 

In  it  -ry  is  the  diminution  of  the  volume  per  minute,  the 

volume  being  measured  at  pressure  P. 

ctv 

-J-  is  the   rate  of  change  of  the  volume,  calculated  for  a 

pressure  of  819*7  millim.,  and  it  is  proportional  to  the  quantity 
of  oxygen  which  is  converted  into  sulphur  dioxide  per 
minute,  that  is  to  the  rate  of  the  reaction. 


Table  V. — Sulji 

jur  and  Oxygen. 

Pressure. 
P. 

Ay 
At' 

dv 
dt' 

Tempera- 
ture. 

K,. 

k. 

809-8 

-0176 

-0174 

158 

•0985 

-0035 

587-0 

•0244 

-0175 

158 

•0841 

-0035 

380-6 

-0459 

-0213 

158 

•0820 

•0042 

198-5 

•147 

-0356 

159 

-0975 

•0069 

105-6 

•456 

-0588 

159 

•118 

•0156 

43-8 

1-77 

•0946 

159 

•108 

•0163 

819-7 

-0149 

-0149 

158 

•085 

•0030 

578-7 

-0243 

-0172 

159 

•082 

•0034 

422-2 

-0349 

•0180 

159 

•088 

•0043 

3060 

•0653 

•0244 

159-5 

•084 

•0048 

1940 

-133 

•0315 

159-2 

•085 

•0061 

147-3 

•222 

•0399 

,, 

•093 

•0077 

95-9 

•455 

•0532 

159-4 

-098 

•0100 

41-8 

1-84 

-0938 

" 

•104 

•0161 

1 

The  constant  Kg  is  calculated  from  the  following  equation, 
which  is  essentially  identical  with  equation  3  : — 


-;^=K,pi-iog 


p-p'- 


of  Phosphorus,  Sulphur,  and  Aldehyde, 
k  (Table  V.)  is  calculated  by  the  formula 
do 
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It  is  e\'ident  that  the  formula  in  which  the  velocity  of  the 
reaction  is  put  proportional  to  the  square  root  of  the  pressure 
is  in  much  better  agreement  with  the  truth  than  that  in 
which  it  is  put  proportional  to  the  pressure  itself. 

The  curves  in  fig.  6  represent  the  connexioa  between  the 

Fig.  6. — Sul])luu"  and  Oxyg-en. 


velocity  of  the  reaction  and  the  pressure.     Curve  I.  is  drawn 

dv 
with  the  values  of  j-  as  ordinates  and  pressures  as  abscissas. 

It  has  a  strong  general  resemblance  to  the  curve  representing 
the  velocity  of  the  reaction  between  phosphorus  and  dry 
oxygen.  The  velocity  continuously  increases  as  the  pressure 
falls.  Curve  II.  is  drawn  with  ordinates  proportional  to  the 
square  roots  of  the  corresponding  pressures.  The  experi- 
mental values  of  the  velocity  of  the  reaction  corrected  for  the 
rate  of  evaporation  of  the  sulphur,  viz.  : 

dv    A         P 
;77/logtr— :., 


dt 
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are  represented  in  the  figure  by  circles.  The  theoretical 
curve  evidently  represents  these  points  M'ith  Mr  approximation. 
It  is  interesting  to  notice  that  the  whole  curve  here,  up  to 
800  millim.,  corresponds  to  the  part  of  the  curve  for  phos- 
phorus and  dry  oxygen  between  0  and  70  millim.  It  would 
be  of  interest  to  make  experiments  with  sulphur  and  oxygen 
at  higher  pressures  in  order  to  find  out  whether  a  maximum 
velocity  occurs  similar  to  that  found  with  phosphorus. 

Aldehyde  and  Oxygen. 

When,  as  in  the  experiments  which  have  just  been 
described,  the  substance  which  is  undergoing  oxidation  is  a 
solid  or  a  liquid,  its  rate  of  evaporation  becomes  such  an 
important  factor  in  determining  the  rate  of  the  reaction,  that 
it  is  not  easy  to  make  out  with  perfect  certainty  what  role  is 
played  by  the  concentration  of  the  oxygen.  It  appears, 
however,  very  probable  that  in  dry  oxygen  the  rate  of  the 
reaction  is  proportional  to  the  square  root  of  its  concentration. 
In  order  to  further  test  the  truth  of  this  result,  experiments 
were  made  on  the  reaction  between  aldehyde-vapour  and 
oxygen.  The  reaction  was  found  to  go  on  with  convenient 
speed  at  20°.  As  aldehyde  boils  at  21°  under  a  pressure  of 
760  millim.,  it  was  assumed  that  aldehyde-vapour  at  20°  and 
under  pressures  not  exceeding  550  millim.  might  be  regarded 
with  sufficient  approximation  as  a  perfect  gas.  Numerous 
attempts  were  made  to  absorb  the  acetic  acid  formed,  by 
means  of  some  solid  substance  without  action  on  the  aldehyde. 
PbO,  ZnO,  BaCOs,  KC2H3O2  (anhydrous),  were  tried,  but 
they  all  appeared  to  cause  a  more  or  less  rapid  diminution  in 
the  quantity  of  the  aldehyde-vapour.  The  experiments  were 
therefore  made  without  any  such  absorbent. 

The  apparatus  used  (fig.  7)  was  essentially  the  same  as  that 
which  was  employed  by  van^t  HoflP  for  the  study  of  the  forma- 
tion of  water  from  electrolytic  gas  {Etudes  de  dyn.  chimique, 
p.  53),  and  for  the  study  of  the  decomposition  by  heat  of  PH3 
and  ASII3.  The  reaction  takes  place  in  the  bulb  A  (fig.  7) :  this 
has  a  capacity  of  60  to  70  cubic  centim.,  and  is  immersed  in  a 
water-bath  maintained  at  a  constant  temperature.  The  tubes 
connecting  A  to  the  rest  of  the  apparatus,  which  are  not 
plunged  in  the  water,  are  made  of  capillary  diameter  in  order 
to  diminish  as  far  as  possible  the  volume  of  gas  which  is  at 
the  temperature  of  the  air.  The  pressure  of  the  gas  in  the 
apparatus  is  determined  by  me^ns  of  the  manometer  BCD. 
By  raising  or  lowering  the  tube  C,  the  level  of  the  mercury 
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was  always  brought  to  B  before  a  reading  was  made.  The 
pressure  of  the  gas  in  the  apparatus  is  then  obtained  by 
reading  the  difference  in  level  between  B  and  D  :  for  this 
purpose  a  vertical  millimetre-scale  was  generally  used,  some- 
times a  cathetometer. 

C  D  is  a  barometer,  the  lower  end  of  which  just  dips  under 
the  mercury  at  C.  The  air-trap  at  E  is  useful  in  preventing 
bubbles  of  air,  which  sometimes  leak  through  the  indiarubber 
tube,  from  passing  back  into  the  apparatus. 

By  means  of  the  three-way  tap  H  the  apparatus  can  be 
connected  either  with  an  air-pump  through  F,  or  with  a  little 
vessel  containing  liquid  aldehyde  (G),  which  is  ground  to  fit 
the   lower   limb   of  the   tap.     The   apparatus   having   been 

Fig.  7. 


evacuated  as  completely  as  possible,  the  tap  is  turned  so  that 
the  aldehyde-vapour  distils  into  it.  By  repeating  this  opera- 
tion several  times,  the  air  may  be  completely  replaced  by 
aldehyde-vapour  at  any  desired  pressure  up  to  500-600  milhm. 
This  having  been  done  the  tap  H  is  closed,  the  apparatus  put 
in  position  in  the  water-bath,  and  the  pressure  of  the  aldehyde- 
vapour  observed.  F  is  then  connected  with  a  tube  delivering 
pure   oxygen   dried   over    CaClg,  which  is  allowed  to   flow 
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through  FH  until  it  is  full  of  oxygen.  The  tap  H  is  then 
quickly  opened,  to  admit  the  oxygen,  closed  again,  and 
the  pressure  read  oflf".  Further  readings  are  then  made 
from  time  to  time  until  the  reaction  is  ended.  The  gases 
take  some  time  to  diflt'use  into  each  other,  so  that  the  velocity 
of  the  reaction  was  frequently  rather  small  at  the  beginning. 

The  calculation  of  the  experiments  required  a  knowledge 
of  the  composition  of  the  gas  which  remained  in  the  apparatus 
at  the  end  of  the  experiment.  As  soon  as  the  last  reading  of 
the  pressure  had  been  made,  therefore,  a  very  dilute  solution 
of  caustic  potash  was  allowed  to  flow  into  the  apparatus  from  a 
weighed  flask.  The  difference  between  the  volume  of  the 
apparatus  (determined  by  weighing  it  full  of  water)  and  the 
volume  of  the  caustic-potash  solution  drawn  into  it,  gave  the 
volume  of  oxygen  and  nitrogen  contained  in  the  residue. 
Caustic  potash  was  used  in  order  to  polvmerize  any  aldehyde 
left. 

The  mixture  of  oxygen  and  nitrogen  was  then  transferred 
to  a  graduated  tube,  and  shaken  with  an  alkaline  solution  of 
pyrogallol.  The  part  which  was  left  unalisorbed  was  taken  to 
be  nitrogen.  The  transference  of  the  residual  gas  from  the 
bulb  A  to  the  graduated  tulje  was  effected  by  running  water 
in  through  the  ca})illary  tube  K  after  breaking  off  its  sealed 
end. 

In  many  of  the  earlier  experiments  a  comparatively  large 
quantity  of  gas  remained  which  was  not  absorbed  by  the 
solution  of  pyrogallol  and  caustic  potash.  It  was  noticed, 
however,  finally  that  this  gas  was  inflammable,  and  that  its 
formation  was  accompanied  by  some  action  of  the  mixture  of 
aldehyde  and  oxygen  on  the  mercury  in  the  manometer,  a 
wdiite  substance,  which  was  insoluble  in  water,  being  formed. 

On  protecting  the  mercury  by  placing  a  very  small  quantity 
of  bromnaphthalene  over  its  surface,  no  formation  of  the 
white  substance  occurred,  and  the  gas  which  remained  unacted 
upon  by  the  pyrogallol  was  much  smaller  in  quantity  than 
formerly,  and  no  longer  inflammable.  It  is  probable  also  that 
the  reaction  is  accelerated  by  light.  The  following  experi- 
ment may  be  quoted  in  support  of  this  view.  The  temperature 
was  19°'i)8  to  20°-07. 

The  constant  K  was  calculated  by  means  of  equation  (5), 
which  was  found  to  apply  to  this  reaction.  The  value  of  the 
constant  appears  to  be  influenced  by  the  brightness  of  the 
light.  For  this  reason  the  experiments  were  finally  made  in 
the  dark.  It  appears  also  to  be  of  some  importance  to  keep 
the  apparatus  as  clean  as  possible.     It  was  generally  allowed 
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to  remain  over  nigbt  filled  with  a  solution  of  potassium  per- 
manganate and  liydrochloric  aciil.  The  manganese  dioxide 
formed  was  removed  by  means  of  oxalic  acid  ;  the  apparatus 
was  then  well  washed  with  distilled  water  and  dried  by  a 
current  of  air. 


Pressure  of 

Pressure  of  ' 

Time. 

Oxygen. 

Aldehyde. 

K. 

Remarks. 

Pi- 

i'2- 

11.26  a.m. 

196-8 

543-2 

Cloudy. 

11.50   „ 

182-0 

510-2 

076 

jj 

12.21  P.M. 

160-4 

457-6 

0-89 

2.33   ,. 

86-3 

269-5 

1-19 

Direct  sunlight 

3.6     „ 

72-8 

241-3 

1-24 

on  apparatus. 

3.56   „ 

57-5 

211-2 

1-27 

7.8     ,. 

28-7 

158-1 

1-20 

8.17    „ 

23-7 

149  1 

1-08 

Nearly  dark. 

The  following  Table  contains  the  results  of  the  experiments 
which  were  made  with  the  precautions  mentioned  : — 


Table  VI. — Aldehyde  and  Oxygen. 


Time  in 

Pressure             Pressure 

Total 

minutes  from 

of                        of 

KxlO'. 

the  beginning. 

Oxygen.           Aldehyde. 

pressure. 

/. 

Pi-         \         r-i- 

P. 

0 

225-8         ,        536-0 

785-0 

67 

210-3                  499-1 

744-5 

2-91 

117 

200-5                  466-9 

702-5 

2-94 

190 

188-1                  427-3 

651-5 

2-81 

259 

177-1 

395-8 

608-0 

2-84 

270 

174-6 

388-8 

698-5 

2-93 

296 

167-2 

368-7 

571-0 

3-10 

332 

161-4         1         353-5 

550-0 

3-19 

386 

150-7         !         324-7 

510-5 

3-43 

476 

136-6         :         292-3 

464-0 

3-57 

673 

118-3                  251-6 

405-0 

3-40 

1303 

83-8                 183-1 

3020 

3-29 

Temperature  =  20^-1  to  20°-32. 

Partial  pressure  of  oxygen  at  the  end  of  experiment  = 

83-4  millim. 

j         Partial  pressure  of  nitrogen  at  the  end  of  experiment  = 

23-7       „ 

Total  pressure  at  the  end  of  the  experiment    .     .     .  = 

301 

Vapour-pressure  of  acetic  acid  at  20° -2     .     .     .     .  = 

11-4       „ 

/t' =0-002873. 
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Table  W.  {continued). 


Time  in 

Pressure             Pressure 

Total 

minutes  from 

of            !            of 

the  beginning. 

Oxygen.             Aldehyde. 

pressure 

K  X  10'. 

t. 

Pv                       l>r 

P. 

0 

489-6                  291-2 

799-0 

72 

485-3                 281-7 

790-5 

0-96 

98 

480-6         1        273-2 

781-0 

1-52 

132 

475-5                  251-2 

766-5 

1-81 

163 

4700                  249-2 

749-0 

2-05 

229 

457-2                  220-5          ,        707-5 

2-87 

325 

441-6                  186-1          1        657-5 

2-94 

4(14          1        424-2                  159-5 

603-5 

3-11 

617 

409-1                  119-1 

558-0 

3-18 

1330 

376-6                   57-2 

463-5 

3-00 

Temperature  =  20°-5  to  20°-7. 

Total  pressure  of  residual 

g<'vs = 

473-5  miUim. 

Partial  pressure  of  residua 

1  oxygen = 

376-5      „ 

Partial  pressure  of  residual  nitrogen — 

18-2 

Vapour-pressure  of  acetic  acid  at  20°-6    .     ,     .     .  = 

11-6      „ 

/.•'  =  0-00103. 

t. 

Pv 

Pr 

P. 

KxlO'. 

1 

0 

595-7 

270-0 

878-0 

146 



878-0 

0 

533-2 

241-6 

786-7 

136 

532-3 

239-9 

783-1 

1163 

532-3 

239-7 

782-9 

0 

373-0 

178-5 

559-3 

353 

346-8 

122-8 

488-8 

2-C2 

421 

344-6 

118-2 

481-8 

2-59 

601 

342-7 

114-2 

476-1 

2-34 

Temperature  =  20°-8. 

Total  pressure  at  end  of  experiment = 

-  442-6  millim. 

Partial  pressure  of  oxygen  at  end  of  experiment  .     .  = 

=  331-9      „ 

Partial  pressure  of  nitrogen  at  end  of  experiment     .  = 

=      7-8      „ 

/,'  =  0-001767. 

Another  experiment  at  21°"-i  gave  no  reaction  when  the 
pressnre  of  the  oxygen  was  599  millim.,  and  also  when  it  -^-as 
reduced  to  530  millim.  the  reaction  did  not  begin. 

The  calculation  of  the  amount  of  change  which  had  occurred 
at  any  moment,  from  the  change  of  pressure,  is  complicated 
by  the  solvent  action  of  the  liquid  acetic  acid  formed  on  the 
aldehyde-vapour  :  owing  to  this  the  amount  of  change  at  any 
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given  moment  is  not  simply  proportional  to  the  diminution 
of  the  pressure. 

Sujipose  that  at  the  commencement  of  the  experiment,  the 
partial  pressure  of  the  aldehyde  were  =a  niillim.,  tliat  of  the 
oxygen  =  b  millim.,  and  that  of  the  nitrogen  =  N  millim. 
And  let  P  be  the  total  pressure  of  the  gas  at  any  time,  t 
minutes  after  the  beginning  of  the  experiment.  Suppose  also 
that  at  the  same  instant  ,v  millim.  of  oxygen  have  imited  with 
'2x  miUim.  of  aldehyde.  At  first  the  acetic  acid  formed 
remains  as  vapour,  and  as  its  density  at  20°  is  double  the 
normal  value,  we  shall  have  2  volumes  of  aldehyde-vapour 
and  1  volume  of  oxygen  condensing  to  form  1  volume  of 
acetic-acid  vapour.  That  is,  the  acetic-acid  vapour  will 
occupy  the  same  volume  and  exert  the  same  pressure  as  the 
oxygen  from  which  it  is  formed  ;  and  the  pressure  of  the 
mixture  will  be 

P=(rt-2A')  +  (6-.r)+.^  +  N 

=  a-|-&  — 2.i'  +  N. 

The  pressure  at  the  beginning  of  the  experiment  (P„)  was 
equal  to  «  +  /^  +  N,  so  that  we  obtain 

2.^  =  Po-P. 

After  a  time  the  acetic-acid  vapour  will  reach  its  maximum 
pressure  (say  m) ,  after  which  liquid  acetic  acid  will  be  formed, 
and  its  quantity  will  be  proportional  to  (x—m),  that  is 
=  A-(.i'  — ??/).  If  we  assume  that  the  quantity  of  aldehyde 
dissolved  in  the  acetic  acid  follows  Henry's  law,  it  will  be 
proportional  to  the  pressure  of  the  gaseous  aldehyde  and  to 
the  quantity  of  liquid  acetic  acid;  that  is,  to  k'{x—  m')p2,  where 
/>2  is  the  pressure  of  the  aldehyde-vapour. 

The  pressure  of  the  aldehyde-vapour  at  any  moment  is  its 
original  pressure  diminished  by  the  jjart  which  has  undergone 
chemical  reaction  and  by  the  part  dissolved  in  the  acetic 
acid;  that  is 

y  >2  =  a  —  2x  —  k!{x  —  m)p2, 

or  a  —  2x  ,.. 

^'^=rT7v^:^) ^^^ 

It  may  be  pointed  out  that  even  if  the  assumption  that 
aldehyde-vapour  dissolved  in  acetic  acid  follows  Henry's  law 
is  not  strictly  accurate,  no  great  error  will  be  committed, 
because  the  quantity  dissolved  is  not  large.  " 

We  also  have  the  equation  expressing  the  total  pressure  P 
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as  the  sum  of  the  pressures  of  oxygen  (/'—.«),  aldehyde  p2>. 
acetic-acid  vapour  m,  and  nitrogen  N,  viz. : — 

P=(/>-.r)+;?2  +  ^  +  N. 

Substituting  the  value  of7:>2  j"st  found,  we  get 

^  l  +  k\w  —  in) 

From  this  equation  a;  (the  diminution  in  the  oxygen 
pressur(^)  may  be  obtained  when  k'  is  known.  The  analysis 
of  the  gas  at  the  end  of  an  exj)eriment  gives  a  direct  deter- 
mination of  X  from  which  ^  may  be  found.  The  expression 
is  unfortunately  a  quadratic  in  x,  and  is  best  solved  by 
successive  approximations,  which,  however,  makes  the  calcu- 
lations somewhat  laborious. 

The  connexion  between  the  velocity  with  which  oxygen 
and  aldehyde-vapour  unite  to  form  acetic  acid  and  the  con- 
centration of  the  gases  (or  their  partial  pressures,  which  are 
proportional  to  the  concentrations)  is  expressed  by  the 
equation 

-|l  =  K.  VA.ft. (5) 

Pj  =  the  partial  pressure  of  the  oxygen,  pg  that  of  the  aldehyde. 

— y^    is    the    rate    at   which    the    pressure    of   the    oxygen 

diminishes. 

To  integrate  this  equation  substitute  (from  equation  4) 

_        a  —  2x 
^''~'  i  +  k'{x-m)' 

and 

_  ^iPi  _  ^•'*'' 
It  ~  It' 

dx      j^     ,j        XI    /        a  —  2x      \ 
dt  ^         '     Vl+A''(.t— m)./ 

After  performing  the  integration  this  becomes 

mn-i^a-1.  ^'-"^-{rr^ 


This  gives 


K/=     \.     riog 


+  t'(i-;«:)*  +  const.     .     (5  a) 
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The  constant  is  obtained  from  tlie  condition  that  .r  =  0, 
when  /  =  0. 

This  form  of  the  integrated  equation  can  only  be  used  when 
{ih  —  a)  is  positive,  because  its  square  root  occurs  in  the 
expression.  For  the  case  that  excess  of  aldehyde  is  present 
at  the  commencement  of  the  experiment,  and  (26  — a)  there- 
fore negative,  the  integrated  equation  may  be  brought  into  the 
following  form: — 

Kt-   -y— ;— tan-i-^ ^ +/;(6— ,r)l+const.  .  (56 


^  /a  —  21)  V  /«  —  2l>\i 


The  values  of  K  in  Table  VI.  are  calculated  by  means  of 
equations  (5  a)  and  (56),  and  show  that  up  to  a  pressure  of 
450  millim.  these  equations  are  in  harmony  with  the  experi- 
mental results. 

When  the  partial  pressure  of  the  oxygen  is  higher  than 
about  450  millim.,  however,  the  values  of  K  decrease.  This 
points  to  the  existence  of  an  upper  limit  of  pressure,  above 
which  the  reaction  either  sto])s  altogether  or  goes  forward 
with  a  velocity  very  much  smaller  than  that  which  would  be 
deduced  from  equation  5. 

As  a  matter  of  fact,  in  the  two  last  experiments  given  in 
Table  VI.  no  reaction  occurred  when  the  pressure  of  the 
oxygen  exceeded  530  millim.  Further  experiments  are,  how- 
ever, needed  in  order  to  put  this  very  interesting  behaviour 
beyond  doubt. 

We  may  say,  therefore,  that  oxygen  and  aldehyde-vapour 
react  with  formation  of  acetic  acid  with  a  velocity  which  is 
proportional  to  the  pressure  of  the  aldehyde-vapour  and  to 
the  square  root  of  the  pressure  of  the  oxygen.  It  is  possible 
that  a  pressure  of  oxygen  exists  above  which  this  is  no  longer 
true.  At  20°  this  pressure  appears  to  be  that  due  to  about 
450  millim.  of  mercury. 

Interpretation  of  Results. 

Following  van't  Hoff*,  the  velocity  of  a  reaction  of  the 
general  form 

mA  +  jiB+  . ..  =2jO  +  q'D-\-  .. ., 

that  is  of  one  in  which  m  molecules  of  a  substance  A  react 
with  n  molecules  of  B,  &c.,  to  form  p,  q,  &c.  molecules  of 
the  new  substances  C,  D,  &c.,  may  be  written 

-^•=A.Cl'.C'' (6) 

*  Etudes  ih  Dynaininue  Chhuique. 
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T-'  is  tlie  rate  at  which  the  system  AiB^ . . .  changes  into 

the  other  system  OiD, ...  Ci  is  the  concentration  of  the  first 
system,  C^,  Cgj&c.the  concentrations  of  the  substances  A,  B  . . . 

In  cases  in  wliich  the  numbers  of  molecules  taking  part  in 
a  reaction  are  unknown,  measurements  of  the  velocity  of  the 
reaction  may  be  made  use  of  for  their  determination. 

Applying  this  to  the  reaction  between  aldehyde  and  oxygen, 

we   have    —  -7-^   in    equation    6    proportional    to    —~   in 

equation  5.  C^  we  may  put  proportional  to  the  pressure  of 
the  aldehyde-vapour,  and  C3  to  the  pressure  of  the  oxygen 
gas.     Making  these  substitutions  in  6,  we  get 

~  dt    ~  ^°°^^'  ^2"  -^1' 
and  comparing  this  with  5,  we  see  that  m  =  l  and  n-=\.    The 
reaction  between  aldehyde  and  oxygen  may  therefore  be  written 

C2H40  +  0  =  C2HA. 
We  must  suppose  that  the  reaction  consists  in  the  addition  of 
an  oxygen  atom  to  a  molecule  of  aldehyde. 

The  assumption  that  a  certain  small  number  of  oxygen  atoms 
exist  normally  in  oxygen  gas,  is  in  accordance  with  our  present 
knowledge  on  the  subject.  Williamson  w\as  led  by  his  studies 
on  the  formation  of  ethers  to  propose  the  theory  that  the  atoms 
of  which  the  molecules  of  a  gas  are  composed  frequently 
change  partners.  For  this  to  be  possible,  a  certain  number 
of  atoms  must  be  at  any  moment  in  the  act  of  transition,  that 
is  free.  The  theory  of  Clausius,  based  on  the  phenomena  of 
electrolytic  conductivity,  and  more  recently  that  of  Arrhenius, 
supposes  a  similar  condition  to  exist  in  solutions  of  electro- 
lytes. In  1884  J.  J.  Thomson  *  developed  a  mathematical 
theory  of  chemical  reactions  between  gases,  based  on  the  ideas 
of  Williamson  and  Clausius  ;  the  results  are  in  agreement  with 
those  obtained  experimentally  wdth  aldehyde  and  oxygen. 

The  probability  of  the  existence  of  free  atoms  in  oxygen 
gas  may  be  shown  in  another  way.  There  can  be  little  doubt, 
from  analogy,  that  the  oxygen  molecule  would,  at  a  suihciently 
high  temperature,  be  dissociated  into  its  atoms.  Equilibrium 
will  be  established  when  the  concentration  of  the  atoms  has 
reached  a  certain  value  which  is  determined  by  the  equation 
P      z.n2 

'^(02)~"'^(0)» 

where  0,^ .  is  the  concentration  of  the  oxygen  molecules  and 
*  Phil.  Mag.  [5]  xviii.  p.  233  (1884). 
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C^Qj  that  of  the  atoms,  k  is  a  constant  wliicb  depends  on  the 
temperature*.  As  the  heat  of  formation  of  the  oxygen 
molecule  from  its  atoms  is  probably  positive,  the  equilibrium 
will  change  with  falling  temperature,  in  such  a  way  that  tbe 
concentration  of  the  oxygen  atoms  will  diminish.  It  will, 
however,  probably  never  become  nothing.  If  this  be  true  at 
ordinary  temperatures,  we  shall  have 

C(0)  =  const.  VO^). 

As  the  concentration  of  the  oxygen  atoms  is  small,  we  can  put 
the  concentration  of  the  oxygen  molecules  proportional  to  the 
pressure  of  the  gas,  and  the  concentration  of  the  oxygen  atoms 
will  then  be  proportional  to  the  square  root  of  the  pressure  of 
oxygen.  If  we  assume,  therefore,  that  the  atoms  alone  take 
part  in  the  oxidation  of  the  aldehyde,  we  shall  have  the 
velocity  of  the  reaction  always  proportional  to  the  square 
root  of  the  pressure  of  the  oxygen. 

Although  the  results  of  the  experiments  with  aldehyde  admit 
of  such  a  simple  interpretation,  it  is  doubtful  whether  this  is 
also  the  case  with  those  obtained  with  phosphorus  and  sulphur. 

We  should  expect  the  connexion  between  the  velocity  of 
the  reaction  and  the  concentration  of  the  oxygen  to  be  less 
simple  than  that  actually  found. 

Possibly  in  the  case  of  sulphur  and  phosphorus  with  dry 
oxygen  the  reaction  takes  place  in  stages ;  for  example, 

p,+o=p,ot. 

The  velocity  of  the  whole  reaction  would  then  be  the  sum  of 
the  velocities  of  the  part  reactions,  each  one  of  which  would 
be  proportional  to  the  concentration  of  the  oxygen  atoms. 
This  view  is  also  in  agreement  with  the  fact  that  when  phos- 
phorus is  burnt  with  a  limited  supply  of  oxygen,  the  lower 
oxides,  such  as  P4O6,  are  formed. 

The  fact  that  the  presence  of  moisture  accelerates  the  oxi- 
dation of  phosphorus^  and  sulphur  is  also  in  accordance  wath 
the  view  that  tbe  oxidation  is  due  to  the  presence  of  oxygen 
atoms  ;  for  Professor  J.  J.  Thomson  §   has  found  that  it  is 

*  See  van't  Hoff,  Etudes,  p.  127. 

t  The  existence  of  this  oxide,  discovered  by  Le  Verrier,  is  rendered 
probable  by  the  work  of  Reinizer  and  Cloldschmidt  {Berl.  Ber.  xiii.  p.  845, 
1880). 

X  in  very  dry  oxyfren  phosphorus  apparently  does  not  oxidize  at  all. 
(H.  B.  Baker,  Phil.  Trans.  1888,  p.  571.)  Unfortunately  Baker  does  not 
mention  particularly  the  pressure  under  which  the  oxygen  stood.  Sidphur 
still  bums  in  extremely  dry  oxygen,  but  with  much  greater  difficulty 
than  when  the  gas  is  moist.  (Baker ;  and  also  Dewar,  Proc.  Roy.  Soc. 
January  1893.) 

§  J.  J.  Thomson,  British  Association,  Oxford  Meeting,  1894. 
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miicli  more  easy  to  cause  an  electric  discharge  (without  elec- 
trodes) to  pass  through  moist  oxygen  than  through  the  gas 
when  it  is  dry.  The  moisture  apparently  favours  the  forma- 
tion of  the  atoms  which  carry  the  discharge.  It  must  be 
confessed,  liowever,  that  this  view  does  not  explain  the 
formation  of  ozone  which  accompanies  the  oxidation  of  phos- 
])horus,  not  only  in  moist  oxygen  but  also,  according  to 
Marchand*,  in  the  dry  gas. 

The  complicated  nature  of  the  reaction  which  takes  place 
when  phosphorus  is  oxidized  in  presence  of  water  makes  it 
impossible  to  do  more  than  guess  at  an  interpretation  of  the 
results  obtained.  Perhaps,  however,  the  different  nature  of 
the  equation  representing  the  connexion  between  the  velocity 
of  the  reaction  and  the  pressure  of  the  oxygen  is  due  to  the 
water  taking  part  in  the  reaction. 

The  interesting  fact  that  a  pressure  of  oxygen  exists  at 
which  the  oxidation  has  a  maximum  velocity  in  the  case  of 
phos})horus,  and  perhaps  also  in  that  of  aldehyde,  requires 
further  investigation  before  any  satisfactory  attempt  can  be 
made  to  account  for  it. 

In  conclusion  it  is  perhaps  worth  noticing  that,  in  one  or 
two  other  cases  which  have  been  studied  by  other  observers, 
the  results  are  in  harmony  with  the  theory  of  Williamson. 

Le  Chatellerf  has  shown,  using  the  results  of  Hautefeuille 
and  Margottet,  that,  at  constant  temperature,  the  equilibrium 
which  occurs  when  chlorine,  hydrogen,  and  oxygen  are 
exploded  together  can  be  represented  by  the  expression 

W^(o^^^^am=  const., 

in   which  2)(o.;),  i^(Hci)  •  •  •    ^i'©   the  partial  pressures  in  the 
equilibrium  of  the  oxygen,  hydrochloric  acid, .... 

Ifw^e  suppose  the  reaction  to  occur  between  dissociated  mo- 
lecules we  may  write  the  reaction  which  occurs  as  follows  : — 

2H.C1  +  0  :^Z±:2C1  +  H20, 
which  would  correspond  to  the  equation 

log  p!o,)X;^(hci)  ^  £^^ 
P{Ck)  X/\h,o) 
which  is  the  equation  given  by  Le  Chatelier  after  dividing 
both  sides  by  2. 

In  conclusion,  ni}'  best  thanks  are  due  to  Prof,  van't  Hoff", 
in  whose  laboratory  the  foregoing  work  was  done,  for  his 
advice  and  assistance  during  its  progress. 

*  Journ.  pmkt.  Chem.  1.  p.  1  (1860). 
t  Comptes  Rendus,  cix.  p.  C65  (1889). 


[     537     ] 


LXil.    On  tlie  Expt'cssibil'ity  of  a  Determinant  in  Terms  of  its 
Coaxial  Minors.     By  Thomas  Muir,  LL.D* 

1.  TN  a  memoir  on  "A  certain  Class  of  Grenerating  Func- 
X     tions  in  the  Theory  of  Numbers,"  recently  published 
in  the  Philosophical  Transactions f,  Major  MacMahon,  F.R.S., 
establishes  the  following  noteworthy  theorem  : — 

In  the  case  of  every  determinant  of  even  order  greater  than 
the  second  there  are  two  special  relations  between  its  coaxial 
minors,  ami  each  of  these  ttoo  relations  can  be  thrown  into  a 
form  which  exhibits  tlie  determinant  as  an  irrational  function 
of  its  coaxial  minors  :  in  the  case  of  a  determinant  of  odd  order, 
on  the  other  hand,  no  such  relations  exist,  and  it  is  not  possible 
to  express  the  determinant  as  a  function  of  its  coaxial  minors. 

He  deduces  the  theorem  readily  from  another  to  the  effect 
that— 

There  are  2" — n-  +  n  —  2  relations  between  the  coaxial  minors 
of  any  determinant  of  the  n*''  order. 

His  proof  of  this  latter  theorem,  however,  is  not  by  any 
means  simple,  occupying  as  many  as  eight  pages  (pp.  ISo-l-lO) 
of  the  memoir.  By  reason  of  the  importance  of  the  theorem 
a  simpler  proof  is  much  to  be  desired,  and  part  of  my  object 
at  present  is  to  sup[)ly  the  want. 

2.  I  start  from  the  familiar  proposition,  that  if  the  rows  of 
a  determinant  of  the  n"*  order  be  multiplied  by  .r^,  X2,  -I's"-,  '^•» 
respectively,  and  the  columns  be  then  divided  by  the  same 
quantities,  the  determinant  is  unaltered  in  value  ;  but  I  prefer 
to  include  it  in  a  more  general  but  equally  evident  theorem, 
viz.  : — 

If  tJie  rows  of  a  determinant  of  tlie  n^^  order  be  multiplied 
by  Xi;  X2,  X3, . . . ,  x„  respectively,  and  tlie  columns  be  then  divided 
by  Xi,  X2,  X3, . . . ,  x„  respectively ,  tJie  determinant  is  unaltered  in 
value,  and  each  of  tlie  minors  of  tlie  transformed  determinant  is, 
to  a  factor  pres,  equal  to  the  correspondinfj  minor  of  the  original 
determinant,  the  connecting  multiplier  being  Xh  x^  Xj . .  ./x^  x„  Xt . . . 
if  the  minor  belong  to  the  h"*,  k"*,  I"', . . .  rows,  and  r"',  s^^,  t"*, . . . 
columns  of  the  original. 

From  this  we  have  manifestly  the  corollary  : — 

T/ie  connecting  multiplier  in  the  case  of  tlie  coaxial  minors, 
as  in  the  case  of  the  xohole  determinant,  is  1 ;  in  other  words, 
the  coaxial  minors  remain  unaltered  by  the  transformation. 

*  Communicated  bv  the  Author. 
t  Vol.  clx.Yxv.  (1894)  pp.  Ill-IGO. 

Phil.  Mag.  S.  5.  Vol.  38.  No.  235.  Dec.  1894.        2  0 
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Next  it  is  clear  that 

Xj,  X2,  X3, . . ,  Xn  iiiaij  he  so  chosen  that  all  the  elements  of  any 
one  of  the  rows  or  columns,  except  the  diagonal  element ,  shall 
bel. 

For  example,  the  first  row, 


'ID 


."^ali 


'^'12)  ''l3> 


i       J       "13       J 
^2  •''•3 

may  be  made  to  take  the  foi-m 

(In,  3,  1, 

hy  giving  .r^,  x^,  x^,  . . . ,  .r„  the 
respectively. 

It  follows,  therefore,  that 

Any  determinant  of  the  n^^  order  may  he  transformed  so  as 
to  have  1  for  n — 1  of  its  elements,  aiid  yet  the  determinant  itself 
and  all  its  coaxial  minors  remain  unaltered  in  value. 

3.  This  is  the  same  as  saying  that  2"  —  1  quantities,  viz. 
the  determinant  and  its  coaxial  minors,  can  be  expressed  in 
terms  of  n^  — (?i— 1)  others,  viz.  the  modified  elements,  which 
are  not  equal  to  unity.  Eliminating  the  latter,  and  we  have 
2"—ii^  +  n  —  2  relations  connectino-  the  former — and  this  is 
Major  MacMahon^s  auxiliary  theorem. 

4.  The  proof  leaves  no  doubt  as  to  the  existence  of  two  rela- 
tions between  any  determinant,  when  of  even  order  higher 
than  the  second,  and  its  coaxial  minors  :  but  it  is  worth  while 
to  intensify  the  conviction  by  putting  the  relations  actually 
in  evidence  for  a  particular  determinant.  Perhaps  the  deter- 
minant which  lends  itself  most  easily  to  the  end  in  view  is 


Here  the  four  coaxial  minors  of  the  3rd  order  are 
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Determinant  in   Terms  of  it. '^  Coa.ridJ  .lA//)f))'.N\  5H1) 

CiiUino-    these    A,  V>,  C,  D    respectively,   ami    cK'noiino-    the 
ori«j;in:il  deterniinant  by  A,  we  have  the  five  relations 


A  =  (/  -  -2  -f- 


B  =  !>--2  +  y, 


C  =  C-2  + 


/, 
ao' 


> 


A=  {l-<^){l-f^)a-c)(ac-h) 
ahc 


Clearly  from  these  a,  h,  c  inav  be  eliminated,  and  five  rela- 
tions tbnnd,  viz.  connecting  ABCD,  ABCA,  ABUA,  ACDA, 
BCDA  :  manifestly,  however,  only  two  of  the  relations  can 
be  independent. 

5.  To  find  the  simplest  of  the  five,  viz.  that  which  connects 
ABCD,  let  us  call  the  two  values  of  a  in  the  first  equation  a. 

and  - ,  the  two  values  of  h  in  the  second  equation  /3  and  -5  , 

a  1 

the  two  values  of  c  in  the  third  equation  7  and  -,  and  let  us 

substitute  these  values  in  the  fourth  equation.  The  elimi- 
nant  is  thus  seen  to  be 

that  is, 

202 
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or 

(D  +  2)^ 

+  (D  +  2)^{|.  +  ^,  +  t,  +;8y +  7^a^  +  «^/3-^ 

i  py         a         jct        /3        a/H         7  '        a/37 


/3y         ^-^7         a"^7  J 


4-^ 

■/S7 

By  utilizing  the  facts  that 

a+^=A  +  2,    /3+i=B  +  2,    y+-  =  C  +  2, 

a  /j  y 

this  is  readily  transformed  into 

(D  +  2)^ 
-(D  +  2)='(A  +  2)(B  +  2)(C  +  2) 
+  (D  +  2y]2(A  +  2)\B  +  2)'^-22(A  +  2y[ 

-(D  +  2)|V(A  +  2)3(B  +  2)(C  +  2)-8(A  +  2)(B  +  2)(C  +  2)} 
+  |2(A  +  2)4-22(A  +  2)2(B  +  2)2 

+  (A  +  2)(B  +  2)2(C  +  2?[  =  0; 

and   by  applying  the   S  to   the  four  letters  A,  B,  C,  D,   it 
becomes 

2(A  +  2)-H2:(A-i-2)2(B  +  2)2(C  +  2)-  +  8(A  +  2)(B  +  2)(C  +  2)(D  +  2 
-2(A  +  2)3(B  +  2)(C  +  2)(D  +  2)-22(A  +  2)2(B  +  2)2  =  0. 
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An  alternative  form  is  got  by  performing  the  multiplications 
and  rearranging.     It  is 

2  A-  B 'C-'  -  -IX  A 'BC  -  ^  AT,C  0  +  4;^  A'B'^C  -  r,^  A^^BCD 

+  SA»-45A^'B  +  42A2BC  +  65:A^B2-40ABOD  =  0. 

The  synnnetry  with  respect  to  A,  B,  C,  D  is  evident  a  priori. 

Mowbray  Hall,  near  Capetown,  S.A., 
September  5,  1894. 


LXIII.  ^4  Mode  of  Calculating  a  Limit  to  the  Direct  Effect  of 
Great  Eccentricity  of  the  Eartlis  Orhit  on  2\'rrestrial 
Temperatures,  showing  the  Inadequacy  of  the  Astronomical 
Theory  of  Ice  Ages  and  Genial  Ayes.  By  Edward  P. 
CuLYERWELL,  M.A.,  Fellow  of  Trinity  College,  Dublin*. 

THE  fundamental  assumption  made  by  Dr.  James  Croll 
in  his  well-known  writings  on  the  Glacial  Periods,  and 
subsequently  adojited  by  Sir  Robert  S.  Bail  in  '  The  Cause 
of  an  Ice  Age,'  is  that  we  may  attain  to  some  approxi- 
mate idea  of  the  lowering  of  terrestrial  temperatures,  due  to 
greater  winter  distance  from  the  sun,  by  the  following  con- 
siderations : — 

Were  it  not  for  solar  heat  the  earth  would  sink  to  what 
Ball  calls  its  natural  zero,  which  must  be  nearly  the  absolute 
zero  of  tem[)ei*ature.  Hence  the  etlect  of  the  sun-heat  is  to 
maintain  it  at  its  present  excess  above  that  temperature,  and 
any  decrease  in  sun-heat  will  be  accompanied  by  a  more  or 
less  proportionate  decrease  in  the  excess  of  the  earth's  tempera- 
ture above  the  natural  zero.  To  be  on  the  safe  side,  however, 
Croll  takes  this  natural  zero  as  a  temperature  of  —239°  F. 
(Pouillet's  temperature  of  space),  and  Ball  as  —300°  F.  Croll, 
in  chap.  xix.  of  '  Climate  and  Time,'  which  he  devotes  to  this 
subject,  supposes  the  midwinter  temperature  in  an  epoch  of 
great  eccentiicity  to  be  proportional  to  the  sun-heat  received  on 
midwinter  day — a  supposition  open  to  the  obvious  criticism 
that  the  adjustment  of  temperature  to  sun-heat  can  hardly  bo 
instantaneous.  This  is  probably  the  reason  why  Ball  modified 
the  argument  and  takes  the  average  winter  temperature  as 
pro|)ortional  to  the  average  daily  winter  heat  from  ecjuinox  to 
equinox. 

I  shall  show,  by  actual  comparison  with  terrestrial  tempera- 
tures, that   this  assumption   of  the    proportion  between   the 

*  Communicated  b}-  the  Author. 
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temperature  at  a  place  and  the  sun-licut  received  is  utterly 
■vvido  of  the  mark ;  but  first  I  will  endeavour  to  trace 
the  origin  of  Croll's  mistake.  In  l^ioO  ILerschel  wrote 
a  paper  "  On  the  Astronomical  causes  which  may  influence 
Geological  Phenomena,"  and  in  it  he  dealt  with  the  possible 
changes  of  terrestrial  temperature  due  to  changes  in  the 
earth's  minor  axis,  making  use  of  the  argument  that  a 
small  ])erccntage  alteration  above  the  absolute  zero  (which  he 
says  some  place  at  —1000°  F.,  some  at  —5000°  P.,  and  some 
lower  still)  due  to  a  small  percentage  change  in  the  annual 
quantity  of  sun -heat  received  would  ])roduce  all  the  great 
change  in  temperature  required  by  geologists.  In  such  a  case 
the  method  is  perfectly  valid,  except  that  terrestrial  radiation 
should  not  be  taken  as  simply  proportional  to  absolute  tem- 
perature. In  the  centuries  during  which  the  earth  receives 
less  annual  heat  from  the  sun  we  may  fairly  suppose  that  a 
practically  permanent  state  is  reached  in  which  the  heat 
annually  received  by  the  globe  as  a  whole  is  equal  to  that 
radiated  by  the  globe  as  a  whole.  In  that  case  we  cannot 
complain  of  Herschel  in  1830  treating  the  radiation  as  pro- 
portional to  the  temperature,  and  then  treating  the  percentage 
decrease  in  temperature  of  the  globe  as  a  whole  as  equal  to  the 
percentage  decrease  in  sun-heat  received.  Had  he  taken  the 
law  of  cooling  as  at  present  stated — i.  e.  radiation  varies  as  the 
fourth  power  of  absolute  temperature — the  percentage  decrease 
in  temperature  would  (for  small  changes)  only  be  one  fourth 
of  the  percentage  decrease  in  heat  received.  Subsequently 
Herschel,  in  a  rather  confused  paragraph  in  his  '  Outlines,' 
'd'o'da,  referred  to  by  Croll  (}>.  37)  as  his  authority,  appears 
to  ap})ly  the  same  method  to  calculating  temperature  differ- 
ences between  the  northern  and  southern  hemispheres  in 
the  period  of  great  eccentricity.  But  he  rejects  the  calcula- 
tion immediately  after  on  the  ground  that  loss  of  heat  in 
winter,  through  greater  distance  from  the  sun,  is  compensated 
for  by  greater  duration  of  winter.  Hence  the  paragraph  does 
nut  really  seem  to  justify  Croll's  application.  For  Croll  applies 
the  method  to  the  temperature  of  limited  portions  of  the 
earth's  siu-face,  in  which,  owing  to  the  fact  that  heat  is  con- 
tinually being  transferred  from  one  region  to  another,  there 
is  never  a  time  at  which  the  gain  by  sun-heat  is  equal  to  the 
loss  by  radiation. 

The  statement  just  made  show^s  that  for  Croll's  argument 
to  have  any  practical  validity  as  a  method  of  calculating  the 
winter  tem])eratures  in  the  epoch  of  great  eccentricity,  it  is 
necessary  not  only  that  the  temperature  adjustments  shall  be 
made  with  great  rapidity  but  also  that  the  direct  effect  of 
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sun-heat  on  terrestrial  temperatures  in  the  latitutles  with  which 
glaciation  is  concerned  shall  be  great  compared  with  that  of 
the  heat  transferred  from  latitude  to  latitude  by  air  and  ocean 
currents.  That  this  is  not  the  case  in  regard  to  the  changes 
of  temperature  from  summer  to  winter,  we  have  a  ready  means 
of  showing  ;  indeed  it  appears  that  the  direct  effect  of  winter 
sun-heat  in  northern  latitudes  is  but  a  trifling  factor  in 
keeping  the  temperature  above  the  ''  natural  zero "  when 
compared  with  the  heat  transferred  from  place  to  place.  For 
consider  the  equator  :  it  receives  nearly  the  same  daily  sun- 
heat  during  winter  and  summer,  and  its  temperature  stands 
continuously  about  380"  F. above  BalPs  "  natural  zero.''  Hence, 
if  we  calculate  and  then  plot  on  a  diagram  the  average  daily 
summer  and  winter  sun-heats  for  each  latitude,  on  such  a 
scale  that  the  equatorial  sun-heat  is  represented  by  380,  then 
the  ordinates  giving  the  summer  and  winter  sun-heats  for 
the  ditferent  latitudes  should  also,  if  Herschel's  princi})le 
were  apphcable,  give  the  summer  and  winter  excesses  of  their 
temperatures  above  the  natural  zero.  In  fig.  1  this  has  been 
done  for  latitudes  40°  to  90°,  the  only  ones  we  are  concerned 
with  in  dealing  with  the  Glacial  Period.  I  have  also  shown 
by  the  dotted  lines  the  mean  of  the  '  Challenger's '  January 
and  July  temperatures  for  the  meridians  90°  E.  and  90°  W. 
passing  through  the  middle  of  the  great  Asiatic  and  American 
continents  up  to  latitude  70°,  beyond  which  reliable  informa- 
tion cannot  be  obtained.  The  scale  of  sun-heat  is  shown  at 
the  left  side,  and  the  scale  of  Fahrenheit  temperatures  at  the 
right  of  the  centre  line.  By  examining  the  figure  we  see 
that  even  in  the  Continental  areas,  where  the  most  extreme 
variations  are  observed,  the  midwinter  temperatures  bear 
no  relation  whatever  to  the  very  small  amount  of  winter 
sun-heat ;  so  that  we  infer  that  the  transference  of  heat 
from  one  latitude  to  another  is  the  chief  factor  in  winter 
temperatures. 

If  we  were  to  follow  CrolFs  method,  and  take  the  mid- 
summer and  midwinter  sun-heats  instead  of  the  daily  average, 
the  discrepancy  shown  in  the  figure  between  actual  tempeia- 
tures  and  sun-heats  would  be  enormously  increased. 

To  complete  the  criticism,  let  us  examine  the  most  extreme 
of  all  climates,  that  of  Yakutsh  in  Siberia.  Here  the  mid- 
summer temperature  rises  to  about  370°  over  the  "natural 
zero''  and  the  midwinter  sinks  to  2G0°.  But  the  daily 
average  sun-heat  in  summer  is  to  the  daily  average  in  winter 
as  1300  is  to  260,  or  as  370  is  to  74.  Hence  if  the  mid- 
winter temperature  be  right,  the  midsummer  ought  to  be 
1000°  F.,  or  if  the  midsummer  be  right,  the  midwinter  ought 
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to  1)0  -226°F.  If,  following  Croll's  method,  we  ciilculate 
the  niidsunimer  and  midwinter  sun-heats,  we  find  the  ratio 
to  be  7G00  to  2()(),  or  HTO  to  1 2-5.  It  is  unnecessary  to  dwell  en 
the  discrepancy  between  these  figures  and  the  temperatures. 


Fig.  1.— Showing  the  waut  of  proportionality  between  winter 
temperatures  and  winter  sun-heat. 

A  A,  curve  of  average  daily  summer  sun-heat. 

BJ5,  curve  of  average  daily  winter  sun-heat. 

a  a,    curve  of  mean  Continental  July  temperatures. 

h  h,     curve  of  mean  Continental  January  temperatures. 
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When,  thoretoiv,  there  is  such  a  connilete  absence  of  i)ro- 
portion  between  tlic  suminer  and  winter  temperatures  and  the 
summer  and  winter  sun-heats,  what  ground  can  be  assigned 
for  the  assumption  of  a  rough  pro[>()rtion  between  the  cJuinries 
in  the  sunnner  or  winter  temperatures  and  the  change)^  in  the 
corresponiling  sun-heats  due  to  eccentricity?  Even  if  the 
temperatures  themselves  did  show  a  certain  rough  proportion 
to  the  sun-lieats,  we  could  not  expect  as  near  an  approach  to 
the  j)roportion  in  their  changes,  because  the  disturbing  ele- 
ment might  be  large  compared  to  the  changes  in  the  tem])era- 
tures,  though  small  compared  to  the  temperatures  themselves. 
As  it  is,  the  argument  breaks  down  com})letely  ;  and  the 
assumption  on  which  the  sujiporters  of  the  Astronornicxil 
theory  of  the  Ice  Ages  and  Genial  Ages  rely  is  found  to  bo 
nothing  but  a  vague  sj)eculation,  not  only  unsupported  b}- 
the  physical  evidence  bearing  on  the  subject,  but  in  direct 
opposition  to  it.  The  weakness  of  the  foundation,  however, 
has  not  deterred  the  astronomical  geologists  from  erecting 
on  it  an  editice  of  vast  proportions.  They  affirm  that  there 
have  been  a  number  of  successive  glaciations,  alternating 
with  genial  ages  at  intervals  of  about  10,500  3-ears,  that 
glaciation  must  have  been  simultaneous  all  round  the  pole, 
that  a  glacial  age  in  the  northern  hemisphere  must  have  been 
accompanied  by  a  genial  one  in  the  southern^  and  vice  versa. 
And  as  M.  Leverrier's  calculations  show  that  the  last  period 
of  considerable  eccentricity  was  about  100,000  years  ago,  the 
List  Ice  Age  must  have  occurred  about  that  date.  Dr.  Croll 
indeed  fixes  all  the  possible  dates  for  three  million  years  of 
past  and  one  million  of  future  time  ;  but  Sir  Robert  Ball 
declines  to  fix  the  dates,  not  from  any  want  of  implicit  con- 
fidence in  the  theory,  but  merely  from  a  probable  want  of 
accuracj'  in  the  determination  of  the  astronomical  constants 
involved.  I  imagine,  however,  that  Sir  Robert  Ball  would 
accept  as  fairl}'  reliable  Leverrier's  calculations  for  this  com- 
paratively short  period,  though  he  does  not  accept  those  of 
Croll  for  the  longer  period.  Hence  we  may  safely  assume 
with  Croll,  that  the  last  Ice  Ago  must  have  terminated 
80,000  years  ago,  if  his  theory  be  correct. 

When  Croll's  theory  was  originally  published,  the  general 
o(tinion  of  geologists  was  that  the  date  of  the  Ice  Age  as 
fixed  by  the  theory  was  far  too  recent.  But  the  uniformi- 
tarian  school  of  those  da^'s  has  now  been  replaced  by  the 
modern  school,  which,  relying  on  calculations  of  the  rate  of 
denudation,  tends  to  fix  the  glaciation  of  North  America  as 
liardly  more  than  ten  or  twenty  thousand  years  ago.  Hence 
geologists    are    now   disposed    to    welcome  any  criticism    of 
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Croll's  hypothesis  which  tends  to  leave  more  freedom  to  the 
somewliat  fluctuating  demands  of  their  science. 

Is  there,  then,  any  ])hy.sic.il  method  of  estimating  the 
changes  in  midwinter  temperature  due  to  eccentricity?  The 
problem  is  of  course  far  too  complicated  to  be  rigorously 
solved  ;  but  happily,  in  respect  of  the  direct  effect  of  sun- 
lieat,  we  have  what  seems  a  fair  and  rational  method  of 
calculation.  When,  in  the  long  winter  of  the  supposed  glacial 
epoch,  the  earth  was  much  farther  from  the  sun  than  at  present, 
each  parallc^l  of  latitude  of  course  received  less  daily  winter 
heat  than  the  same  parallel  now  receives.  But  let  us  find 
what  parallels  of  latitude  now  receive  the  same  sun-heat  in 
winter  as  the  parallels  40°,  50°,  60°,  70°,  80°,  and  the  pole, 
y0°,  which  I  will  call  the  standard  parallels,  received  in  the 
long  winter  of  great  eccentricit3\  I  take  three  bases  of 
comparison — 

First,  following  Croll's  method,  I  find  that  latitudes  43°, 
52°,  61°,  70°,  80°,  and  dO°  receive  on  tnidivinter  day  at  present 
the  same  siai-heat  as  the  standard  latitudes  received  on  their 
midwinter  day  in  the  period  of  great  eccentricity. 

Now  as  to  the  temperatures.  I  think  it  is  evident  that  the 
present  midwinter  temperatures  of  43°,  52°,  &c.  must,  so  far 
as  direct  sun-heat  is  concerned,  be  somewhat  higher  than  those 
of  the  standard  latitudes  in  the  former  epoch.  For  though 
the  midwinter  sun-heat  is  the  same,  the  standard  latitudes 
have  had  a  longer  period  of  cooling,  i.  e.  the  radiation  from 
them  in  the  earlier  epoch  has  exceeded  the  sun-heat  received 
for  a  few  days  longer  than  in  the  case  of  latitudes  43°,  52°, 
&c.  at  present. 

Second.  I  find  that  latitudes  43°-3,  52°-4,  61°-7,  71°-3, 
81°,  and  90°  noio  receive  in  their  winter  of  179  days  just  the 
same  daily  average  of  sun-heat  as  the  standard  latitudes  received 
in  their  sxepjyosed  glacial  winter  of  199  days. 

In  this  case,  though  the  period  over  which  the  daily  supply 
is  taken  is  shorter  in  the  case  of  43°'3,  52°-4,  &c.  than  for  the 
standard  latitudes,  yet  the  former  receive  appreciably  more 
midwinter  sun-heat  than  the  latter  ;  so  that  whatever  differ- 
ence of  tem])erature  there  is  due  to  the  first  cause  will  be 
more  or  less  counterbalanced  by  the  other,  and  Ave  are  probably 
not  far  wrong  in  saying  that,  so  far  as  direct  sun-heat  is  con- 
cerned, the  present  midwinter  temperatures  of  latitudes  43°'3, 
52°'4,  61°-7,  71°-3,  81°,  and  90°  nmst  be  about  the  same 
as  those  of  40°,  50°,  60°,  70°,  80°,  and  90°  were  in  the  epoch 
of  great  eccentricitv. 

Third.  I  find  that  latitudes  44°- 2,  54°,  63°-5,  74°,  and 
84°'5  now  receive  the  sauw  total  .'tun-hcat  in  the  Idd  coldest  days 
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of  our  year  as  the  corresponding  standard  latitudes  received  in 
the  11*9  coldest  dags  of  their  gear  in  the  epoch  of  great  eccentricity^ 
that  is,  of  course,  in  their  \vinter  (of  course  90°  cannot  he 
hrought  into  this  comparison).  In  other  words,  tlie  same 
tlailj  average  of  sun-heat  is  received  during  the  199  days  hgthe 
corresponding  latitudes  in  the  jrresent  and  former  epochs. 

But  it  is  quite  evident  that  the  present  midwinter  tempe- 
ratures of  44:°'2,  54",  &c.  must,  so  far  as  the  direct  effect  of 
sun-heat  is  concerned,  he  lower  than  the  midwinter  tempei-a- 
tures  of  tlie  standard  latitudes  in  the  epoch  of  great  eccen- 
tricity. For  if  the  actual  daily  snn-heat  received  hy  latitude 
44°'2  at  present  were  the  same  for  each  of  the  199  days 
as  that  receiAcd  on  the  corresponding  day  by  latitude  40*^ 
in  the  former  epoch,  then  we  could  affirm  that,  so  far  as 
sun-heat  alone  was  concerned,  the  temperatures  of  the  two 
latitudes  ought  to  be  equal.  But  since  44°"2  receives  far 
more  than  this  amount  of  daily  heat  in  the  beginning  of  the 
199  days,  its  teni}ierature  will  be  higher  at  first,  and  there- 
fore, since  the  total  heat  received  up  to  midwinter  is  the 
same  in  both  cases,  the  temperature  of  the  44"' 2  must  be 
lower  at  midwinter — otherwise  it  would  be  higher  all  the  time, 
which  is  impossible.  For  if  it  were  higher  all  the  time,  it 
would  be  constantly  losing  more  heat  by  radiation;  wherefore, 
as  it  only  receives  the  same  quantity  of  heat,  its  final  tem})e- 
rature  must  be  lower,  not  higher.  Thus  the  sup])Osition  that 
the  n)idwinter  temperature  of  44°2,  so  far  as  direct  sun-heat 
is  concerned,  is  higher  than  that  of  40°  in  the  epoch  of  great 
eccentricity,  involves  an  absurdity. 

So  far  I  have  only  dealt  with  the  effect  of  the  ivinter  sun- 
heat.  Consider  now  the  annual  sun-heat.  First,  the  y)resent 
summer  sun-heat  on  lat.  44°'2  in  the  remaining  106  days  of 
our  year  is  far  less  (9  per  cent,  less)  than  the  sun-heat  received 
by  lat.  40*^  in  its  summer  of  166  days  in  the  period  of  great 
eccentricity.  Hence,  so  far  as  summer  sun-heat  is  concerned, 
latitude  44'^'2  now  begins  its  199  days  at  an  apprecialjly 
lower  temperature  than  40°  began  its  199  days  in  the  former 
epoch,  and  therefore,  on  this  account  as  well,  its  ])resent 
midwinter  temperature  should  be  lower  than  the  midwinter 
tem])erature  of  40°  was  in  the  su|)]>osed  glacial  winter. 

Of  course  all  the  foregoing  applies  equally  to  the  other 
latitudes. 

Hence  we  conclude  that,  other  things  equal,  the  direct 
effect  of  the  altered  sun-heat  in  the  epoch  of  great  eccentricity 
was  probably  to  place  latitudes  40°,  50°,  60°,  70°,  and  80°  in 
about  the  sauKs  conditions  as  to  midwinter  temperature  as 
4a°-o,  52°-4,  61^-7,  71°-8,   and  81°  are  at  present,  and  that 
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ccrldiiih/  the  cfect  was  not  to  lower  ihefr  midionittw  teinjie- 
ratiire  'to  those  of  4i°-2(),  54°,  (*o°-b,  74°,  and  84°-5,  at  the 
present  time. 

Next  as  to  the  tramference  of  heut.  Coiisiilor  the  latitudes 
tVoiu  Cornwall  to  the  IShotlanJ  Isles,  /.  e.  50°  to  GU°.  In  all 
probaliilitv  the  daily  winter  transference  of  equatorial  heat 
to  latitude  50^^  in  the  ])eriod  of  great  eccentricity  was  greater 
than  that  to  latitude  54°  at  present.  For  there  is  no  doubt 
that  the  greater  ])roj)ortion  of  the  transference  is  due  to 
ocean  currents.  Now  the  experiments  of  the  Prince  of 
Monaco  on  the  rate  of  motion  of  the  Gulf  Stream  show  that 
betvveen  the  Azores  and  Ireland,  and  between  Ireland  and 
Norway,  it  is  about  3*9  miles  per  day,  or  say  10  degrees  in 
the  half  year.  Hence  tlie  winter  heating  of  the  British  Isles 
hi/  means  of  the  Gidf  Stream  must  dejieml  rerij  largely  on 
the  daily  summer  heat  at  a  point  about  10  degrees  off  on  the 
patii  of  the  Gulf  Stream,  and  this  xvas  much  greater  during 
the  period  of  greatest  eccentricity  than  now.  For  it  is  easy  to 
see  by  an  examination  of  fig.  2  that  during  the  1(50  days  of 
that  short  summer,  latitude  50°  received  more  heat  than  is 
now  received  in  an  equal  time  by  any  latitude,  even  in  the 
trojiics,  Avhile  60°  received  as  much  as  52°  now  receives,  70° 
as  much  as  5U°,  and  80°  as  nmch  as  00°  now  receives.  Thus 
when  we  remember  how  im])ortant  a  factor  in  winter  tem])e- 
rature  the  heat  transferred  by  ocean  currents  is,  it  might  be 
])lausibly  maintained  that  the  winter  temperatures  of  the 
higher  latitudes  were  probably  higher  in  the  supposed  Glacial 
epoch  than  they  are  at  present.  But  as  the  data  are  in- 
sufficient for  obtaining  a  quantitative  result  by  such  arguments, 
it  is  better  to  be  content  with  the  extreme  temperature  limit,  as 
fixed  by  the  third  method.     This  is  obtained  as  follows  : — 

As  we  go  northwards  from  latitude  50°  to  latitude  70° 
along  the  meridian  of  Greenwich  we  get  a  fall  of  15°  Fahr. 
in  the  midwinter  temperature.  Hence  in  that  longitude 
the  midwinter  temperatures  of  latitudes  54°,  63°"5,  and  74° 
are  about  3°  Fahr.  lower  than  those  of  50°,  G0°,  and  70°. 
Hence  the  fall  of  tempei'ature  in  the  epoch  of  greatest  eccen- 
tricity cannot  have  been  as  much  as  3°  Fahr.  in  Great  Britain, 
so  far  as  the  direct  effect  of  sun-heat  is  concerned. 

In  mid-America  and  mid-Asia  the  change  is  somewhat 
greater.  Taking  the  mean  as  we  go  northward  from  lat.  50° 
tolat.  70°  along  the  meridians  90^  W.  long,  and  90^  E.  long., 
we  find  that  the  midwinter  temperature  falls  by  1^°  Fahr.  for 
each  degree  of  latitude  passed  over  to  the  northward.  This 
would  give  a  lowering  of  midwinter  temperature  of  about 
5°  Fahr.  for  the  4  degrees  of  latitude  by  which  the  iso- 
thermals  are  shifted  in  the  epoch  of  greatest  eccentricity. 
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If,  instead  of  taking  tlio  opocli  of  greatest  eccentricity,  wo 
take  the  epoch  of  considerable  eccentricity  wliich  occurred 
about  100,000  years  ago,  as  calculated  by  Leverrier,  we  must 
take  otf  about  one  fourth  part  from  the  above  results. 

Since  the  whole  of  ('roll's  theory  of  the  stoppage  of  the 
Gulf  Stream  depends  on  a  previous  vast  cooling  of  the  northern 
hemis})here  (accompanied  b}'*a  heating  of  the  southern  hemi- 
sphere), it  is  evident  that,  unless  the  temperature  results  here 
given  be  utterly  erroneous,  they  dispose  once  and  for  all  of 
the  Astronomical  theory  of  the  Ice  Age.  I  have,  however, 
prepared  a  further  examination  of  that  theory  for  the  '  Geo- 
logical Magazine  '  of  January  18U5. 

With  regard  to  the  Genial  Age,  the  insignificance  of  the 
changes  etlected  by  the  astronomical  cause  is  still  more  re- 
markable. When  the  eccentricity  is  at  its  maximum,  and 
the  winter  occurs  in  perihelion,  it  will  be  seen  from  the  figure 
that  the  winter  isothermals  are  shifted  2^  or  3  degrees  to  the 
north  and  the  summer  ones  about  5  degrees  to  the  south. 
For  instance,  in  our  coldest  166  days  lat.  57°'5  receives 
just  the  same  sun-heat  as  lat.  60°  in  the  166  days  of  the 
"  genial  "  winter.  To  dwell  on  the  inadequacy  of  this  as  the 
cause  of  the  prevalence  of  tropical  vegetation  in  Greenland 
and  Spitzbergen  would  be  mere  loss  of  time.  But  Croll  has 
an  additional  cause  to  account  for  a  really  Genial  Age  at  the 
pole,  namely,  increased  obliquity  of  the  echptic.  The  maxi- 
mum effect  of  this  would  be  to  increase  bj'  about  j'g  part 
the  summer  sun-heat  received  at  the  Poles.  Hence,  having 
said  that  -^^  more  ice  would  be  melted  annually  at  the  Poles 
than  at  present,  Croll  proceeds  to  state  that  "  the  effects  of 
eccentricity  and  obliquity  thus  combined  "  [i.  e.,  the  maximum 
obliquity  synchronizing  with  the  "  genial "  conditions  of  the 
orbit]  "  would  probably  completely  remove  the  polar  ice-cap 
from  off  the  latter  hemisphere  [that  enjoying  the  "geniaP' 
conditions]  and  forest  trees  might  then  grow  at  the  Pole." — 
'  Climate  and  Time,'  2nd  edition,  pp.  402-403.  It  is  as  easy 
to  make  such  assertions  as  this  as  it  is  difhcidt  to  adduce  any 
shadow  of  a  reason  in  support  of  them.  That  Croll  should 
have  been  the  person  to  make  the  astounding  statement  that 
the  addition  of  ^^  part  of  the  summer  heat  at  the  Poles  would 
prevent  ice  forming  there  during  the  winter  is  the  more 
extraordinary,  because  in  order  to  get  over  the  difficulty  that 
the  summer  heat  in  the  supposed  glacial  epoch  was  just  as 
much  increased  as  the  winter  heat  was  diminished,  it  was 
necessary  for  him,  throughout  the  earlier  portion  of  his  book, 
to  insist  on  the  absolute  inefficiency  of  summer  heat  to  melt 
ice  and  snow  or  to  mitigate  the  effects  of  winter  cold  (see  pp. 
58-66  and  p.  324  of  '  Climate  and  Time^}.     So  far,  then,  as 
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tliis  suggestion  of  an  additional  cause  of  the  Genial  Age  may 
require  an  answer,  I  leave  Dr.  CroU's  earlier  pages  to  answer 
his  later  ones. 

The  mode  in  which  the  calculations  wore  made  must  now 
be  explained.  Originally  1  had  intended  to  evaluate  the 
integrals  which  give  the  winter  sun-heat  on  each  latitude,  but 
the  calculations  ap))eared  so  long  that  I  thought  of  using  a 
graphic  method  by  photographing  a  terrestrial  globe  in  various 
})ositions.  But  having  met  with  Mr.  Meech's  paper  in  vol.  ix. 
of  t,he  'Smithsonian  Contributions  to  Knowledge,'  I  used  his 
vahu's  for  the  daily  heat  on  each  15th  day  of  the  year  for 
intervals  of  10  di^grees  of  latitude  as  suflficiently  close  ap})roxi- 
mations  to  the  quantities  of  siin-heat  received  on  that  day  and 
the  seven  preceding  and  succeeding  days,  except  in  a  few 
cases  where  the  rate  of  change  varied  considerably,  when  I 
used  a  graphic  method  of  interpolation  by  ])lotting  the  curve 
on  millimetre-paper.  Thus  I  was  able  to  get  the  total  quantity 
of  sun-heat  received  (a)  for  winter  and  summer,  using  the 
words  in  their  technical  sense  of  the  intervals  between  the 
equinoxes  ;  (A)  for  our  coldest  199  days  ;  and  [c)  for  our 
coldest  16(j  days,  these  being  the  lengths  of  the  supposed 
glacial  and  genial  winters.  Of  course,  since  the  total  annual 
sun-heat  on  any  latitude  is  independent  of  the  length  of  the 
seasons,  it  was  easy  to  get  the  sunnner  sun-heats  for  our  !()(> 
and  199  hottest  days  from  these  figures. 

For  the  purposes  of  this  paper  I  reduced  the  numerical 
values  I  had  obtained  from  Mr.  Meech's  tables,  so  that  the 
quantity  of  winter  or  summer  sun-heat  falling  on  the  equator 
should  be  yepresented  by  380,  that  being  the  excess  of  tem- 
perature of  the  equator  above  Ball's  "  natural  zero.'^  The 
numbers  thus  obtained  are  : — 

Latitudes 40°  50°  60°  70°  80°  90° 

Summer  sun-heat  399  379  347  329  317  30(5 

Winler  sun-boat    199  138  79  32  7  0 

coldest  199  days...  229  lOl  101  48  Ifi  5 

coldest  166  days...  179  121  66  23  3  0 

I  have  plotted  these  numbers  to  scale  in  fig.  2. 

The  "  summer  "  and  "  winter  "  sun-heats  are  of  course  the 
same  whatever  be  the  relative  lengths  of  those  seasons.  Hence 
the  shift  of  the  isothermals  is  shown  by  lengths  of  the  inter- 
cepts made  by  the  sun-heat  curves  in  fig.  2  on  a  horizontal 
line.  The  actual  amount  of  the  shift  of  the  winter  isothermals 
in  the  supposed  Glacial  epoch,  as  obtained  from  this  figure,  is, 
40°  to  44"-2,  50°  to  54  ,  GU°  to  ()3^-5,  70°  to  74  ,  and  80°  to 
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84°-5.     These  nro  practically  identical  with  the  result  of  the 
lariier  fiiiure  I  oriirinallv  made. 


40='  5U^  60°  70°  80^  90° 

Fio-.  2. — Showing  the  shift  of  the  isotherruals  in  the  epoch  of 
great  eccentricity,  as  calculated  by  the  third  method. 

There  is  onej  and,  as  far  as  I  can  see,  only  one,  objection 
that  can  be  made  to  the  results  I  have  obtained.  It  might 
be  urged  that  the  winter  heat  at  present  received  by  lat.  54° 
from  ocean  currents  is  much  in  excess  of  that  received  in 
the  epoch  of  great  eccentricity  by  lat.  50°,  and  that  there- 
fore lat.  54°  at  present  may  l>e  much  warmer  than  lat,  50° 
was  in  the  earlier  epoch.     The  observations  already  made  on 
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ocean  currents  seem  a  sufficient  answer,  hut  hai)pily  the 
ohjection  can  be  entirely  disposed  of.  For  the  transference 
of  heat  from  ocean  currents  to  lat.  54°  at  present  depends  on 
the  excess  of  temperature  of  the  ocean  over  what  I  may  call 
the  sun-heat  temperature  of  54°.  Hence  the  objection  sup- 
poses that  the  ])resont  midwinter  excess  of  ocean  temperature 
at  54°  over  the  sun-heat  tem[)orature  at  54°  is  greater  than 
the  excess  of  ocean  temperature  at  50°  over  the  sun-heat 
temperature  at  50^  was  in  the  epoch  of  great  eccentricity. 
But  since  the  present  midwinter  sun-heat  temperature  at  54° 
is  the  same  as  that  at  50°  in  the  earlier  epoch,  this  supposition 
requires  the  midwinter  ocean  temperature  to  be  now  higher 
at  lat.  54""  than  it  was  at  lat.  50°  in  the  epoch  of  great  eccen- 
tricity. But  since  the  sun-heat  temperature  of  the  ocean  at 
lat.  50°  at  the  earlier  epoch  was  the  same  as  that  at  lat.  54° 
now,  there  is  nothing  which  could  tend  to  make  the  winter 
temperature  of  the  ocean  at  50°  in  the  earlier  epoch  lower  than 
that  at  54°  now,  while  the  far  greater  summer  heatino;  the 
water  then  underwent  in  the  lower  latitudes  must  have  made 
its  winter  temperature  higher  than  it  is  now.  Hence  the 
supposition  that  the  winter  temperature  of  the  ocean  would 
be  lower  is  disposed  of  for  Great  Britain  at  least  ^. 

Of  course  the  foregoing  argument  proceeds  on  the  sup- 
position that  the  configuration  of  the  land,  and  with  it  the 
general  character  of  the  ocean  currents  and  air  currents  was 
the  same  at  the  epoch  of  great  eccentricity  as  it  is  now.  It 
then  supplies  a  satisfactory  proof  that  there  is  nothing  in  the 
astronomical  causes  which  would  alter  those  currents,  or  at 
least  nothi'ig  of  the  nature  required  by  CroU's  theory. 

If,  instead  of  taking  the  radiation  proportional  to  the 
absolute  tempeiature,  we  take  Stefan's  law,  published  in 
1881,  giving  it  as  proportional  to  the  4th  power  of  the 
temperature,  we  should  reduce  CrolPs  result  by  one  fourth. 
Thus  his  45°'3  F.  would  come  down  to  11°  F.;  and  if  we  further 
consider  that  ocean  and  air  currents  are  twice  as  effective  as 
winter  sun-heat  in  maintaining  the  temperature  we  should  get 
a  lowering  of  about  4°F.  at  midwinter,  about  the  same  as 
the  amount  I  arrive  at  otherwise.  This  is  not  quite  accurate, 
for  -we  ought  to  take  the  4th  power  from  zero,  not  from 
—  239,  and  also  we  ought  to  take  the  percentage  diminution, 
not  of  the  solar  heat,  but  of  the  total  heat.  Still  the  calcula- 
tion may  help  in  a  rough  way  to  show  the  reasonableness  of 
the  results  obtained  in  the  paper. 

*  Of  course  in  strict  accuracy  we  should  use  in  the  argument  not  54° 
but  the  somewhat  lower  latitude  whose  midwinter  sun-heat  temperature 
at  present  is  the  same  as  that  of  oO°  in  the  period  of  great  eccentricitj'. 
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LXIV.  I^escr!p(ion  of  a  very  Sensitive  Form  of  Thomson 
Galvanometer,  and  some  Methods  of  Galvanometer  Con- 
struction.    By  F.  L.  0.  AVadsworth*. 

[Plate  XIV.] 

AS  considerable  interest  lias  of  late  been  manifested,  parti- 
cularly in  Gorniany,  in  the  construction  of  very  sensitive 
galvanometers,  a  brief  tiescription  of  one,  Avhich  has  recently 
been  constructed  for  the  bolometric  work  of  the  Observatory, 
may  not  be  out  of  place  in  connexion  with  my  last  article 
(p.  482).  This  galvanometer  in  question  is  of  the  Thomson 
type  of  construction  with  four  coils  wound  under  my  instruc- 
tions by  Messrs.  Elliot,  Bros. 

Fig.  1,  Plate  XIY.,  is  a  section  through  one  of  the  coils 
showing  the  contour  of  the  individual  sections,  of  which  there 
are  five,  of  about  4  ohms  each,  in  each  coil.  The  size  of 
wire,  number  of  turns,  and  resistance  in  each  section  of  one 
of  the  coils,  which  is  typical  of  all  of  them,  is  given  in  the 
following  table. 

Table  I. —  Coil  marked  A.. 


Section. 

Size  wire. 

No.  of 
turns. 

Resistance 
(at  20°  C). 

No.  I.  (inner)    .. 

...1  0  0065" (37  B.W.a.). 

255 

4-48  true  ohms. 

No.  II. 

...'  0012"   (30 

) 

410 

4-:21     „      „ 

No.  III. 

...    0-021"   (25 

) 

640 

413    „      „ 

No.  IV. 

...    0-025"   (23 

) 

551 

4-25     „      „ 

No.  V.  (outer). .. 

...'  0030"   (22 

) 

540 

4-28    „       „ 

Total 
Total 

ni 
re 

unber  of  turns 
sistance      .     . 

• 

.     239 
.     2l\ 

G. 

35  ohms. 

The  radius  of  the  inner  coil  is  2  millim.,  and  that  of  the 
outer  coil  50  millim.,  and  the  depth  of  the  coil  was  about 
40  millim.  As  will  be  seen  from  the  above  table,  the 
diameter  of  the  wire  increases  somewhat  less  rapidly  than  the 
mean  radius  of  the  section,  as  required  by  Maxwells  theory, 
the  thickness  of  the  insulating  covering,  while  not  constant, 
being  proportionally  thicker  for  the  finer  than  for  the  larger 
sizest-  The  total  number  of  turns  in  the  four  coils  is  9593, 
and  the  total  resistance  (in  series)  86  ohms  at  20°  C. 

*  Communicated  by  the  Autlior. 

t  Maxwell,  Elec.  and  Magnetism,  vol.  ii.  p.  3G3. 
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Each  coil  was  cemented  by  means  of  melted  shellac  into 
an  oi)en  brass  case,  Avliich  left  the  windings  on  the  face  of  the 
coil  exposed,  and  enabled  them  to  be  brought  as  close  to  the 
needle  system  as  possible.  These  bniss  cases  screwed  into 
L-sliai)od  supports,  which  rested  on  three  adjustable  screws — 
a,  h,  c,  Plato  XIV.  (placed  at  three  corners  of  the  foot-plate  of 
the  L),  the  points  of  which  slide  in  V-grooves  planed  in  the 
metal  plate  which  forms  the  base  of  the  galvanometer-case. 
They  are  clamped  in  any  desired  position  by  means  of  a 
screw,  d,  working  in  a  slot  in  the  plate,  as  shown.  This 
means  of  support  allows  the  coils  to  be  accurately  centred 
with  respect  to  each  other,  and,  in  conjunction  with  the 
levelling-screws  on  the  case,  to  the  needle  system,  indei)en- 
dently  of  the  adjustments  of  the  latter.  It  also  enables  the 
coils  to  be  readily  removed  whenever  it  is  necessary  to  get 
at  the  needle,  and  the  distance  between  the  coils  to  be  varied 
to  increase  or  decrease  the  delicacy,  without  altering  the 
astaticism  of  the  system  by  means  of  a  directing  magnet. 

The  needle  system  itself  is  shown  in  fig.  4  (PI.  XIV.). 
The  central  staff  is  about  150  millim.  long,  drawn  from  glass 
tubing,  and  weighs  about  5  mgs.  On  account  of  the  length 
and  thinness  of  the  statf,  special  means  of  drawing  it  were 
necessary  in  order  to  get  a  perfectly  straight  piece. 

A  good  method  is  to  clamp  a  selected  piece  of  tubing, 
about  5-10  millim.  in  diameter,  in  a  retort-stand  so  it 
hangs  vertical,  and  attach  to  the  lower  end  a  4-5  lb.  weight, 
which  rests  on  some  simple  form  of  trap  4  or  5  feet  above  a 
box  tilled  loosely  with  waste  or  shavings.  The  tube  is  heated 
uniformly  by  two  good  Bunsen  burners  until  it  begins  to 
soften,  then  the  burners  are  removed,  the  trap  is  innnediately 
sprung,  and  the  weight  fails  into  the  box  placed  to  receive  it, 
drawing  out  a  thin  tube  of  glass,  the  diameter  of  which  will 
depend  on  the  length  of  tube  which  has  been  softened.  From 
a  few  fibres  thus  drawn  a  piece  can  be  selected  which  will 
be  satisfactory  as  regards  straightness  and  lightness. 

The  two  members  of  the  system  are  built  up  each  of  ten 
small  magnets,  five  on  each  side  of  the  staff,  the  central  one 
about  3  millim.  long,  and  the  upper  and  lower  ones  each  a 
little  less  than  2  millim.  Th(;y  are  made  from  the  smallest 
size  sewing-needles  broken  to  the  required  length,  but  other- 
wise untreated  *.       They  were  attached  to  the  staff'  by  first 

*  This  material  is  unsuited  for  the  purpose,  being  too  soft  a  gr.ade  of 
steel  for  retaining  a  high  permanent  magnetization.  Some  bars  of  special 
magnet  steel  were  ordered,  but  have  not  yet  been  received,  and  pending 
tlieir  arrival  the  abo^■e  material  was  used  as  the  best  available  for  the 
jHirpose.  AN'itli  steel  of  proper  size,  quality,  and  hardness,  tlie  magnetic 
inomeut  could,  I  am  certain,  have  b-en  more  than  doubled,  without  any 
increase  in  weight. 
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cementing  each  set  of  five,  in  proper  position,  to  a  piece  of 
thin  tissue-paper,  placing  two  sets  face  downward  in  the 
proper  position,  and  at  the  proper  distance  apart,  on  a 
ghiss  "  flat,"  laying  the  glass  st^iti'  on  top  of  them,  and 
cementing  it  to  each  by  means  of  a  very  small  ilrop  of  thick 
shellac.  When  dry  enough  to  handle,  the  other  two  sets 
were  attached  to  the  other  side  of  the  staff,  opposite  the  first 
two,  in  a  similar  manner.  The  mirror  was  then  attached 
midway  between  the  two  members  by  means  of  a  minute 
fragment  of  soft  wax  ("  universal  "),  which  touched  the  ujiper 
edge  only  of  the  mirror  ;  a  method  more  satisfactory  than 
any  other  I  have  tried  for  mounting  small  thin  mirrors  with- 
out distortion. 

This  mirror  was  2^  millim.  in  diameter  and  1  millim.  radius 
of  curvature.  It  had  an  accurately  worked  surface  (by 
Brashear)  (rendered  necessary  by  the  foct  that  it  is  used 
for  a  photographic  record),  and  had  to  be  therefore  quite 
thick  and  heavy  for  its  size.  The  weight  of  the  mirror  was 
about  12  mgs.,  and  the  weight  of  the  whole  sj^stem  al)out 
40  mgs.  It  was  magnetized  and  astaticized  after  being 
completed  by  the  method  described  in  my  last  article. 
The  system  was  suspended  by  means  of  a  fine  quartz  fibre, 
about  -10  centim.  lono-  whose  tension  was  neoliy-ible.  The 
method  of  supporting  the  fibre  is  in  some  respects  novel,  and 
lias  proved  very  successful  in  eliminating  vibration,  which,  on 
account  of  the  lightness  of  the  system,  at  first  proved  very 
troublesome.  The  glass  tube,  /,  of  about  1  centim.  bore, 
which  carries  at  its  upper  end  the  adjustable  head,  h,  to 
which  the  fibre  is  directly  attached,  is  not  directly  connected 
with  the  galvanometer-case,  but  is  supported  by  two  thick 
rings  of  soft  rubber,  in,  n,  very  slightly  compressed  between 
the  glass  tube  and  an  outer  heavy  brass  tube  which  is 
screwed  to  the  top  of  the  galvanometer-case.  There  is  con- 
sequently no  metallic  or  solid  connexion  between  the  fibre- 
support  and  the  rest  of  the  instrument,  and  the  vibration 
which  is  communicated  to  the  latter  from  the  pier  is  absorbed 
by  the  rubber  before  it  reaches  the  needle.  It  is  also  possible 
with  this  arrangemept  to  attach  the  directing  magnet  to  the 
outer  brass  tube  without  prejudicing  the  steadiness  of  the 
image  during  adjustment. 

The  damping  of  the  needle  is  effected  partly  by  a  piece  of 
dragonfly's  wing  attached  to  the  back  of  the  mirror  and 
partly  by  four  cop[)er  rods,  which  slide  into  the  cores  of  the 
coils. 

The  coils  on  each  side  are  connected  in  series,  and  the 
terminals  brought  up  and  connected  to  two  copper  binding- 
posts  on  the  top  of  the  case.     The  two  sides  could  therefore 
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ho  connected  either  in  series  (resistance  86  ohms)  or  in 
]):irallel  (resistance  21+  olnns)  ;  or  hy  clianoincr  two  con- 
nexions inside  the  case,  all  tour  coils  could  he  put  in  pai'allel. 
Total  (5  ohms)  as  desired. 

Tlie  case  was  unusually  large  and  heavy,  with  hrass  frame 
and  glass  sides,  with  all  joints  as  air-tight  as  it  was  possible 
to  make  them.      It  had  the  usual  doors  and  levelling-screws. 

The  constant  of  the  galvanometer  with  the  magnet  system, 
already  described*,  was  for  all  coils  in  series,  0  =  4  x  10""", 
where  0,  as  before,  is  the  current  in  amperes  required  to 
produce  a  deflexion  of  1  millim.  at  a  distance  of  1  metre 
for  a  time  of  single  swing  of  10  sec.  This  is  about  the 
degree  of  delicacy  recently  attained  by  Snow  f,  the  constant 
of  whose  instrument  reduced  to  the  units  a])ove  used  was 
C  =  4'5  X  10~^^  for  a  somewhat  higher  resistance  (140  ohms). 

More  recently,  Paschen  %  has  attained  a  degree  of  delicacy 
considerably  exceeding  this  by  the  use  of  an  excessively  light 
magnetic  system,  winch  did  not  appear  to  be  stable  enough 
to  be  actually  used  with  a  10  sec.  period  in  measurement. 

The  question  of  the  influence  of  the  mass  of  the  system  on 
the  delicacy  is  one  of  im[)ortance.  It  was  tirst  pointed  out 
by  Boys,  and  later  by  Paschen,  that  if  a  iixed  time  of  vibra- 
tion be  considered,  the  sensitiveness  of  the  galvanometer 
(other  things  being  equal)  will  increase  as  the  mass  of  the 
system  decreases.  This  has  been  experimentally  verified  by 
I)u  Bois  and  Rubens,  who,  by  the  use  of  light  magnetic 
systems,  have  recently  produced  commercial  galvanometers 
havinu;  a  sensitiveness  nearly  equal  to  that  of  Snow's  instru- 
ment §. 

But  the  assumption  of  a  fixed  time  of  vibration  is  unfair 
to  the  heavier  systems,  for  it  conditions  them  to  a  degree  of 
more  and  more  imperfect  astaticism  as  the  weight  increases. 
If,  instead  of  the  condition  of  a  fixed  time  of  vibration,  we 
impose  that  of  a  fixed  degree  of  astaticism,  viz.,  if  we  make 
the  residual  magnetic  moment  of  the  systems  as  a  wdiole 
constant,  then  the  sensitiveness  of  the  galvanometer  will 
increase  with  the  mass  of  the  magnetic  system,  supposing 
always  that  the  coils  of  the  instrument  are  suitably  propor- 
tioned to  the  needle.  A  better  undei'standing  of  these  points 
is  afforded  l)y  their  analytical  exprc^ssion.     We   will  suppose 

*  As  lias  already  been  stated  iu  a  previous  footnote,  this  system  could 
be  very  sensibly  im])roved,  but  as  the  sensitiveness  of  the  fralvanometer 
even  with  the  present  system  is  greater  than  necessary,  and  as  my  time 
has  been  fully  occupied  witli  other  work,  this  has  not  yet  been  done. 

t  Wied.  Ann.  vol.  xlvii.  p.  218  (18tJ2). 

X   Ibid.  vol.  xlviii.  p.  284  (1898). 

§  Wied.  Ann.  vol.  xlviii.  p.  2m  (1893). 
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for  convenience  that  each  member  of  the  system  is  equivalent 
to  a  circular  disk  whose  diameter,  2  r,  is  equal  to  the  length 
of  the  longest  magnet  of  the  system,  and  whose  thickness,  w, 
is  such  that  the  mass  of  the  disk  is  equal  to  the  sum  of  the 
masses  of  the  individual  magnets  ^.  Then  the  mass  of  the 
disk  will  be  Az-'trand  its  moment  of  inertia  ^r*w.  The  mass 
and  moment  of  inertia  of  the  mirror  will  be  A'tq^Wq  and 
B^'o'^M'o  respectively. 

Then,  if  t  denote  the  time  of  single  swing,  M  the  residual 
magnetic  moment  of  the  system,  and  H  the  strength  of  the 
field  in  which  the  svstem  swings  : — 


V   MH         V  MH 

The  moment  of  the  force  required  to  produce  unit 
deflexion,  6,  of  the  system  is  FCm  ;  where  C  is  the  current 
flowing  in  the  coils,  m  the  individual  magnetic  moment  of 
one  member  of  the  system,  and  F  a  constant  involving  the 
constant  of  the  coils,  the  intensity  of  magnetization,  &c. ;  and 
it  is  also  equal  to  MH^.     Therefore 

MH  =  F/^Cm  =  FC«;;-2, 

since   the  magnetic   moment   is,   for    the    same   intensity  of 
magnetization  in  dift'erent  disks,  proportional  to  the  mass  of 
the  disk,  that  is  to  lo". 
Therefore,  finally. 


,..  _  B'" 


Hence,  if  t  is  constant,  C  varies  as  r^  plus  a  constant  ;  that 
is,  the  sensitiveness  increases  somewhat  less  rapidlv  than  the 
mass  of  the  system  diminishes.  But  if  no  limit  is  imposed 
on  the  time  of  vibration,  but  only  on  the  final  degree  of 
astaticisra,  then  MH  =  const.,  hence  Cjw= const.,  or  the 
sensitiveness  varies  directly  as  the  magnetic  mass.  It  is 
true  that  the  conditions  of  use  impose  the  former  rather  than 
the  latter  limit,  but  for  an  average  time  of  single  swing  of 
10  sec,  which  is  not  inconveniently  long,  I  believe  that  a 
system  weighing  from  40  to  GO  mgs.  will  be  found  best,  for 
if  very  great  sensitiveness  is  required,  we  can  use  a  time  of 
swing  of  from  three  to  four  times  this  without  as  great 
inconvenience   as  would  result  from  the  use  of  a  system  only 

•  It  is  not  of  importance  here  to  consider  the  most  effective  form  or 
arrangement  of  individual  magnets,  as  we  are  only  considering  relalion3 
between  systems  of  the  same  form,  but  of  varying  dimensions. 
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one  tentli  as  heavy  with  a  10  sec.  period.  With  very  lif^ht 
systems  the  mirror  is  unduly  heavy  in  proportion  to  the 
weight  of  the  magnet  systems,  and  the  difficulty  of  handling, 
and  especially  of  astaticizing,  is  much  increased.  Their 
principaldisadvantage,  however,  is  their  extreme  sensitiveness 
to  vibration.  A  system  weighing  25  mgs.  was  first  used  in 
the  galvanometer  described  above,  but  it  was  found  abso- 
lutely unfit  for  photographic  work  because  of  the  unsteadiness 
of  the  image. 

Indeed,  even  with  the  heavier  system,  the  complete  elimin- 
ation of  the  effects  of  vibration  proved  a  troublesome  problem, 
for  the  Observatory  is  in  close  proximity  to  several  traffic- 
laden  streets,  and  the  work  had  necessarily,  because  of  its 
nature,  to  be  carried  on  during  the  busiest  part  of  the  day. 
Very  good  results  were  finally  obtained  by  use  of  the  insulated 
fibre  support,  already  described,  in  conjunction  with  the  use 
of  rubber  blocks  between  the  slab  of  stone  on  which  the 
galvanometer  was  mounted  and  the  pier  which  su[)ported  the 
whole.  Under  very  favourable  circumstances  a  somewhat 
lighter  system  than  the  one  here  recommended  could  no 
doubt  be  used  ;  but  in  the  great  majority  of  cases  I  believe 
that  the  weight  should  not  be  less  than  30  to  40  mgs.,  and 
may  with  advantage  be  considerably  more. 

Astro-PliYsical  Observatory, 
Washiugtou,  June  1893. 


LXV.   Telephonic  Measurement  of  Electromotive  Force, 
By  Carl  Bakus*. 

1.  'pURPOSE. — Notwithstanding  the  varied  use  vvhich 
has  been  made  of  the  telephone  in  electrical  measure- 
ment,  I  am  only  aware  of  isolated  efforts  f  to  replace  the 
galvanometer  by  the  telephone  in  the  zero  methods  for  elec- 
tromotive force.  Yet,  according  to  the  earlier  observers,  the 
telephone  ought  to  be  more  than  sufficient  for  the  purpose 
(§  2).  The  problem  suggested  itself  to  me  in  connexion  with 
thermoelectric  pyrometry,  where  an  avoidance  of  the  galvano- 
meter would  often  facilitate  the  work.  Recently  1  thought 
of  it  again  in  relation  to  certain  meteorological  experiments, 
in  which  temperatures  are  made  to  vary  in  rapid  rhythm  by 
condensation,  and  the  object  is  to  find  the  thermal  amplitude 
and  the  character  of  the  oscillation.  It  thus  becomes  neces- 
sary to  vary  the  electric  contacts  in  like  rhythm  and  to  find 

*  Communicated  by  the  Author. 

t  Ledeboer,  Beibliiiter,  ix.  p.  357  (1885). 
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the  temperatures  for  all  differences  of  phase  between  the  two 
pulsations  thernioolectricaliy  by  a  zero  method.  Here,  there- 
fore, the  instantaneous  telephonic  registry  would  have  advan- 
tages over  the  galvanometer,  aiding  the  ear  something  after 
the  manner  in  which  the  stroboscope  assists  the  eve. 

Conrrary  to  my  exj)eclations,  however,  great  dithculty  was 
encountered  in  endeavouring  to  make  the  telephone  sensitive 
enough ;  and  the  work  resulted  in  showing  that  the  range  of 
increments  of  the  magnetic  field  on  both  sides  of  zero,  within 
which  the  telephone  does  not  respond,  is  out  of  j)roportion 
with  the  sensitiveness  of  the  instrument.  It  is  the  aim  of  this 
paper  to  find  the  extent  and  character  of  this  silent  interval, 
in  its  relations  to  the  method  in  question. 

2.  Literature. — The  earlier  history  of  the  suly'ect  is  sum- 
marized in  ^Wiedemann's  ElektricitCd*,  vol.  iv.  p.  285  (1885), 
and  need  not  be  repeated  here.  Recently  a  series  of  remark- 
able researches  have  appeared,  due  respectively  to  Prof.  C.  R. 
Cross  and  his  pupils  f  and  to  Lord  Rayleigh|.  In  tlie 
former  the  excursions  of  the  tele])hone  diaphragm  are  mapped 
out  in  their  dependence  both  on  the  intensity  of  the  magnetic 
field  and  of  the  actuating  line-current.  The  occurrence  of  a 
marked  maximum  of  sensitiveness  for  a  certain  intermediate 
value  of  the  magnetic  field  is  clearly  shown  among  other  data 
of  value.  The  line-currents,  however,  are  in  magnitude  above 
those  of  the  present  paper. 

Lord  Rayleigh's  recent  research  covers  much  of  the  ground 
of  my  own  work  §,  and  it  leads  to  the  same  order  of  results, 
in  so  far  as  data  somewhat  different  in  character  (§  5)  are 
comparable.  My  chief  reason  for  publishing  the  present 
paper  is,  therefore,  the  special  point  of  view  mentioned  at  the 
end  of  §  1. 

3.  Apparatus. — A  diagram  of  the  connexions,  with  special 
reference  to  the  construction  of  the  key,  is  given  in  ^g.  1. 
The  two  circuits  in  action  are  alxE  B  C  s  7'  a  and  a  T  6-  A  Qsra, 
where  e  is  the  weaker  cell  to  be  compared  with  the  constant 
cell  E.  R  and  r  are  rheostats,  T  the  telephone,  s  a  coiled 
wire  or  spring  introduced  to  allow  easy  motion  of  the  metallic 
plate  C  of  the  key. 

*  The  works  of  Warren  De  La  Hue,  Brougb,  Pellatt,  Ferraris,  and 
others  being  refeiTed  to.  The  theoretical  researches  of  Tait  and  of 
Preece  are  mentioned  by  Lord  Rayleigh. 

t  Cross  and  Haves,  Proc.  Ame'r.  Acad.  xxv.  p.  233  (1800) ;  Cross  and 
Phillips,  ibid.  .)an.lb93;  Cross  and  Mansfield,  ibid.  May  1892. 

X  Phil.  Mag.  xxxviii.  p.  28o  (1^94). 

§  My  note  in  the  American  Journal,  October  1894,  p.  346,  was  in  press 
before  the  advance  account  of  Lord  Rayleigh's  work  (in  '  Nature ') 
reached  me. 
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Contact  is  made  by  aid  of  two  fiat  springs  A  and  B,  on 
moving  tlie  plate  C  Ijetvveen  them  by  aid  of  the  handle  or 

Fig.  1. 
■6  A 
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guide  D.  C'  being  wider  on  one  side  than  on  the  other,  the 
circuit  aEBCsra  is  first  closed;  after  this  the  circuit 
aTeACsra  is  closed  ;  and  since  the  shorter  side  of  the 
key  C  is  provided  with  a  serrated  edge,  sounds  will  in  general 
be  heard  in  the  telephone,  T,  on  pushing  the  plate  C  quite 
past  the  springs  A  and  B  either  from  left  to  right  or  in  the 
opposite  direction.  If  the  resistances  r  and  II  are  large  as 
compared  with  the  rest  of  the  circuits,  the  telephone  will 
cease  to  respond  when  <^/E  =  ?y(R  +  ?'),  which  is  the  adjust- 
ment sought. 

As  the  telephone  is  less  sensitive  than  a  good  galvanometer, 
every  precaution  must  be  taken  to  use  it  to  the  best  advantage. 
It  is  necessary  to  pass  a  bifurcated  tube  from  the  sound- 
chamber  to  the  ears,  and  the  key  mechanism  A  C  B  D  should 
be  placed  at  a  distance  and  operated  either  by  a  long 
stick  or  cord,  or  i)referably  by  the  pneumatic  device  so  much 
used  in  photography.  The  plate  C  is  best  made  of  copper 
(like  the  circuits),  and  need  not  be  more  than  2  centim.  long. 
The  teeth  should  be  coarse,  say  about  0*5  centim.  from  point 
to  point,  and  the  V-shaped  very  thin  flat  spring  at  the  end  of 
A  should  only  just  touch  the  ends  of  the  teeth  when  C  moves 
across  the  spring.  In  this  way  a  minimum  of  noise  is  made 
in  the  air,  the  successive  taps  are  sharply  individualized,  and 
the  circuit  is  kept  closed  only  during  very  short  intervals  of 
time  (avoidance  of  polarization).  Blunt  teeth  were  tried 
without  advantage,  and  merely  to  warrant  the  use  of  equa- 
tion  (1),  §  4.       _ 

The  construction  of  the  key*  is  a  matter  of  great  import- 
ance, for  the  sensitiveness  of  the  method  depends  on  it. 
Indeed  I  have  found  different  telephones  behave  quite  differ- 
ently relatively  to  each  other  when  the  method  of  making  the 
contact  was  varied ;  a  result  agreeing  with  the  experience  of 

*  Regular  rhythmic  interruption  like  that  produced  by  a  tuning-fork 
would  possibly  increase  the  sensitiveness ;  but  the  use  of  such  cumber- 
some apparatus  is  of  course  out  of  the  question. 
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Lord  Rayleigli  (/.  c.  pp.  294-5).  With  the  key  givoii  the 
sound  of  each  tap  is  wheezing,  so  that  the  overtones  come 
into  play.  The  enormous  atlvantages  of  notes  of  high  pitch 
over  those  of  low  ]ntch  for  pur[)oses  like  the  present  has  been 
shown  both  by  Ferraris  antl,  more  remarkably,  by  Lord 
Riiyleigh. 

in  aildition  to  the  Bell  tele})hone  I  made  use  of  the  duplex 
form*  shown  in  tig.  2.  Here  A  A  is  an  ordinary  horse-shoe 
magnet  provided  with  two  similar 
U-shaped  armatures  of  soft  iron 
B,  B'.  These  carry  the  telephone 
coils  a,  a',  the  terminals  of  which 
lead  to  four  clamp-screws  (not 
shown),  so  that  a  current  may  be 
passed  through  the  coils  either  in 
series,  or  in  parallel,  or  differen- 
tially. Between  the  coils  the  dis- 
coid hollow  sound-chamber  C  0, 
the  walls  of  which  are  thin  (•01(3 
centim.)  circular  plates  of  iron,  is 
secured  by  clamping  the  wide  tube 
D,  which  conveys  the  sound  to  the 
ears,  to  the  flat-topped  upright  G. 
A  side  view  of  the  sound-chamber 
with  its  efHux-tube  is  shown  de- 
tached at  CD'.  The  whole  is 
soldered  firmly  together  at  the 
edges,  these  being  spaced  by  a 
ring  of  copper  wire. 

The  armatures  B,  B'  are  adjust- 
able, and  may  be  moved  as  close 

to  the  disk  CC  as  desirable  (set  screws  not  shown).  The 
plates  of  C  vibrate  synnnetrically,  changing  the  form  from 
biconvex  to  biconcave,  and  I  obtained  the  best  results  with 
chambers  4  centim.  in  diameter  and  about  0*2  centim.  deep. 
When  the  chamber  is  more  shallow  the  magnetic  field  is 
strengthened,  but  the  sound  probably  encounters  too  much 
resistance  in  jjassing  out  into  the  air. 

In  view  of  the  large  resistances  II  and  /■  (tig.  1),  the  coils 
of  the  telephone  were  made  of  O'Ol  centim.  wire,  wound  so 
that  as  many  as  oOOO  turns  could  be  brought  to  bear  on  each 
armature,  with  resistances  as  high  as  300  ohms  (see  table 
below).  The  advantage  of  the  double  form  is  to  be  found  in 
the  ease  with  which  the  coils  may  be  replaced  by  others,  in 


*  Duplex  telephones  were  first  introduced  by  Elisha  Gray. 
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the  economic  disposition  of  tlie  wire  relative  to  resistance, 
and  in  the  strong  field  of  induction  normally  through  the 
diaphragms  even  when  the  magnet  A  is  not  remarkahly  strong. 
The  chief  condition  of  sensitiveness  is  close  a})proach  of  the 
coil  ends  of  the  armature  to  the  two  walls  of  the  sound- 
chamber,  respectively.  Hence  this  adjustment  must  be  made 
with  care  and  the  diaphragms  must  not  buckle.  I  usually 
placed  armature  and  (lia[)hragm  in  actual  contact  on  one  side 
and  all  but  in  contact  on  tlie  other,  and  then  tapped  the 
sound-chamber  into  ])osition. 

AmoncT  other  devices  for  increasinfj  the  sensitiveness  of  the 
telephone  I  may  mention  the  endeavour  to  follow  the  excur- 
sions of  the  Bell  diaphragm  by  a  microphonic  contact*.  My 
best  results  were  obtained  by  soldering  a  platinimi  stylus 
axially  to  the  centre  of  the  dia])hragm.  The  end  of  the  stylus 
just  touched  a  little  pellicle  of  carbon  susjiended  by  a  delicate 
spring,  the  arrangement  being  in  circuit  with  four  Leclanche 
cells  and  a  second  telephone.  With  this  relay  apparatus 
sounds  above  a  certain  intensity  were  greatly  increased, 
while  sounds  of  lower  intensity  were  either  left  unchanged  or 
even  extinguished,  and  the  degree  of  sensitiveness  varied  too 
raj)idly  for  convenience  or  certainty  of  measurement.  Simi- 
larly ineffectual  efforts  were  made  in  adapting  transformers 
and  condensers  for  the  purpose. 

4.  Results. — The  current  i'  passing  through  the  telephone 
during  the  time  of  contact,  considered  apart  from  self- 
induction  t,  may  be  expressed  under  the  form 


e 
EE 

— 

r 

+ 

r 

(1) 


where  r'  is  the  resistance  of  the  shunt  containing  the  tele- 
phone and  the  electromotive  force  e,  R  the  resistance  of  the 
shunt  containing  the  electromotive  force  E,  and  r  the  resist- 
ance of  the  remaining  branch  circuit.  If,  therefore,  by  any 
independent  means  the  ratio  c/B  has  been  found,  equation  (1) 
is  available  for  computing  i' .  The  necessary  data  are  obtain- 
able without  auxiliary  measurements  of  ^'/E  by  taking  advan- 
tage of  both  margins  of  the  interval  of  silence  already  alluded 
to  in  §  1,  in  the  way  presently  to  be  shown. 

In  the  following  table  I  shall  therefore,  in  addition  to  the 

*  Somewhat  similar  experiments  were  made  by  Messrs.  Thomson  and 
Houston ;  also  by  Ilu^'-hes  and  others. 

t  Tested  by  the  blunt-toothed  key  (§  3)  and  found  admissible. 
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quantities  just  specified,  give  under  Bi'  the  sniullest  incre- 
ment of  i'  in  microamperes  just  audible  on  either  side  of  the 
interval  of  silence,  and  under  Ai'  the  extent  of  this  interval. 
In  otlier  word.-*,  if 'i')  '/»  ~h'}  ~W  ^I't-  two  pairs  of  currents 
just  distinguishable  in  loudness,  one  pair  at  each  margin  of 
the  interval  of  silence,  then 

Sound  therefore  just  ceases  (marked  ?)  for  currents  /V  and  ?V 
on  either  side  of  zero,  and  is  just  audible  for  currents  eV  and 
i^'  on  either  side  of  zero.  Inasmuch  as  the  values  //  i/  and 
is  i/  may  be  considered  symmctiical  with  respect  to  i'  =  0, 
the  value  of  efE  can  be  found  bj  taking  the  mean  of  the 
measurements  for  ?V  and  i/  with  an  accuracy  of  one  half  the 
sensitiveness  of  the  telephone  at  the  margins  of  the  silent 
field.  It  is  for  this  reason  that  the  inertness  of  the  telephone 
is  no  serious  drawback,  apart  from  the  time  lost  in  making  an 
extra  observation.  Thus,  for  instance,  the  following  four 
values  of  e/E  correspond  to  iV,  h'}  h'j  h'j 

^/E  =  4990,     4996,     5028,     5034, 
whence,  by  taking  symmetrical  terms,  ^/E  =  5012. 

Table  shoAving  Sensitiveness  of  Telephones. 


Si'. 

E. 

Sigual. 

i'. 

At'. 

£i'/Ai'. 

c/E. 
R. 
r. 

Remarks. 

Noise. 

? 

? 
Noise. 

-29 

-3-8 
+3-8 

+2-8 

•9 
7-6 
9 

2 

•503 
49.")0 
5000 

Double  teleplione* 
(fig.  2).      Fine- 
toothed  key. 

Noise. 

9 
? 

Noise. 

-2-4 
-19 
+20 
-*2-4 

■4 
39 
9 

2 
•490 
104(10 
lOUUO 

Ho.* 

Noise. 

? 

? 
Noise. 

—  22 
-20 
+  1-9 
+22 

•2 
39 
1.5 

2 
■492 
2(J700 
2(J<J00 

Do.* 

Noise, 
y 

? 

Noise. 

-1-5 
-1-3 
+  1-2 
+  15 

"2 

2-5 
10 

2 

•i301 
20.500 
20000 

Do.* 
Witli  new  sound- 
cbamber. 

*  Coils  with  1200  turns  each,  1-25  ccutim.  long,  '8  centim.  intcmal  diameter, 
1'4  centim.  external  diameter. 
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Table  {contimied). 


Signal. 

i'. 

W. 

M'. 
Si'/M'. 

E. 

c/E. 
R. 
r. 

Eemarks. 

Noise. 

? 

Noise. 

-1-3 
-11 

+  11 
+  1-3 

•2 
2^2 
9 

2 
•500 
20050 
20000 

Double  telephone* . 

Noise. 
? 
? 

Noise. 

Noise. 

? 

? 
Noise. 

-  -9 

-  -6 
+  -6 
+  -9 

•2 
1-2 
5 

2 
•500 
20050 
20000 

Do.* 

Coils   nearer 

diaijhragm. 

-•43 
-•31 
+  •31 
+  •43 

•12 
•62 
5-2 

2 
•501 
19970 
20000 

Do.* 
New  coarse- 
toothed  key. 

Noise. 

V 

? 
Noise. 

-  •Q 

-  •e 

+  -6 
+  -9 

•2 
1-2 
5 

2 

•500 
20050 
20000 

Do.* 
Coils  in  parallel. 

Noise. 

? 

? 
Noise. 

-4-4 
-40 

+3-7 
-f4-2 

•5 

7-7 
16 

2 

•486 
21300 
20000 

Bell    telephone, 
low  resistance, 
plate  •02centim. 
thick. 

Noise. 

? 

? 
Noise. 

-4-2 

-3-7 
+3-5 
+40 

•5 
7-2 
15 

2 

•489 
21000 
2U000 

Bell   telcphonct, 
high  resistance, 
plate '02  centim. 

Noise. 

? 

? 

Noise. 

-20 
-1-5 
+1-4 
+  1-9 

•5 
29 
6 

2 

•494 

20500 
20000 

Same   with   tin 
plate  •OlO  ceutiin. 

Noise. 

? 

? 
Noise. 

-31 
-2-0 
+2-5 
+30 

•5 
61 
11 

2 
•496 

20000 

Same  with  plate 
reversed. 

Noise. 

? 

? 
Noise. 

-21 
-1-G 
+16 
+20 

•5 
3-2 

7 

2 

20350 

20000 

Same  with  iron 
plate  "018  centim. 

Noise. 

? 

? 
Noise. 

-10 
-  -8 
+  -7 
+  1-0 

■2 
1-5 
6 

... 

2 

•501 
20000 
20000 

Same  with  tin  plate 
•030  centim.,  and 
tin    plate    -016 
centim. 

*  Coils  with  3000  and  3600  turns  respectively,  1-25  centim.  long,  -8  centim. 
internal  diameter,  2-5  centim.  (about)  external  diameter. 

t  Coil  with  2400  turns,  1'25  centim.  long,  'S  centim.  internal  diameter, 
2  centim.  external  diameter. 
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5.  Inferences. — The  chief  result  in  these  series  of  data  (and 
more  might  be  added)  is  the  occurrence  of  the  silent  field, 
whose  extent,  A/',  is  fully  5  to  even  15  times  the  interval,  S<', 
within  which  change  of  sound-intensity  is  approeiahlc  when 
the  limits  of  the  field  in  question  are  exceeded.  Thus  the 
phenomenon  remained  unclianged  in  character  when  diftorent 
resistances  r  and  R  were  introduced,  when  the  coils  of  the 
double  telephone  were  replaced  by  others,  or  when  the  sen- 
sitiveness was  changed  in  marked  degree.  This  was  also  the 
case  with  the  Bell  telephone  for  different  coils,  diaphragms, 
keys,  &c.  With  allowances  for  the  ditficulty  of  estimating 
faint  sounds,  the  extent  At'  of  the  silent  interval  decreases  as 
the  sensitiveness  of  the  telephone  increases,  a  result  to  be 
autieipatetl  ;  but  the  case  is  always  one  involving  a  true  dis- 
continuity. Thus  if  the  intensity  of  the  current  in  the  helix 
be  laid  otf  as  abscissa  and  the  sound-intensity  as  ordinate, 
one  woidd  expect  to  find  a  curve  like  ab  c  (fig.  3),  where  the 
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e([uidistant  points  1,  2,  3, . . .  represent  appreciable  differences 
of  loudness,  and  the  synnnetrical  brandies  converge  at  the 
origin  of  coordinates.  The  curve  actually  found  has  the  form 
a'6'6"c".  Sound  ceases  before  the  otherwise  audible  current 
increments  are  quite  expended,  so  that  the  part  b'  dh"  of  the 
converging  curve  is  truncated. 

The  sensitiveness  of  the  telephones  was  found  to  be  largely 
dependent  on  the  construction  of  the  contact-key,  a  statement 
already  made  in  §  3.  However,  under  my  best  conditions 
sliades  of  intensity  of  less  than  10~"  am[)ere  were  acoustically 
indistinguishable,  not  to  mention  the  much  larger  interval  of 
silence  which  intervened.  The  results  thus  obtained  are, 
therefore,  less  encouraging  than  the  data  given  in  experi- 
ments of  De  La  Kue,  Brougb,  I'ellat,  Ferraris,  and  others*, 

*  I  have  stated  that  my  experiments  were  made  at  the  inceutivo  of  the 
earlier  researches. 
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ill  all  of  wliicli  a  current  at  least  as  small  as  10~^  amperes  is 
pronounced  audible,  would  indicate,  not  to  mention  the  more 
striking  results  of  Tait  and  Preoce.  They  agree  in  order 
with  the  data  of  Lord  Rayleigh  for  frequencies  between  300 
and  500.  Perhaps,  however,  it  would  be  more  fitting  to 
regard  the  extent  of  the  silent  interval  as  the  sensitiveness  of 
the  telephone,  in  which  case  my  results  are  of  the  order  of 
those  found  by  Lord  Rayleigh  for  the  4-foot  octave. 

Throughout  my  work,  it  will  be  remembered,  the  telephone 
was  excited  by  isolated  ta})s,  and  pains  were  taken  to  assist 
the  ears  by  aid  of  sounding-tubes.  One  therefore  expects 
a  difference  of  behaviour  in  the  two  cases. 

In  relation  to  the  measurement  of  electromotive  force, 
therefore,  the  telephone  does  not  quite  come  up  to  the 
re([uirements.  By  using  the  shades  of  audibility  at  the  mar- 
gins of  the  silent  interval  for  the  determination,  it  is  possible 
to  define  electromotive  forces  of  the  order  of  one  volt  with  an 
accuracy  of  one  in  one  thousand.  For  thermoelectric  forces 
like  those  occurring  in  pyrometry,  the  telephonic  method  is 
available  only  in  rough  work.  Thus  a  single  iridio-platinum 
couple  (20  per  cent,  iridium  in  the  alloy),  with  its  hot  junc- 
tion kept  at  low  red  heat,  showed  the  following  values  of 
apparent  electromotive  force,  e^  at  the  margins  of  the  silent 
field  :— 
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The  temperatures  corresponding  to  the  two  apparent  values 
of  thermoelectromotive  force  on  each  side  of  the  silent  field 
have  been  added.  Hence  the  interval  of  silence  corresponds 
to  about  40°  Centigrade  ;  but  the  sensitiveness  at  the  margins 
of  the  interval  is  such  that  the  mean  temperature  deduced 
is  in  error  only  2°  or  3°.  However,  close  measurement  like 
this  can  be  made  only  under  conditions  of  exceptional  silence 
in  the  surroundings.  In  a  uoisy  room  increments  of  less  than 
10°  at  1000°  will  escape  detection,  though  the  results  will  be 
more  favourable  in  proportion  as  temperature  increases. 

In  endeavouring  to  account  for  the  occurrence  of  the  silent 
interval,  one  may  note  first  that  the  thickness  of  the  dia- 
phragm has  little  influence  within  the  limits  of  "015  centini. 
to  '030  centim.  employed.  The  range  of  silence  does  decrease, 
however,  when  the  telephone  is  made  more  sensitive  either  by 
modifications  of  the  key  or,  again,  by  moving  the  armatures 
and  coils  closer  to  the  diaphragm  when  other  things  are  left 
unchanged.     In  such  cases  the  forces  actuating  the  plate  are 
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increased.  To  invoke  the  inertia  of  tho  plate  seems  inad- 
missible, seeing  that  telephones  with  diaphra<;ins  *  fifteen  (15) 
centimetres  thick  have  been  made  to  respond  (Breguet). 

I  have  therefore  hazarded  a  straiohtforward  su[)i)ositiont, 
that  the  interval  of  silence  is  to  be  referred  to  a  molecular 
inertness  of  the  plate  of  the  telephone  very  similar  in  its 
nature  to  (piiescent  friction.  The  diaphragm  at  rest  seems 
initially  to  resist  further  deformation,  and  this  resistance  must 
first  be  overcome  before  the  telephone  will  respond  with 
nicety  to  fine  gradations  of  the  actuating  stress.  In  other 
words,  as  soon  as  the  internal  friction  encountered  in  moving 
the  diaphragm  has  passed  i'rom  the  quiescent  to  the  kinetic 
stage,  the  instrument  is  ten  or  more  times  more  sensitive  than 
it  was  before  the  critical  stress  value  had  been  exceeded. 

Washington,  D.C.,  U.S.A. 


LXVI.  2^ote  on  the  Measxiremenl  of  the  Specific  Inductive 
Capacities  of  Water,  Alcohol,  4"c.  Bj/  Reginald  A. 
Fessexdex,  Professor  of  Electrical  Engineering,  Western 
University  of  Pennsylvania  \. 

IT  appears  to  have  been  hitherto  accepted  that  the  high 
values  for  the  specific  inductive  capacities  for  water, 
alcohol,  and  some  other  similar  fluids  which  have  been  ob- 
tained by  various  experimenters  are  correct.  If  this  were 
so,  Maxwell's  rule  for  the  relation  between  specific  inductive 
capacity  and  the  index  of  refraction  would  not  hold  in 
these  cases  for  wave-lengths  of  visible  light,  and  the  phe- 
nomena of  dispersion  &c.  have  been  calhid  in  to  explain  this 
anomaly.  It  may  be  well  to  point  out  that  these  high  values 
are  not  correct,  but  that  the  true  values  are  in  every  one  of 
these  substances  very  nearly  equal  to  that  called  for  by  the 
theory. 

This  fact  was  first  noticed  by  the  writer  in  1891.  A  sen- 
sitive electrometer  had  been  constructed,  with  two  fixed  and 
one  movable  cylinder,  mounted  on  jewels,  and  provided  with 
a  commutator,  so  as  to  act  as  an  electrostatic  wattmeter. 
With  a  pressure  of  1000  volts  on  the  fixed  and  50  volts  on 
the  movable  part,  it  made  300  revolutions  per  minute.     At 

*  Cf.  Du  Moncel's  'Telephone,'  American  edition,  p.  115,  containing 
an  account  of  experiments  due  to  Breguet  and  to  Ik'U. 

t  References  tu  hysteresis,  to  inconstancy  of  the  batteries,  «S:c.  seem 
inadmissible. 

^  Communicated  by  the  Author. 
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low  speeds,  however,  the  friction  threw  the  readings  out  a 
good  deal.  It  then  occurred  to  the  writer  to  utilize  the 
suggestion  made  l)y  Messrs.  Swinburne  and  Kelly  for  electro- 
static voltmeters,  /.  e.  to  inmierse  the  instrument  in  oil.  This 
was  done  with  good  results.  It  was  reasoned,  then,  that  since 
pure  water  insulates  as  well  as  indiarubber,  and  has,  accord- 
ing to  the  experimenters  referred  to  above,  a  specific  induc- 
tive capacity  of  over  70,  or  35  times  that  of  oil,  all  difficulties 
would  be  removed  by  its  use.  Water  distilled  in  vacuo  to 
remove  foreign  gases  was  then  tried,  but  gave  no  better 
results  than  oil.  The  commutator  was  then  taken  off  and 
the  movable  cylinder  suspended  by  a  bifilar  suspension,  with 
the  result  that  in  the  case  of  oil  and  the  alcohols  the  specific 
inductive  capacity  came  out  very  nearly  equal  to  the  square 
of  the  refractive  index,  thus  showing  plainly  that  all  the  high 
determinations  hitherto  given  were  erroneous. 

The  reason  of  these  errors  was  not  far  to  seek.  It  lay  in 
the  fact,  pointed  out  by  Maxwell  and  others,  that  electrolysis 
gives  a  capacity  effect.  A  number  of  determinations  made 
by  students  in  my  laboratory  show  that,  for  133  periods  per 
second,  and  a  current-density  of  '01  ampere  per  square  centim., 
each  square  centim.  of  electrode-surface  has  an  apparent  ca- 
pacity of  400  microfarads  when  the  electrolyte  is  caustic  soda 
and  the  plates  nickel.  It  is  for  this  reason  that  Kohlrausch's 
method  almost  always  gives  erroneous  results,  as  what  is 
measured  is  not  the  resistance  of  the  electrolyte,  but  its  im- 
ped mice. 

Since  Messrs.  (;ohn  and  Arons,  for  example,  used  an 
induction-coil  to  charge  the  plates  of  the  electrometer  im- 
mersed in  water,  it  follows  that  the  voltage  on  the  water- 
immersed  quadrants  might  easily  have  been  100  times  that 
on  the  other  quadrant,  and  that  the  method  is  inapplicable. 
All  capacity  measurements  made  by  discharge  are  also  in- 
correct ;  and  the  only  correct  method  consists  in  purifying 
the  fluid  till  it  no  longer  conducts  appreciabl}',  and  then 
measuring  the  attractive  force  between  the  plates  when  these 
are  charged  from  a  continuous  current  source  of  high  voltage. 
Either  a  torsion  or  chemical  balance  may  be  used.  A  certain 
amount  of  leakage  will  always  take  place,  but  this  must  be 
provided  for  by  using  a  powerful  source  of  current. 

It  might  also  be  mentioned  that  all  the  determinations  of 
specific  capacity  of  substances  such  as  sulphur  &c.  are  in- 
correct. For  the  reasons  of  this,  those  writers  who  have 
treated  of  the  capacity  of  laminated  dielectrics  may  be 
consulted. 
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LXVII.  21ie  Infiuence  of  the  Relative  Volumes  of  hi  quid  and 
Vapour  on  the  Vapour- Pressure  of  a  Liquid  at  Constant 
TemiK'rature.  By  SYDNEY  YoUNG,  D.Sc.,F.R.S.,  Univer- 
sity College,  Bristol*. 

THE  question  whether  the  vapour-pressure  of  a  liquid  at  a 
given  temperature  depends  on  the  relative  volumes  of 
liquid  and  vapour  has  been  frequently  discussed,  and  has  been 
the  subject  of  many  experimental  investigations.  Within 
recent  years  extended  researches  on  the  relations  between  the 
temperatures,  pressures,  and  volumes  of  several  liquids  have 
been  carried  out  by  Prof.  Battelli,  and  he  arrives  at  the  con- 
clusion that  when,  in  a  tube  containing  a  perfectly  pure  liquid 
and  its  vapour,  the  volume  is  diminished  and  the  vapour 
caused  to  condense,  the  vapour-pressure  rises  :  in  other  words, 
that  the  smaller  the  relative  volume  of  vapour  the  higher  is 
the  vapour-pressure. 

These  results  are  entirely  opposed  to  those  obtained  by 
Dr.  Kamsay  and  myself  and,  while  referring  to  this  question 
in  a  letter  to  the  '  Philosophical  Magazine  '  last  February,  we 
ventured  to  characterize  the  conclusions  of  Prof.  Battelli  as 
incorrect,  and  to  suggest  that  the  error  was  due  to  the  pre- 
sence of  small  quantities  of  air  or  other  impurity  in  the  liquid 
examined  and  to  the  employment  of  insufficiently  purified 
substances  for  heating-purposes. 

In  a  letter  published  in  the  August  number  of  the  '  Philo- 
sophical Magazine  '  Prof.  Battelli  adheres  to  the  conclusion 
previously  stated,  and  does  not  admit  the  existence  of  either 
of  the  sources  of  error  suggested.  "  I  would  rather  observe," 
he  writes,  "  that,  in  order  to  observe  such  a  phenomenon,  an 
apparatus  is  necessary  which  enables  us — as  in  my  case — 
slowly  to  compress  the  vapour,  and  to  maintain  it  for  a  time 
under  constant  pressure." 

There  can  be  no  doubt,  I  think,  that  such  an  apparatus  is 
required  in  order  to  decide  tJie  question  wliether  the  pheno- 
menon  exists,  but  it  seems  hardly  necessary  to  point  out  that 
the  conditions  described  are  fulfilled  in  the  apparatus  em- 
ployed by  Dr.  Ramsay  and  myself. 

During  the  present  year  1  have  been  engaged  in  an  inves- 
tigation of  the  thermal  properties  of  isopentane — a  liquid, 
boiling  at  28",  which  can,  by  suitable  treatment,  be  obtained 
in  a  pure  state  f* 

♦  Communicated  by  the  Physical  Society :  read  November  9,  1894, 
t  Full  details  of  the  method  of  purification  adopted  will  be  described 
later  when  the  research  is  completed. 

Phil.  Mag.  S.  5.  Vol.  38.  No.  235.  Bee.  1894.        2  Q 
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A  great  number  of  determinations  of  the  vapour-pressure 
of  the  liquid  were  made  at  various  temperatures,  and  in  many 
cases  the  vohimes  of  liquid  and  vapour  were  read.  The 
results  obtained  prove  conclusively  that  the  vapour-pressures 
of  isopentaneare  independent  of  the  relative  volumes  of  liquid 
and  vapour;  and  it  may  be  of  interest  to  give  all  the  observed 
vapour-pressures  at  two  temperatures,  with  the  corresponding 
volumes  of  vapour  and  liquid. 

The  same  ap])aratus  was  employed  as  in  my  ])revious  work 
on  benzene  and  its  derivatives,  the  esters,  &c.:  it  is  similar  in 
principle  though  it  differs  somewhat  in  detail  from  that  made 
use  of  by  Bamsay  and  myself  (Phil.  Trans.  1887  A,  p.  59). 

The  tube  containing  the  isopentane  was  heated  by  the 
vapour  from  pure  liquids  (Trans.  Chem.  Soc.  1885,  p.  640  ; 
1889,  p.  483)  boiling  under  reduced  pressure. 

The  pressures  are  corrected  for  (1)  the  difference  in  height 
of  the  columns  of  mercury  in  the  tube  containing  the  isopen- 
tane and  in  the  air-gauge  ;  (2)  the  expansion  of  the  heated 
column  of  mercury  ;  (3)  the  pressure  of  the  column  of  iso- 
pentane ;  (4)  the  deviation  of  air  (in  the  air-gauge)  from 
Boyle's  law,  as  determined  by  Amagat. 

several  series  of  determinations  were  made  with  different 
quantities  of  liquid  in  the  tube.  As  a  rule  four  readings  of 
pressure  were  taken  in  each  series  at  each  temperature. 

It  will  be  seen  that  although  the  relative  volumes  of  vapour 
and  liquid  vary  within  very  wide  limits,  there  is  no  such 
corresponding  variation  in  the  vapour-pressures,  the  greatest 
difference  from  the  mean  value  at  140°  being  slightly  less 
thnn  0*1  per  cent,,  and  at  90°  slightly  greater — in  no  case 
outside  the  limit  of  experimental  error. 

It  has  happened  occasionally  in  the  course  of  this  or  pre- 
\aous  investigations  that  a  trace  of  air  has  entered  the  tube 
or  has  been  left  in  the  liquid,  and  in  a  very  few  cases  (ethyl 
formate,  propyl  formate)  a  small  quantity  of  permanent  gas 
has  been  formed  b}^  partial  decomposition  of  the  liquid  by 
prolonged  heating  at  high  temperatures.  The  presence  of 
permanent  gas  (or  of  very  volatile  impurity)  is  clearly  indi- 
cated by  the  increase  of  pressure  required  for  the  complete 
condensation  of  the  vapour,  and  the  following  points  have 
been  noticed  in  such  cases: — (1)  The  pressure  does  rise  as  the 
volume  of  vapour  diminishes  ;  (2)  the  readings  taken  with 
diminishing  volumes  are  higher  than  with  increasing  volumes. 
This  may  be  readily  explained;  for  when  the  whole  of  the 
substance  is  in  the  state  of  vapour  the  air  is  diffused  uni- 
formly through  it,  and  when  condensation  is  brought  about 
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by  compression  the  air  remains  to  a  large  extent  in  the  vapour 
above  the  Hquid  and  dissolves  but  slowly  in  theliqnid  formed; 
consequently,  as  the  volume  of  vapour  diminishes  the  undis- 
solved air  becomes  more  and  more  com})ressed,  and  its  pres- 
sure increases  and  becomes  considerable  when  the  vapour  is 
nearly  all  condensed.  Similarly,  with  an  impurity  more 
volatile  than  the  pure  substance,  a  partial  "  fractionation " 
of  the  liquid  takes  place,  the  less  volatile  pure  substance 
condensing  first,  whilst  the  vapour  becomes  more  and 
more  contaminated  with  the  more  volatile  impurity. 

On  the  other  hand, .  when  the  readings  are  taken  with 
increasing  volume,  the  air  or  volatile  impurity  is  at  first 
uniformly  distributed  through  the  liquid,  and  it  escapes  but 
slowly  through  the  long  column  of  liquid  into  the  vapour 
above.  Thus  when  a  reading  is  taken  with  a  relatively  small 
volume  of  vapour,  the  air  present  has  a  much  greater  influence 
in  the  first  case  than  the  second,  but  when  the  volume  of 
vapour  is  relatively  large  its  influence  is  small  in  both 
cases.  I  have  noticed  repeatedly  that  the  freer  a  liquid  is 
from  air  or  permanent  gas,  the  more  closely  do  the  readings 
during  compression  and  expansion  agree. 

The  presence  of  a  small  quantity  of  impurity  less  volatile 
than  the  pure  substance  may  escape  detection  so  long  as  the 
volume  of  liquid,  relatively  to  that  of  the  vapour,  is  fairly 
large ;  but  its  influence  becomes  very  marked  when  the 
quantity  of  liquid  is  relatively  very  small.  Thus,  on  one 
occasion,  the  isopentane  had  come  in  contact  for  a  moment 
with  an  indiarubber  tube  and  had,  no  doubt,  dissolved  a 
minute  quantity  of  it.  It  was  noticed  in  this  case  that  the 
mercury  was  slightly  tarnished  (owing  in  all  probability  to 
the  sulphur  in  the  indiarubber),  but  the  vapour-pressures, 
when  there  was  plenty  of  liquid  present,  agreed  among  them- 
selves and  with  previous  determinations.  When,  however, 
the  volume  was  increased  until  nearly  the  whole  Of  the  liquid 
was  evaporated,  the  observed  vapour-pressures  were  far  too 
low,  and  diminished  rapidly  as  the  volume  was  increased. 

In  this  case  and  in  those  in  which  the  presence  of  any 
permanent  gas  w^as  detected,  the  experimental  results  were 
rejected  and  the  tube  was  refilled. 
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June  Gth,  1894. — Dr.  Henry  Woodward,  F.E..S.,  President, 
in  the  Chair. 

T^HE  following  communications  were  read  : — 
■'-      1.  '  On  the  liandcd  Structiire  of  some  Tertiary  Gabbros  in  the 
Isle  of  Skve.'    By  Sir  Archibald  Ueikie,  LL.D.,  D.Sc.,  F.R.S.,  F.G.JS., 
and  J.  J.  H.  Teall,  Esq.,  M.A.,  F.R.S.,  Sec.G.S. 

After  calling  attention  to  the  previous  references  to  the  pseudo- 
bedding  and  banding  of  the  gabbro-masses  of  the  Inner  Hebrides, 
the  authors  describe  the  rocks  which  form  the  rugged  ridge 
of  Druim-an-Eidhue,  near  the  head  of  Glen  Sligachan.  This 
ridge  is  made  up  of  parallel  beds,  sheets,  or  sills  disposed  in  a 
general  N.N.W.  direction  with  a  prevalent  easterly  dip.  Four 
distinct  types  of  gabbro  occur  : — (1)  dark,  line-grained,  granulitic 
gabbros ;  (2)  well-banded  gabbros ;  (3)  coarse-grained  massive 
gabbros ;  and  (4)  pale  veins  of  a  highly  felspathic  gabbro.  The 
relative  ages  of  the  banded  and  granulitic  gabbros  have  not  been 
definitely  settled ;  but  the  coarse,  massive  gabbros  are  certainly 
intrusive  in  the  banded  series  and  the  pale  veins  cut  all  the  other 
varieties. 

The  paper  deals  mainly  with  the  banded  gabbros.  They  occur 
in  successive  sheets  or  sills  which  vary  from  a  few  feet  to  many 
yards  in  thickness,  and  consist  of  parallel  layers  of  lighter  and 
darker  material  which  correspond  in  direction  with  the  trend  of 
the  sheets,  and  are  usually  inclined  to  the  east  or  south-east  at 
angles  ranging  from  20°  to  30°.  In  some  cases  the  bands  can  be 
seen  to  have  been  puckered  or  folded. 

The  minerals  entering  into  the  composition  of  the  banded,  as  also 
of  the  other  varieties,  are  labradorite,  pyroxene,  olivine,  and  titani- 
ferous  magnetite.  The  banding  is  due  to  a  variation  in  the  relative 
proportions  of  the  different  constituents  and  especially  in  the  amount 
of  magnetite.  Some  narrow  bands  and  lenticles  are  composed 
entirely  of  pyroxene  and  magnetite.  The  variations  in  chemical 
composition  are  illustrated  by  three  analyses  by  Mr.  Player.  The 
microscopic  characters  of  the  rocks  are  described,  and  it  is  shown 
that  the  minerals  of  the  banded  gabbros  have  not  been  crushed  or 
broken  since  they  were  formed. 

The  authors  conclude  that  the  banding  is  the  result  of  the  intru- 
sion of  a  heterogeneous  magma  and  that  similar  banding  in  certain 
portions  of  the  Lewisian  gneiss  may  have  been  produced  in  the  same 
way. 
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2.  *  On  the  Microscopical  Structure  of  the  Derbyshire  Car- 
boniferous Doleritcs  and  Tuffs.'  By  H.  H.  Arnold-Bemrose,  Esq., 
M.A.,  F.G.S. 

The  paper  deals  with  the  petrography  of  the  Toadstoncs  or 
igneous  rocks  of  Derbyshire.  Brief  reference  is  made  to  the  work 
of  previous  pctrographers,  the  age  of  the  rocks,  and  the  question  as 
to  the  number  of  beds.  The  outcrops  mapped  by  the  Geological 
Survey,  and  several  additional  ones,  have  been  examined,  and  the 
resxilts  given  in  a  table  for  the  purpose  of  the  paper  and  for  future 
reference. 

The  Toadstone  is  divided  into  massive  rocks  or  lavas,  and  frag- 
montal  rocks  or  tiiffs.  The  former  consist  of  olivine-dolerite,  either 
with  granular  or  with  ophitic  augite,  and  olivinc-basalt.  The  rock 
is  often  very  fresh,  but  in  some  places  is  altered  to  a  diabase.  The 
principal  constituent  minerals  are  described,  A  pseudomorph  of 
olivine,  optically  like  biotite  and  somewhat  like  Iddingsite  but 
differing  from  it  chemically,  is  fully  described. 

The  latter  portion  of  the  paper  deals  with  the  tuffs,  which  are 
much  more  extensive  than  has  been  hitherto  supposed.  Specimens 
are  described,  taken  from  thirteen  outcrops. 

3.  '  On  the  Origin  of  the  Permian  Breccias  of  the  Midlands,  and 
a  Comparison  of  them  with  the  Upper  Carboniferous  Glacial 
Deposits  of  India  and  Australia.'     By  R.  D.  Oldham,  Esq.,  F.G.S. 

The  author  first  describes  the  Permian  Breccias  of  the  Midland 
Counties  of  England,  which  he  had  the  opportunity  of  examining  at 
Eastertide  of  the  present  year.  He  describes  the  characters  of  the 
Breccias,  and  concludes  that  they  were  formed  subaerially  as  gravel- 
fans  by  rivers  charged  with  a  maximum  load  of  sediment,  and 
therefore  incapable  of  performing  any  appreciable  amount  of  erosion. 
An  examination  of  many  of  the  fragments  at  Abberley  and  some  at 
Church  Hill  reveals  the  presence  of  scratches,  which  occur  in  such 
a  manner  that  the  author  believes  they  existed  on  the  fragments 
before  they  were  transported,  and  discusses  the  evidence  for  their 
production  by  ice  or  soil-cap  movement,  deciding  in  favour  of  the 
former. 

A  short  description  of  the  Upper  Carboniferous  deposits  of  India 
follows,  and  it  is  pointed  out  that  they  differ  markedly  from  the 
deposits  of  Britain.  Amongst  other  things  the  separation  of  different 
pebbles  by  considerable  interspace  of  matrix,  and  the  bending  of 
stratification-planes  round  a  pebble  as  though  the  pebble  had 
dropped  from  above,  is  noted,  and  it  is  maintained  that  floating  ice 
alone  will  account  for  these  pebbles  being  dropped  into  the  Indian 
deposits.  PinaUy,  it  is  remarked  that  the  so-called  Upper  Car- 
boniferous deposits  of  India  and  the  Permian  deposits  of  the 
Midlands  of  Britain  may  be  practically  contemporaneous,  as  main- 
tained by  the  late  Mr.  H.  F.  Blanford,  indicating  a  possible 
simultaneous  existence  of  glaciers  in  England,  India,  and  Australia, 
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June  20th. — Dr.  Henry  Woodward,  F.R.S.,  President, 
in  the  Chair. 

The  following  communications  were  read  : — 

1.  '  On  Deep  Borings  at  Culford  and  Winkfield,  with  Notes  on 
those  at  Ware  and  Cheshunt."  By  W.  Whitakcr,  Esq.,  B.A., 
F.R.S.,  F.G.S.,  and  A.  J.  Jukes-Browne,  Esq.,  B.A.,  F.G.S. 

The  four  borings  arc  described  in  detail,  so  far  as  the  specimens 
examined  would  permit ;  these  were  few  in  the  case  of  Culford,  but 
many  from  the  other  borings.  The  following  is  an  abstract  of  the 
formations  traversed  in  each  : — 

Culford.    Wiukfield.       Ware.        OheBhunt. 
ft.  ft.  ft.  ft. 

Surface  Beds 6  —  17  14J 

London  Clay —  136  —  30 

Reading  and  Thanet  Beds  .        —  78  —  46| 

Upper  Chalk 1  ooo  329        ?  183         ?  273 

Middle  Chalk     ]^^'^  177  227        ?  237 

Lower  Chalk 143  219  173  183 

Upper  Greensand —  31  40  44 

Gault 73  264  166i         153| 

Lower  Greensand 32|  9  —  — 

Palaeozoic  Rocks     19|  —  35  29| 

657|   1243    8411   1011 

The  interest  of  the  Culford  boring  centres  in  its  striking  the 
Palaeozoic  floor  at  the  small  depth  of  637 1  feet ;  but  the  age  of  the 
slaty  rocks  cannot  be  determined.  Although  only  20  miles  east  of 
Ely,  no  Jurassic  rocks  exist  and  the  Lower  Cretaceous  series  is  only 
about  32  feet  thick,  the  beds  differing  greatly  from  those  of  Cam- 
bridgeshire but  resembling  those  of  the  same  age  in  the  Richmond 
boring. 

The  Wiukfield  boring  (3|  miles  W.S.W.  of  Windsor)  is  remarkable 
for  having  been  successful  in  obtaining  water  from  the  Lower 
Greensand,  and  for  the  great  depth  (1243  feet)  to  which  it  was 
carried  for  this  purpose,  the  Gault  being  unusually  thick. 

The  boring  at  Ware  is  now  for  the  first  time  described  in  detail, 
and  former  accounts  are  corrected  from  specimens  preserved  by  the 
New  River  Company.  By  this  means,  and  with  the  assistance  of 
Mr.  W.  Hill,  the  authors  are  able  to  give  a  fairly  complete  account 
of  the  rocks  and  to  determine  the  limits  of  the  divisions  of  the 
Upper  Cretaceous  Series.  They  deny  the  existence  of  Lower 
Greensand  at  this  locality. 

Of  the  boring  at  Cheshunt  a  more  complete  account  is  now  given, 
based  on  information  and  specimens  supplied  by  ^Ir.  J.  Francis,  the 
Engineer  of  the  New  River  Company. 

The  paper  concludes  with  a  tabular  view  of  all  the  borings  in  the 
East  of  England,  showing  the  level  below  Ordnance  datum  at  which 
the  Palaeozoic  floor  occurs  in  each. 
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2.  '  The  Bargate  Beds  of  Surrey,  and  their  Microscopic  Contents.' 
By  Frederic  Chapman,  Esq.,  F.Tl.M.S. 

3.  '  On  Deposits  from  Snowdrifts,  with  Special  Reference  to  the 
()rip;iii  of  the  Loess  and  the  Preservation  of  Mammoth-remains.' 
By  Charles  Davison,  Esq.,  M.A.,  F.G.S. 

4.  'Additions  to  the  Fauna  of  the  Olenellus- zoTte  of  the  North- 
west Highlands."     By  B.  N.  Peach,  Esq.,  F.R.S.,  F.G.S. 

5.  '  Questions  relating  to  the  Formation  of  Coal-Seams,  including 
a  New  Theory  of  them :  suggested  by  Field  and  other  Observations 
made  during  the  past  decade  on  both  sides  of  the  Atlantic'  By 
W.  S.  Greslcy,  Esq.,  F.G.S. 

0.  '  Observations  regarding  the  Occurrence  of  Anthracite  generally, 
with  a  New  Theory  as  to  its  Origin.'  By  W.  S.  Greslcy,  Esq., 
F.G.S. 

After  discussing  Dr.  J.  J.  Stevenson's  theory  of  the  origin  of 
anthracite,  the  author  describes  the  nature  and  mode  of  occurrence 
of  the  anthracites  of  Pennsylvania,  and  gives  his  reasons  for  con- 
cluding that  the  de-bitumiuization  of  coal  was  not  produced  by 
dynamic  metaraorphism  during  mountain-building,  but  rather  by 
previously  applied  hydrothermal  action.  He  further  discusses  the 
applicability  of  his  theory  to  other  cases  of  anthracite,  including 
that  of  South  Wales  and  Ireland. 

7.  '  The  Igneous  llocks  of  the  Neighbourhood  of  Builth.'  By 
Henry  "Woods,  Esq.,  M.A.,  F.G.S. 

In  south-west  Radnorshire  (just  north  of  Builth)  there  is  an  area 
of  Ordovician  and  associated  igneous  rocks,  surrounded  on  all  sides 
except  the  north-west  by  Silurian  beds ;  this  is  shown  on  Sheets  56 
S.W.  and  S.E.  of  the  Geological  Survey  map,  and  was  described  by 
Murchison.  In  this  paper  the  author  gives  a  map  of  the  southern 
half  of  this  area,  and  a  description  of  tbe  igneous  rocks — andesites, 
andcsitic  ash,  rhyolites,  diabase-porphyrite,  and  diabase.  The 
diabasc-porpliyrite  is  intrusive  in  the  andesite,  and  the  diabase  in 
the  Llaudeilo  Shales.  The  andesitic  ash  rests  on  the  andesite,  and 
is  overlain  by  the  Llandeilo  Shales.  The  author  concludes  that  the 
andesites,  andesitic  ash,  rhyolites,  and  diabase-porphyrite  are  of 
Lower  Llandeilo  age  ;  and  that  the  diabases  are  post-Llandeilo  and 
pre-Llandovery. 

8.  '  On  the  Relations  of  some  of  the  Older  Fragmental  Rocks  in 
North-west  Caernarvonshire.'  By  Prof.  T.  G.  Bonney,  D.Sc,  LL.D., 
F.R.S.,  F.G.S.,  and  Miss  Catherine  A.  Raisin,  B.Sc. 

In  a  recent  paper  on  '  The  Felsites  and  Conglomerates  between 
Bethesda  and  Llanllyfui,  North  Wales,'  it  is  argued  that,  in  the 
well-known  sections  on  either  side  of  Llyn  Padarn,  a  great  uncon- 
formity separates  the  rocks  into  two  totally  distinct  groups. 

The  authors  of  the  present  communication  discuss  at  the  outset 
the  great  physical  difficulties  involved  in  this  hypothesis  ;  a  subject 
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which,  in  their  opinion,  was  passed  over  too  lightly  bj-  the  author 
of  that  paper. 

They  further  affirm,  in  the  course  of  a  description  of  the  sections, 
which  are  most  clear  and  afford  the  best  evidence : — 

(1)  That  the  strike  in  both  the  supposed  rock-groups  is  generally 
similar. 

(2)  That  the  same  is  true  of  the  dips. 

(3)  That  very  marked  identity  of  lithological  characters  may  be 
found  in  rocks  ou  either  side  of  the  alleged  unconformity,  specimens 
occasionally  being  practically  indistinguishable. 

(4)  That  in  no  case,  which  has  been  examined,  can  any  valid 
evidence  be  found  in  favour  of  the  alleged  unconformity,  and  that 
in  the  one  which  is  supposed  to  bo  the  most  satisfactory  proof  of  it 
the  facts  are  wholly  opposed  to  this  notion. 


LXIX.  Intelligence  and  Miscellaneous  Articles. 

ON  THE  ENERGY  OF  THE  AMPERIAN  MOLECULE. 
To  the  Editors  of  the  Philosophical  Magazine. 
Gextlemex, 
YITITH   reference   to  the  paper   by   Mr.   Fawcett    and    myself 
'  "       published  in  your  last  issue.  Prof.  Oliver  Lodge  has  kindly 
sent  me  the  following  interesting  considerations. 

If  temperature  is  due  solely  to  trauslational  and  vibrational 
motions  of  molecules,  it  is  possible  that  an  appreciable  time  may 
be  required  before  the  sudden  alteration  of  the  rates  of  rotation 
of  the  molecules  of  a  piece  of  iron  can  cause  an  alteration  in  the 
temperature  of  a  neighbouring  thermopile.  It  follows  that,  if  this 
be  so,  an  inseparable  connexion  may  still  exist  between  molecular 
spin  and  molecular  magnetism,  in  spite  of  oiu'  negative  result. 

It  is  true  that  our  experiments  lasted  ou  the  average  from  two 
to  three  minutes,  and  in  two  cases  for  four  minutes  and  a  half, 
without  any  marked  temperature  effect  appearing ;  but  an  exami- 
nation of  our  results  in  the  light  of  Dr.  Lodge's  suggestion  does 
certainly  show  that  in  every  case  (except  curve  /,  where  the  tem- 
perature was  probably  changing  rather  rapidly)  there  is  a  very 
slight  upward  tendency  of  the  curve  after  the  first  sudden  bend  is 
over,  which  is  in  the  direction  of  the  effect  sought ;  and  this  ten- 
dency is  also  most  conspicuous  in  the  earlier  readings  (p.  477), 
where  the  time-interval  wa  •  greatest. 

I  confess  that  it  had  not  occurred  to  me  as  possible  that  several 
minutes  might  elapse  before  an  alteration  in  the  rotations  of  a  set 
of  molecules  could  make  itself  felt  in  their  trauslational  velocities, 
and  for  molecules  consisting  of  more  than  one  atom  this  still 
seems  to  me  very  unlikely ;  but  if  the  rotations  dealt  with  are 
those  of  single  atoms  spinning  about  their  own  centres,  between 
which  it  is  perhaps  not  unreasonable  to  assume  the  absence  of  any 
marked  tangential  forces  during  collision  [and  I  take  this  to  be  the 
case  contemplated  by  Dr.  Lodge],  there  seems  to  be  no  reason  why 
PhiL  Mag.  S  5.  Vol.  38.  No.  235.  Dec.  1894.        2  R 
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the  time  of  adjustment  or  distribution  of  energy  among  the  degrees 
of  freedom  should  not  extend  to  long  periods. 

The  difficulties  connected  with  any  considerable  increase  in  the 
duration  of  the  experiments  will  undoubtedly  be  great,  as  it  will 
be  necessary  to  maintain  the  temperature  so  very  uniform ;  hut 
we  hope  shortly  to  attack  the  problem  again  from  this  point  of 
view. 

I  am,  Gentlemen, 

University  College,  Bristol,  Tours  obediently, 

November  12,  1894.  ^  p^  Chattock. 


ON  THE  PROrAGATION  OF  ELECTROMAGNETIC  WAVES  IN  ICE, 
AND  ON  THE  DIELECTRIC  POWER  OF  THIS  SUBSTANCE.  BY 
M.  BLONDLOT. 

In  a  previous  note  {Gomptes  Readas,Zvi\j2b,  1892)  1  enunciated 
the  following  proposition ; — The  length  of  the  waves  which  an 
electromagnetic  oscillation  can  emit  is  the  same  whatever  be  the 
insulating  medium  in  which  the  experiment  is  made;  in  other 
words,  the  wave-length  depends  on  the  oscillator  alone,  just  as  in 
acoustics  the  wave-length  of  a  pipe  depends  only  on  the  length  of 
the  pipe. 

The  confirmatory  experiments  described  in  the  Note  cited 
referred  to  oil  of  turpentine  and  to  castor-oil ;  the  law  holds 
perfectly  for  both  these  substances,  and  everything  leads  to  the 
belief  that  this  will  be  the  same  for  other  dielectrics. 

There  is,  however,  a  doubt  about  ice,  in  consequence  of  the 
exceptional  properties  ascribed  to  it.  The  experiments  of  M.  Bouty 
(Comjytes  liendus,  March  7,  1892)  show  in  fact  that  ice  has  a  di- 
electric power  of  27,  that  is  to  say  incomparably  greater  than  that 
of  all  other  substances.  Suspecting  that  the  law  relative  to  the 
propagation  of  waves  might  not  apply  to  a  dielectric  so  different 
from  the  others,  I  resolved  to  submit  the  question  to  experiment. 

Yov  these  investigations  I  availed  myself  of  the  intense  and 
prolonged  frosts  of  the  winter  of  1892-93.  M.  M.  Dufour  has 
helped  me  in  carrying  them  out,  which  the  rigour  of  the  cold 
rendered  difficult  and  even  painful.  I  thank  him  for  his  extreme 
kindness  on  this  occasion. 

The  method  which  I  adopted  was  the  following,  which,  with 
slight  modifications  necessitated  by  the  solid  character  of  the  di- 
electric, is  the  same  as  that  I  used  in  the  case  of  turpentine  and 
castor  oil. 

Electromagnetic  waves  were  transmitted  along  two  tinned  copper 
wires  2*5  millim.  in  diameter,  stretched  horizontally  and  parallel 
to  each  other  at  a  distance  of  0-8  metre.  A  resonator  of  gilt 
copper  is  placed  in  a  fixed  position  between  the  wires ;  the  portion 
of  the  transmitting  wires  beyond  the  resonator  is  contained  in  a 
wooden  trough  4  metres  in  length.  The  trough  being  filled  with 
liquid,  the  position  is  sought  at  which  a  movable  bridge  must  be 
placed  joining  the  wires  beyond  the  resonator  to  cause  the  spark 
to  disappear ;  the  distance  from  the  bridge  to  the  resonator  is  then 


I 


Intelligence  and  Miscellaneous  Arlides.  579 

a  quarter  of  the  specific  wave-leugth  of  the  resonator ;  the  position 

of  the  bridge  is  accurately  noted. 

That    done,    I    surround   the   part   of   the   resonator   forming 

the  condenser  with  a  watertight  bag  of  parchment-paper  which  I 

fill  with  distilled  water,  and  then  freeze  this  water ;  the  layer  of 

air  is  thus  replaced  by  one  of  ice.     Measuring  the  wave-length 

afresh,  it  is  found  to  be  considerably  greater  than  in  the  first 

141 
experiment,  having  become  r-TTT.  of  ^^•hat  it  was. 

The  trough  is  then  filled  with  water  which  is  frozen,  and  then 
the  position  of  the  bridge  for  disappearance  of  the  spark  is  again 
sought.  For  this  purpose  the  ice  at  the  distant  end  of  the  trough 
is  broken  and  progressively  removed.  I  ascertained  that  this 
position  is  e.racthj  the  same  as  in  the  first  case,  when  the  dielectric 
was  air. 

The  experiment  four  times  repeated,  varying  each  time  the 
capacity  of  the  condenser,  always  gave  the  same  result.  The  pro- 
position relative  to  the  wave-length  is  therefore  true  for  ice  as 
well  as  for  other  dielectrics.  Hence,  as  shown  in  my  previous 
Kote,  Maxwell's  relation  that  the  dielectric  power  is  also  equal  to 
the  square  of  the  refractiAe  index  also  holds  for  electromagnetic 
waves  in  the  case  given. 

The  preceding  results,  partly  unforeseen,  led  me  to  determine 
the  dielectric  constant  of  ice,  using  electromagnetic  undulations. 
The  experiment  cited  above  gave  all  the  data  necessary  for  this 
determination. 

For  if  X  and  \,  are  the  wave-lengths  corresponding  to  a  given 
resonator,  working  respectively  in  air  and  in  a  substance  of  dielec- 
tric power  K,  we  have 

As  stated  above,  I  found 

\;^141 
\       100' 
whence  K=2  in  round  numbers. 

The  experiment  repeated  a  dozen  times  always  gave  the  same 
result.  I  consider  the  relative  error  does  not  exceed  -^^  for  the 
plate  of  ice  was  almost  entirely  free  from  air-bubbles.  According 
to  this,  ice  does  not  present  exceptional  dielectric  properties. 

It  remains  to  be  explained  how  MM.  Bouty  and  A.  Perot 
obtained  values  of  a  totally  different  order  for  the  dielectric  power 
of  ice.  In  the  first  place,  in  M.  Bouty's  method  the  charge  and 
discharge  were  enormously  slower  than  in  my  experiments.  Is  it 
not  probable,  then,  that  the  physical  magnitudes  measured  by 
M.  Bouty  and  myself  were  in  themselves  very  different.  In  any 
case  we  know  at  present  too  little  about  the  dielectric  properties 
of  bodies  to  be  surprised  at  the  divergences  of  numbers  obtained 
by  two  methods  so  dissimilar,  however  great  they  are. — Comptes 
Mendus,  October  8,  1894, 
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